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preface  to  the  Student 

The  purpose  of  this  set  of  notes  is  to  introduce  the  student  to 
the  development  and  use  of  computer  based  models,  and  to  analyze 
quantitative  phenomena  in  the  life  sciences.     This  will  be  accom- 
plished by  using  only  the  BASIC  programming  language. 

Prior  to  the  advent  of  the  modern  high-speed  digital  computer, 
the  prediction  and  quantitative  analysis  of  natural  or  life  sci- 
ence phenomena  was  a  most  difficult  endeavor.     This  was  due  to  the 
fact  that  effective  mathematical  descriptions  of  biological  phenomena 
frequently  resulted  in  equations  which  were  extremely  difficult  to 
solve.     The  development  of  the  digital  computer  and  the  use  of  numeri- 
cal methods  of  solution  has  rekindled  interest  in  quantitative  methods. 
This,   in  turn,  has  inspired  a  surge  of  new  courses  with  such  titles 
as,  "Mathematics  for  the  Biological  Sciences",  "Mathematics  for  the 
Life  Sciences",     etc.      The  goal  of  these  courses  is  to  provide  the 
students  with  mathematical  techniques,  which  hopefully,  will  assist 
biology  students  in  quantitative  or  mathematical  methods  of  analysis. 
It  is  the  purpose  of  these  notes  to  present  an  alternative  and  compli- 
mentary technique  to  assist  in  the  theoretical  analysis  of  biologic.il 
phenomena. 

The  general  procedure  in  pursuing  a  theoretical  investigation  is 
to  carefiilly  isolate  and  clearly  identify  the  problem  and  to  then 
formulate  specific  hypotheses  concerning  the  essential  phenomena. 
Utilizing  the  mathematical  equivalents  of  these  hypotheses,  a  set  of 
equations  is  derived  whose  solutions . should  yield  the  desired  infor- 
mation,    in  all  but  the  most  trivial  of  cases,  the  equations  are 
usually  intractable  and  must  be  solved  with  the  aid  of  a  digital 
computer.     It  is  then  necessary  to  use  numerical  methods,     e.g.  finite 
difference  methods,  to  transform  the  mathematical  equations  into  a 
form  which  permits  the  solution  to  be  effected  by  a  computer.  Finally, 
a  computer  program  is  developed  and  the  program  run  on  the  computer 

to  obtain  the  results. 

in  the  course  of  following  such  a  procedure,  it  is  almost  always 
the  ca",e  that  the  computer  program  must  be  altered  as  initial  conjec- 
tures or  hypotheses  are  altered  or  as  the  availability  of  experimental 
data  changes.     Such  alterations  usually  begin  by  rewriting  the  mathe- 
matical expressions  or  equations  to  accommodate  the  altered  hypothesis. 
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Next,  the  numerical  and  then  the  ccaaputerized  form  of  these  equations 
is  corrected  and  finally  the  program  is  altered  to  effect  the  changes 
in  the  hypotheses.    As  the  program  continues  to  be  developed  and 
evaluated,  the  investigator  more  and  more  proceeds  to  directly  alter 
the  program,  thus  omitting  the  intermediate  step  of  changing  the 
mathematical  description.     The  individual  lines  and  terms  of  the  pro- 
gram become,  in  a  sense,  a  description  or  expression  of  the  behavior  ^ 
of  the  phenomena  and  this  description  is  just  as  meaningful  as  the 
original  mathematical  description.    This  then  suggests  that  it  may  be 
possible  to  proceed  directly  to  a  description  of  the  phenomena  in 
terms  of  the  programming  language  and  to  omit  the  intermediate  mathe- 
matical stage.     It  is  just  this  procedure  that  is  followed  in  this 
text. 

In  this  work,  a  deliberate  attempt  is  made  to  minimize  a  knowl- 
edge of  formal  mathematics  in  an  effort  to  see  just  "how  far"  we  can  gc 
in  presenting  to  the  student,   in  a  pedagogically  sound  manner,  rational 
methods  of  quantitatively  analyzing  biological  phenomena.     This  is  not 
an  effort  to  downgrade  or  minimize  the  importance  of  mathematics  {this 
point  is  addressed  again  in  the  introduction  and  other  places  in  the 
text),  rather  it  is  just  what  it  sets  out  to  be;     i.e.  an  attempt  to 
develop  quantitative  methods  of  analyzing  phenomena  in  the  natural 
sciences  using  orO^  a  simple  programming  languc^ge.     The  language  BASIC 
has  been  chosen  because  of  its  wide  acceptance  in  schools,   its  inter- 
active capability,  and  its  availability  on  both  minicomputers  and 
larger  computers.     The  more  perceptive  student  and  the  student  who 
further  investigates  these  methods  may  choose  to  use  some  other  pro- 
gramming languages  such  as  FORTRAN,  PLl,  APL,  etc. 

Since  it  is  the  intent  of  the  text  to  train  the  student  in  the 
formulation,  development  and  analysis  of  computer  programs  describing 
biological  phenomena,  stress  will  be  laid  upon: 

(a)  The  establishment  of  a  clear  and  unambiguous  statement  of 

the  problem, 

(b)  The  careful  and  complete  specification  of  the  necessary  or 
relevant  hypotheses, 

(c)  An  analysis  of  the  computer  output  or  results  and  the  role 
that  such  analysis  plays  in  suggesting  new  alterations  to 
the  program.      The  development  of  the  computer  program  and 
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the  analysis  of  the  results  is  often  times  a  very  fruitful 
source  of  new  ideas  to  assist  in  the  obtaining  of  a  more 
realistic  explanation  of  the  problem. 
Another  important  reason  for  proceeding  in  this  manner  is  to  take 
advantage  of  the  well-known  pedagogical  value  of  a  computer.  The 
very  act  of  defining  the  problem,   formulating  a  method  of  solution 
and  programming  and  debugging  the  program  has  been  found  to  be  an 
excellent  technique  for  furthering  the  student's  understanding  of 
the  phenomena  under  investigation; 

The  increasing  use  of  the  computer  in  all  disciplines  has  re- 
sulted in  the  development  of  programs  which  are  very  large  and  sophis- 
ticated and  are  applicable  to  many  problems  other  than  those  for  which 
the  programs  were  originally  developed.     In  addition,  there  are  r;ro- 
biems  which  are  of  frequent  occurrence  and  special,  very  efficieuL 
computer  programs  have  been  constructed  to  assist  in  the  solution 
of  these  problems.     Such  programs  are  called,  "Canned  Programs"  anr' 
are  usually  available  without  cost  or  for  a  very  small  nominal  fee. 
It  is  the  contention  of  your  author  that  the  effective  use  of  these 
programs  is  most  readily  obtained  if  the  user  has  had  experience  in 
developing  and  writing  such  programs;   if  only  on  a  limited  scale. 
A  user  of  such  programs  should  have  a  skeptical  attitude  and  the 
experience  to  appreciate  and  recognize  all  of  the  limitations,  as 
well  as  the  capabilities,  of  the  program.     Consequently,  a  further 
reason  for  the  student  learning  how  to  develop  computer  models  is 
to  enable  him  to  better  use  canned  programs.     Finally,  the  feasibility 
of  proceeding  in  this  manner  is  in  keeping  with  the  thesis  that  if 
a  hypotheses  can  be  unambiguously  stated  and  rationally  defended 
•    then  it  is  possible  to  program  it  and  to  then  examine  the  consequences 
with  the  aid  of  the  digital  computer. 

The  presentation  in  the  text  will  be  almost  entirely  by  example. 
In  the  earlier  chapters,  biological  phenomena  which  readily  and  easily 
lend  themselves  to  such  a  technique  of  analysis,  will  be  investigated 
and  later  chapters  will  discuss  more  difficult  and  complicated  phe- 
nomena.    The  style  of  the  presentation  is  informal  because  this  is  an 
introductory  course  whose  purpose  is  to  giv^  the  student  facility  and 
appreciation  of  computer  assisted  analysis.     Definitions  of  terms 
and  notations  are  frequently  repeated  in  discussions  to  better  fix 
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such  definitions  in  the  student's  mind.    Such  repetitian  also  enables 
the  student  to  more  easily  follow  the  discussion  because  it  minimizefi 
interruptions  caused  by  the  necessity  to  refer  back  to  the  original 
mention  of  the  term  or  notation.     In  addition,  because  the  aim  of 
the  work  is  to  enable  the  student  to  obtain  an  understanding  of  com- 
puter based  quantitative  analysis,  most  of  the  computer  programs 
developed  or  presented  are  not  optimal.     They  usually  can  be  shortened, 
made  more  efficient  or  dressed  up  in  some  manner. 

The  development  of  problems  for  such  a  text  is  quite  difficult 
and  consequently  only  a  limited  number  appear.     However,  frequent 
suggestions  are  given  in  the  body  of  the  text  for  altering  the  hy- 
potheses and  hence  the  computer  programs  and  their  analysis.  An 
evaluation  of  a  student's  ability  to  effect  such  suggestions  should 
serve  as  a  partial  gude  to  the  measure  of  the  student's  grasp  of  the 
subject  matter.     Also  the  assignment  of  projects,  usually  student 
originated,   should  further  assist  the  student's  understanding  and 
capability. 

The  primary  difficulty  encountered  by  students  in  attaining 
familiarity  with  quantitative  methods  in  the  biological  sciences  is 
quite  analogous  to  the  difficulty  students  encounter  in  attaining  a 
corresponding  understanding  of  quantitative  methods  in  the  physical 
sciences.     For  these  latter  students,  this  is  the  difficulty  of  cor- 
rectly stating  or  applying  the  mathematical  statements  of  the  under- 
lying physical  principles.     Thus,  it  is  not  surprising  that  the  stu- 
dent of  quantitative  methods  in  the  biological  sciences  encounters 
a  like  hardship.     The  student  will  discover  that  the  primary  diffi-  . 
culty  will  be  the  expressing  in  the  BASIC  programming  language  the 
quantitative  consequences  of  his  assumptions  concerning  the  biological 
phenomena.     This  difficulty  will  reflect  itself  in  the  delineation  of 
the  problem  as  well  as  in  the  design  and  implementation  of  the  program. 
Thus,   in  this  work  we  have  tried  to  emphasize  problem  definition  and 

program  formulation. 

It  may  be  of  interest  to  remark  that  the  modern  high-speed  digita, 
computer  is  expected  to  accelerate  the  convergence  of  the  efforts  of 
the  biological  and  the  physical  sciences.     Physics  has  sometimes  been 
defined  as  the  science  which  seeks  to  formulate  underlying  quantitativ 
principles  about  our  universe.    As  a  cc^flequence,  the  development  of 
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techniques  for  optimally  applying  these  principles  has  been  called 
engineering.     In  the  past,  the  necessity  and  desire  for  mankind  to 
improve  his  lot  here  on  earth  resulted  in  great  emphasis  and  interest 
being  placed  on  the  discovery  and  utilization  of  these  physical  prin- 
ciples. 

The  dramatic  awareness  of  mankind  of  the  finiteness  of  our  local 
universe  and  specifically  of  all  that  this  awareness  implies,  has 
shifted  the  emphasis  from  mankind  trying  to  unrestrictedly  improve 
its  lot,  to  mankind  trying  to  assure  the  continuance  of  what  ic  has 
achieved.     The  recognized  urgency  of  this  ^ft^,p*^oals,  coupled 
with  the  fortuitous  development  of  the  modern  high-speed  digital  com- 
puter, has  given  a  very  stroi\g'  impltus  to  the  development  of  analogous 
underlying  quantitative  principles  in  the  biological  sciences.  When 
restricted  to  natural  resources,  such  study  has  sometimes  been  called 
ecology.     The  application  of  these  principles  has  been  termed  eco- 
logical engineering. 

It  is  assumed  that  the  student  is  familiar  with  the  B  AS  ^pro- 
gramming language  or  that  a  short  period  of  time  is  set  aside  at  the 
beginning  of  the  course  to  present  the  rudiments  of  BASIC.     The  i^ady 
availability  of  computer  facilities  providing  the  BASIC  language  is 
a  necessity?  most  preferably  in  the  time  share  mode. 
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CHAPTER  I 
THE  GROWTH  OF  A  SINGLE  SPECIES 


Introduction 

AS  a  first  example  of  a  model  o^  a  simulation  of  a  phenomenon 
in  the  life  sciences,  we  consider  the  problem  of  describing  the 
growth  of  a  population.     This  is  an  old  problem  and  one  of  the  first 
biolog-ical  phenomena  to  be  mathematically  treated.      V.  Volterra,  an 
Italian 'mathematician,  was  one  of  the  earliest  investigators  of  , such 
problems.     His  work  began  about  1926  and  it  is  his  work  we  shall  \^ 

follow.  \K 
In  developing  this  and  other  models,' various  si^ppositions  and  >  ^ 

assumptions  will  be  made.     It  is  important  that  the  student  under- 
stand and  appreciate  the  implications  and  limitations  of  each  of  the 
assumptions  since  any  altlrations  of  th^se  basic  hypotheses  may 
significantly  alter  the  predictions  obtained  from  the  m^el.  As 
digital  computers  had  yet  to  be  developed  when  Volterra  did  his 
pioneering  work,  his  models  were  expressed  in  the  language  of  mathe- 
matics.    In  particular,  he  used  the  dif ferof^tial  and  integral  cal- 
culus and  the  subjects  of  differential  and  l^itegral  equations  quite^ 
extensively.     Because  this  is  a  course  in  computer  applications  in 
the  life  sciences,  we  will  use  the  programming  language  BASIC  to 
express  our  model  in  contrast  to  the  language  o^  mathematics.  There 
are  advantages  in  the  use  of  either  language.     One  significant  ad- 
vantage of  the  mathematical  formulation  is  the  opportunity  it  affords 
to  bring  the  vast  framework  of  mathematical  knowledge  to  bear  upon 
the  problem.     In  addition,  when  truly  complicated  models  are  pro- 
posed, the  mathematical  formulation  can  sometimes  be  used  to  discover 
biologically  significant  relations  without  the  expense  of  considerable 
computer  time.'  Furthermore,  mathematics  enables^the  investigator  to 
discern  common  structures  of  different  models  and  hence  serves  as  a 
unifying  tool  tms:  science.     On  the  other  hand,  the  programming  Ian-  • 
guage  BASIC  is  extremely  •asy  to  learn  and  to  use  and  is  readily 
understood  by  a  far  larger  audience.     In  addition,  since  almost  all 
sufficiently  complicated  mathematically  fomiulated  problems  have  to 
be  solved  with  the  ^id  of  a  computer  anyway,  there  may  be  a  signi- 
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f leant  snortening  of  time  required  to  develop  the  computer  program 
by  a  directly  formulating  problem  in  terms  of  the  programming  lan- 
guage.    In  addition,  the  use  of  the  infinitesmal  calculus  requires 
the  assumption  that  the  variables  change  in  a-  smooth  or  continuous 
manner.     In  contrast,  a  programming  language  naturally  permits 
finite  or  step-wise  changes  in  the  variables.     Consequently,  for 
discrete  phenomena  such  as  population  growth,  computer  simulation 
may  require  less  restrictive  assumptions  and  permit  a  more  realis- 
tic formulation  than  could  be  obtained  by  using  mathematics.  As 
stated  previously,  it  is  our  intent  to  proceed  as  far  as  possible 
using  just  a  simple  computer  language.     For  the  student  who  wishes 
to  learn  more  sophisticated  modeling  techniques,  certainly  a  strong 
mathematical  background  may  be  necessary  and  it  is  our  hope  that  this 
coarse  will  encourage  the  student  to  obtain  such  a  background. 

In  building  our  model  for  the  .simulation  of  the  growth  of  a 
single  population  we  will  begin  by  making  some  very,  very  simple 
assumptions.     For  this  reasoi),  the  model  will'  be  quite  oversimpli- 
fied; however,  it  will  permit  a  ready  and  easy  programming  and  run- 
ning on  the  computer.     Thus,  we  will  be  able  to  quickly  make  several 
computer  runs.     The  examination  of  the  results  together  with  our  knowl- 
edge of  "what  we  left  out"  of  the  original  hypothesis  will  then  sug- 
gest alterations  and/or  additions  to  the  original  r.odel.     The  process 
will  then  be  repeated  again  and  as  often  as  is  necessary  in  order  to 
arrive  at  what  we  hope  or  believe  is  .  realistic  explanation  or 
model  of  the  growth  of  a  population.     As  the  model  progresses  in 
complexity  and  growth,  it  is  important  that  the  student  "sees"  or  xs 
awe-  of  the  contribution  to  the  building  of  the  model  that  an  analy- 
sis of  results  on  simpler  models  provides.     In  other  words,  the  com- 
puter model  itself  becomes  a  powerful  tool  in  suggesting  alterations 
and  additions  tb  the  model.     This  effect  is  not  so  noticeable  in  the 
early  or  primitive  stage  of  the  model  building.     However,  as  the 
complexity  and  completeness  of  the  description  of  the  population 
growth  increases, 'the  analysis  of  the  computer  results  may  be  the  ^ 
only  means  of  suggesting  new  alterations  or  additions.  ^  i 

The  fundamental  idea  we  shall  use  in  our  model-making  or  simulc-- 
tion  is  the  following: 
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The  next  state  of  the  variable  equals ' the  old  or  preceding  state 
of  the  variable,  plus  the  change  in  the  variable.  >rv 

In  the  language  of  BASIC  this  can  be  stated  in  the  following  ways ^ 

10    LET  v{i+a)  =  V(I)  +  C{I) 

where    V(I+1)     and    V(I)     are  the  new  and  old  states  of  the  variable  » 
respectively,  and    C{I)  ^  is  the  change  in  the  variable.    This  law 
and  variations  of  it  will  iorm  the  basis  of  most  of  the  development  - 
in  this  work.    The  impJ^rtance  and  utility  of  the  law  cannot  be  over- 
stressed  and  for  this  xeason  we  call  i^t  the  Law  of  Change. 

.By  identifying  the  variable    V(l')     with  the  population  at  the^ 
i^^    time  period  we  see'  that  the  above  law  stages,  "the  population 
at  the" beginning  of  ^the  next  time  period  is  equal  to  the  population 
at  the  beginning  of  the  present  time  period  plus  the  change  in  pop- 
ulation in' this  time  period." 

Henne,  .to  apply  this  law  to  our  population  growth  model,  we  need 

to  specify  two  quantities: 

i)  '  The  population  at  the  initial  time, 
ii)      The  amount  of  change  in  any  time  period. 


Tlie"M&-thus  Problem 

The  complexity  of  the  model  will  be  determined  by  our  hypothesxs 
concerning  the  second  quantity.     It  is,  of  course,  readily  apparent 
that  such  factors  as  environment,  s^iason,  time  ox  day,  prey  and/or 
predator  specie,  age,  sex, 'etc.  will  all  influence  our  choice  or 
specification  of  the  rule  of  change.    Furthermore,  the  length  of  the 
time  period  will  directly  affect  the  magnitude  of  the  change,  C(I). 
For  reasons  given  below  we  wish  to  make  our  initial  model  as  simple 
as  possible  and  yet  permit  it  to  have  some  creditability.    Thus,  we 
will  adopt  the  convention  of  equal  time  periods.     This  is, an  assump- 
tion and,  as  far  as  computational  or  programming  difficulty  is  con- 
cerned, it  is  not  necessary.    The  constancy  of  the  time  P^^^^J^^ 
adopted  purely  for  convenience  in  getting  started  on  our  mOdeX^uxld- 
ing.    In  the  following,  the  student  will  frequently  find  it  most 
helpful  to  think  of  the  time  period  as  the  generation  periodi  x.e.  th 
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period  of  time  between  generations.     In  order  to  determine  a  simple, 
yet  not  trivial  expression  for  the  change  in  the  population  in  a  time 
period,  we  examine  in  a  bit  more  detail  what  we  are  trying  to  do. 

We  wo;ild  like  to  end  up  with  a  model  that  is  realistic  and  also 
quite  inclusive,  yet  we  suspect  that  such  a  model  will  be  very  compli- 
cated and  not  easy  to  come  by.     Realizing  that  complicated  models  are 
composed  of  many  parts  and  further  realizing  that  a  sensible  way  of 
building  a  complicated  or  realistic  model  is  to  start  with  a  simple 
yet  thoroughly  understood  model  and  to  then  refine  it,  we  begin  by 
trying  to  select  assumptions  that  will,  we  hope,  lead  to  such  a  simple 
model.     In  addition,  to  the  advantages  mentioned  above,  a  simple 
"first"  model  has  other  advantages,     e.g.   it  is  easy  to  check  results 
obtained  from  the  simple  model.     Thus,  our  intuition  is  either  con- 
firmed or  rejected  early  in  the  process.     With  these  ground  rules  in 
mind  we  now  proceed  to  describe  Volterra' s  initial  assumptions  con- 
cerning the  growth  of  a  population.  -  * 

It  is  certainly  true  that  the  change  in  the  population  in  any 
given  j/eriod  of  time  is  equal  to  the  number  of  births  minus  the  num- 
ber of  deaths.     Thus,  we  can  write 

C(I)  =  /no.  of  birthsN  ^    /no.  of  deaths^ 
\in  the  period/       \in  the  period^ 


In  order  to  arrive  at  expressions  for  the  number  of  births  and  the 
number  of  deaths  in  a  period,  certain  assumptions  must  be  made.  It 
is  quite  evident  that  a  host  of  elements  affect  each  of  these  ex- 
pressioi.s.     Some  of  them  are:     weather,  polution,  health,  availability 
of  food  and  water,  stress,  etc.       It  is  perhaps  more  evident  that  a 
rational  inclusion  of  the  combined  effect  of  all  these  elements  is 
impossible,     consequently,   it  is  necessary  to  make  some  very  restric- 
tive assumptions. 

Volterra  supposed  that  the  plant  or  animal  population,   that  we 
are  attempting  to  describe,   lived  in  isolation  and  in  a  constant  en- 
vironment.    The  term  "constant  environment"  refers  t^  the  fact  that 
-    during  the  entire  time  of  the  evolution  of  the  population,  all  environ- 
mental factors  such  as  food  supply,  living  space,  birth  and  death 
rates,  etc.  remain  constant  for  each  member  of  the  population.  The 
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student  should  recognize  the  "xesA.  world"  implications  pf  such  assump- 
tions.   For' example,  the  assumpf/on  that  the  food  supply  remains^^con- 
stant  for  each  individual  in  tip  population  implies  that  if  th^^^p- 
ulation  increases  the  total  fo®d  supply  must  also  increase  in  order  ^ 
that  each  individual  may  have«the  same  amount  of  food*     It  may^be 
possible  to  insure  a  constant  food  supply  for  a  finite  population, 
such  as  a  cattle  herd  whose  population  is  controlled;  however,  it  is 
certainly 'not  possible  to  provide  a  constant  amount  of  food  to  each 
individual  in  an  ever-increasii^g  population.     Thus,  vre  expect  that 
the  results  of  our  model  might  apply  only  to  the  early  time  growth 
of  a  population.      In  this  case,  we  say  that  our  model  "breaks  down", 
and  hence  is  valid,  only  for  early  time  histories.    Volterra  further- 
more assumed  that  there  was  no  intervention  by  any  other  species  of 
plants  or  animals.     These  are  aiBsumptions,  perhaps  realizable  for  a 
short  time  in  a  laboratory,  and  are  certainly  ideal  and  not  realistic. 
Nevertheless,  t^y  are  not  too  far  fetched  and  have  the  property  of 
being  quite  precise.     In  line  with  these  strict  assumptions, 
volterra    further  assumed  that  the  number  of  births 
as  well  as  the  number  of  deaths  in  a  unit  of  time  was  proportional 
to  the  total  number  of  individuals  existing  during  the  unit  of  time. 
This  is  not  an  unreasonable  assumption  since  for  a  give^  period  of 
time,  the  greater  the  population  the  greater  the  number  <bf  births  and 
deaths  and  the  smaller  the  population  the  smaller  the  number  of 
births  and  deaths.     To  express  these  notions  in  the  BASIC  language, 
we  introduce  the  following  notation  for  our  variables:  v' 

Let    P(l)     denote  the  population  at  the  beginning  of  the  I 
time  period.         P(I)     is  assumed  to  be  constant  in  this  time  period. 

Let    B    be  the  constant  of  proportionality  (or  the  fraction) 
relating  the  population^o  the  number  of  individuals  born  in  a  time 
period.    Thus,     B*P(^)       is  the  total  number  of  individuals  born  in 
the  time  period.      B  is  called  the  coefficient  of  natality. 

Let    M    be  the  constant  of  proportionality  for  the  number  of 
individuals  who  die  in  a  time  period.     Thus,      M*P(I>      is  the  total 
number  of  individuals  who  die  in  the    i^^    time  period.      M  is  called 
the  coefficient  of  mortality.  ■ 

C(I),  the  total  change  in  the  population  in  the    I       time  perioc 
is  then    B*P(I)-M*P{I)     and  hence  an  application  of  the  law  of 
change  gives  ^ 
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P(I+1)   =  P{I)  +   {B-M)*P(I)  (1> 

The  term    B-M    is  called  the  gro^^th  coefficient  and  is  denoted 

by  G.  , 

If  we  Know  the  population  at  some' initial  time  and  are  able  to 
specify  the  constants    B  and  M,  we  can  write  a  simple  program  to 
evaluate  our  model.     One  such  program  is: 

1     REM  POPULATION  GROWTH  MODEL,   SIMPLE  MODEL 
10     DIMENSION  P(6j3) 
20     INPUT  B,  M,  P{0)  . 
25     LET  G  =  B-M 
30     FOR  I  =  /I  TO  50 
40     LET  P(I+1)   =  P(I)+G*P{I) 
50     NEXT  1  '  ' 

60     FOR  I  =  j3  TO  50 
70     PRINT  I,  P(I) 
80     NEXT  I 
90'  END 

The  student  is  urged  to  run  this  program  for  various  values  of 
B,  M,  and  P(0),     the  initial  or  starting  population.     (See  figures 
1.1a    and    1.1b    fcr  .some  sample  results). 

The  set  of  numbers,     I  and  P{I),     for  each  run  is  called  the 
population  curve.     Upon  examination  qf  the  results,  the  student  will 
notice  that  if    B>M,     P(I)   increases,     i.e.     P(I+1)>P(I)       for  all  I. 
Moreover,  the  student  will  also  notice  that  the  increase  in  population 
per  time  period  increases,  i.e.  .    (P (1-^2) -P  (I+l)  1  >  (Pd+D -P  (D, ) .  Such 
growth  is  commofily  called  exponential  growth.     If    B-M,     there  iJ  no 
chahge  in  the  population  and  if    B<M,     then  the  population  approaches 
zero.     These  relations  suggest  that  it  is  the^quantity     (B-M)     that  is 
important-     These  results  all  agree  with  our  intuition  since  the  state- 
ment   B>n    means  there  are  more  births  than  deaths  in  a  time  period 
and  hence  over  a  long  enough  period  of  time  the  population  should  in- 
crease without  bound.     The  condition    B<M    means  there  are  more  deaths 
than  births  in  a  time  period  and  we  would  thus  expect  that  the  popula- 
tion should  eventually  die  out.'    Consequently,  our  simple  model  is  not 
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quite  as  useless  as  we  may  have  initially  thought.  Similarly,  vary- 
ing the  magnitude  of  (B-M)  has  the  effect  of  changing  how  fast  the 
population  grows  or  dies  out.  Moreover,  we  see  that  it  was  the  dif- 
ference in  the  population  at  adjacent  time  periods  that  gave  us  help- 
ful insight  and  so  we  should  alter  our  program  to  print  or  plot  this 
information. 

It  is  important  that  the  student  recognize  that  both  of  the  co- 
efficients,   B  and  M,    are  proportions  per  unit  time.    This  can  be 
more  easily  understood  by  considering  a  numerical  example.  Until 
recent  years  the  birth  rate  in  the  United  States  was  about  2.2%. 
This  means  that  in  a  period  of  time  of  one  year,  approximately  2.2 
children  were  born  for  each  100  persons  alive  during  that  year.  It 
is  also  possible  to  speak  of  a  monthly  birth  rate  and  it  would  be  a 
little  less  than  twelve  times  the  previous  figure  because  of  the 
effect  of  "monthly  compounding".     Similarly,  it  is  possible  to  give 
a  birth  rate  per  decade  and  this  would  be  a  little  more  than  ten 
times  the    yearly  rate.     (See  Chapter  IV).     In  this  way,  time  is 
accounted  for  in  our  model.     For  those  students  who  have  had  a  cal- 
culus based  ecology  course,  the  term  natural  or  intrinsic  growth  rate 
is  used.     The  relation  between  the  calculus  and  our  approach  is 
briefly  discussed  in  the  appendix  to  this  chapter  and  elsewhere 

throughout  the  text. 

The  constant  environment  problem  resulted  in  a  model  whose  solu- 
tion was  termed  exponential  growth  or  exponential  decay.     Because  many 
scientific  phenomena,  behave  like  exponential  growth  or  decay,  these 
concepts  are  very  useful.     This  fact  is  mentioned  because  we  wish  to 
emphasize  that  exponential- like  behavior  of  a  variable  is  the  direct 
'  result  of  assuming  that  the  rate  of  increase  or  decrease  of  the  varia- 
ble is  directly  proportional  to  the  magnitude  of  the  variable.  In 
this  work,  whenever  such  an  assumption  is  made  concerning  the  phenomena 
under  consideration,  we  shall  use  the  term  exponential  growth  or  ex- 
ponential decay  to  describe  the  resultant  behavior.     Thus,  any  varia- 
ble satisfying  an  equation  of  the  form 

Y{i+i)  =  y(i)  1  K*y(i) 

t 

m 

where  K  is  a  constant,  will  be  said  to  be  exponential. 
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This  equation ,  when  written  in  the  form 


states  that  the  change  in  the  variable  is  proportional  to  the 
variable.    The  idea  of  stating  that  the  change  in  a  variable  is 
proportional  to  the  variable  or  proportional  to  functions  or 
combinations  of  other  variables  is  extremely  useful  in  formu- 
lating governing  equations.    In  fact,  nearly  all  of  the  examples 
in  this  work  are  formulated  on  this  basis.    This  notion  is  em- 
phasized because  it  frequently  will  enable  the  student  to  more 
readily  construct  or  devise  the  governing  equations. 

J  . 
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facts  suggest  the  following  changes  in  the  coefficients  of  natality 
and  mortality: 

Replace    B    by  the  quantity  B-Bl*P(I) 

and 

replace    M    by  the  quantity  M+Ml*P{I). 

Thus,  as    P(I)     increases  the  terms    B1*P(I)     and    M1*P(I)    will  also 
increase  and  so  the  quantity    B-B1*P(I)    will  decrease  whereas  the 
quantity    M4-Ml*P(I)    will  increase.    The  student  should  note  that  in 
our  original  model  the  proportion  of  births,    B,     and  the  proportion 
of  deaths,    M,    were  constant  throughout  the  problem  whereas  now 
these  proportions  are  different  each  time  period.     This  notion  of 
varying  the  proportions  each  time  period  is  a  very  fruitful  notion  and 
will  be  used  extensively  in  the  subsequent  developments.     These  con- 
siderations then  imply  that  in  an  arbitrary  tiine ^period  the  change  in 
population  is  given  by 

(B-B1*P (I) ) *P (I)- <M+M1*P (I) ) *P (I) 

or 

{{B-M)-(BH-M1)*P(I))*P(I)- 

I 

Thus,   line    40    in  our  Malthus  growth  program  should  read: 

40     LET  P (I+l) =P ( (B-M)- (Bl+Ml) *P (I) ) *P (D - 

A  more  concise  expression,  requiring  fewer  numerical  operations, 
can  be  obtained  by  introducing  the  notation    G1=BH-M1    and  rewriting 

line    40  as 

40    -uET  P(I+l)-P(I)-*-(G-Gl*P(I))*P(I). 
Statement    ^20    of  the  Malthus  program  should  also  be  altered  to  read 
20     INPUT  B,  M,  Bl,  Ml,  P(0) 
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and  a  statement  must  be  inserted  to  calculate    Gl.     Gl  is  called  the  ^ 

auxilliary  growth  coefficient. 

The  procedi^e  of  altering  a  former  program  in  accord  with  altera- 
tions of  the  assumptions  upon  which  the  former  program  was  constructed 
will  be  repeatedly  followed  in  this  work.    The  ease  with  which  the 
consequences  of  the  assumption  of  a  finite  environment  were  effected 
in  the  program  should  be  noted.    Nearly  all  of  the  original  Malthus 
model  program  was  usable.     The  imposition  of  the  altered  hypotheses 
required  only  minor  changes  and  the  addition  of  one  programming  state- 
ment.    This  is  an  example  of  the  great  ease  with  which  a  computer  can 
be  used  to  assist  the  obtaining  of  insight  and  understanding.    A  copy 

of  the  program  is  shown  below. 

1  REM        FINITE  RESOURCE  MODEL 

10  DIM  P(60) 

20  INPUT  B,M,B1,M1,P (0) 

25  LET  G=B-M 

26  LET  Gl=Bl+Ml 
30  FOR  1^0.  TO  50 

40     LET  P(I+1)=P(I)+(G-G1*P(I) ) 

50     NEXT  I 

60     FOR  I-O  TO  50 

70     PRINT  I,P(I) 

80     NEXT  I 

90  END 

An  examination  of  statement      40    shows  that  the  essential 
parameters  are  the  growth  coefficient    G    and    the  auxiliary 
growth  coefficient    Gl.     Thus,  the  program  could  have  been 

simplified  by  replacing  line     20  with 

20     INPUT  G,   Gl,  P(0) 
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and  deleting  lines  25  and  26.    This  ^educed  form  of  the  program 
more  closely  approximates  the  forms  seen  in  the  literature. 
By  running  the  program  with  different  sets  of  constants  B, 
M,     Bl    and    Ml,    that  is,  different  sets  of  values  for  G 
and    Gl,     the  student  will  note  that  the  populations  begin  as 
exponential-like  growth,  reach  a  maximum  rate  of  growth, 
then  level  off  and  approach  a  limiting  value. 

The  limiting  value  attained  by  the  population  will  be  denoted  by  . 
Figure    1.2,  page  1.12,     presents  two  curves  obtained  with  two  typical 
sets  of  constants.     The  curves  are  the  familiar  logistic  or  S  curves 
that  biologists  frequently  speak  of.     Problems  (1)  and  (2)  contain 
important  results  about  this  program. 

Problems; 

(1)  By  exa-nining  the  change  in  pc^aticm  in  a  time  period,  derive 
an  expression  for  the  limiting  population  in  terms  of  the 
constants    B,     M,     Bl    and  Ml. 

(2)  Make  some  computer  runs  varying  just  the  initial  population 
P(0) .     From  an  analysis  of  these  run sv  what  can  you  conclude 
about  the  final  population  in  each  case?    How  could  you 
determine  this  from  your  program? 

The  student  will  note  that  changing  the  constants  alters  the  shape 
of  the  curve.     For  instance,  the  curve  may  begin  flatter  or  steeper, 
rise  more  quickly  or  slowly  and  level  out  sooner  or  later  depending 
upon  what  selection  of  constants  is'  used.  '  In  a  subsequent  chapter,, 
we  will  discuss  how  this  dependency  of  the  shape  of  a  curve  on  the 
constants  may  be  used  to  provide  a  method  for  their  determination. 
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Figure  1.2  Simple  Populatioi.  Growth  Model  With 
P<0)-100  and    B>M  (Modified  version) 
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It  is  interesting  to  note  that  this  curve  does  not  increase  with- 
out bound  as  the  curves  obtained  from  the  former  model  did.  Moreover, 
the  Shape  of  the  curves  has  been  drastically  changed  as  the  first  part 
of  the  graph  curves  up  while  the  latter  part  does  not.     This  is  due  to 
the  changing  of  the  coefficient  of    Pd).    The  student  should  rerun 
the  original  or  exponential  growth  model  and  change  the  constants  B 
and    M    after  10  or  20  time  periods  and  then  note  the  alteration  in 
the  resultant  curve.    The  sudden  change  in  the  slope  of  the  curve 
might  suggest  to  the  student  that  a  frequent  and/or  continual  changing 
of  the  coefficients    B    and    M    would  enable  the  model  builder  to  chanc 
the  shape  of  the  curve  so  that  it  is  "more  reasonable"   (whatever  that 
is) .     Thus,  the  student  could  have  discovered,  by  just  "playing  around 
with"  the  original  model,  the  alterations  we  suggested  above. -Of 
course,  if  he  is  fortunate  enough  to  find  an  alteration  which  more 
closely  approximates  that  which  actually  takes  place,  he  is  faced  with 
the  problem  of  rationally  explaining  his  alteration.     Strange  as  it 
may  seem,  quite  frequently  this  very  process  has  resulted  in  better 
explanations  of  a  scientific  phenomena.    Thus,  the  computer  becomes 
an  actual  aid  to  acquiring  a  better  understanding. 

The  simple  relation         =  G/Gl     (See  problem  1)  permits  an  easy 
experimental  determination  of  the  constant    Gl.      Pf  may  be  determined 
by  measuring  the  final  population  observed  in  an  environment  whose 
total  food  supply  is  constant.     Since    G    i.   assumed  known,     Gl  is 


given  by 


Gl  =  G/Pf. 


P    is  called  the  carrying;  capacity  of  the  environment. 


p^.,^;.n.i nation  of  the  Environment 

 ;;;;7student  is  aware  of  the  pollution  and  contamination  of  our 

environment  du.  to  the  expanding  needs  of  our  increasing  population. 
The  causes  and  effects  of  contamination  are  under  extensive  investiga- 
tion and  are  becoming  better  understood  due  to  the  deepening  concern 
of  society  with  the  preservation  of  our  environment.     Because  of  the 
many  kinds  of  pollution  and  the  diversity  and  multiplicity  of  the 
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effects  of  each  pollutant,  and  combination  of  pollutants,  it  will  not 

be  possible  in  a  simple  way  to  include  the  effects  of  each  pollutant 
on  th^  growth  of  the  population.     It  is  certainly  true  that  a  changing 
population  greatly  influences  the  growth  and  changes  in  the  kinds  of 
pollutants  which  in  turn  affect  the  growth  of  the  population.  The 
phenomenon  of  the  growth  of  the  population  affecting  the  growth  of  the 
contaminants  and  these  in  turn  affecting  the  growth  of  the  population 
is  an  example  of  "feedback".     This  is  a  very  familiar  term  in  model- 
ing.    It  is  an  engineering  term  and  the  idea  of  feedback  has  found 
extensive  use  in  many  fields.     It  will  occur  in  most  of  our  work. 

The  programming  changes  necessary  to  arrive  at  the  finite  resource 
program  were  alterations  of  the  expresf>ions  for  the  number  of  births 
and  the  number  of  deaths  in  a  time  period  for  the  Malthus  model.  This 
suggests  that  the  effects  of . contamination  or  pollution  may  be  account- 
ed for  by  further  altering  these  expressions. 

A  thorough  inclusion  of  the  effects  of  pollution  in  our  popula- 
tion growth  model  is  too  difficult  and  so  our  development  will  be 
restricted  to  describing  the  evolution  of  a  population  in  a  very 
restricted  environment.     As  an  example  of  sue-,  an  environment,  we 
consider  the  growth  of  a  bacterial  culture  in  a  finite  or  restricted 
volume  when  the  culture  is  not  renewed  and  hence  the  culture  will 
gradually  become  intoxicated  or  poisoned  due  to  th..  accumulation  of 

catabolic  products. 

The  following  rather  intuitive  thoughts  about  the  intoxication 
of  the  culture  by  the  bacteria  and  the  consequent  e^^ect  of  this 
intoxication  on  the  growth  of  the  bacteria  will  serve  as  an  aid  to 
an  attempt  to  include  the  effects  of  intoxication  in  a  bacterial  - 
growth  model.     It  is  certainly  clear  that  in  order  to  estirmte  the 
effect  of  an  intoxicant  on  the  change  in  population  in  a  time  period 
that  the  amount  of  the  intoxicant  present  during  that  time  period  must 
be  known.     Furthermore,   since  it  is  assumed  that  the  culture  is  not 
restored  nor  altered  in  any  way  during  the  time  of  growth  of  the  bac- 
teria,  it  seems  reasonable  to  further  assume  that  an  amount  of  xntoxi- 
cant  present  at  one  time  period  will  continue  to  be  present  for  all 
succeeding  time  periods.     Thus,   an  amount  of  intoxicant  created  xn  a 
previous  time  period  will  continue  to  have  a  deleterious  effect  upon 

,     •       P«r.  ^Ti   cTirreedina  time  periods.     Hence,  the  total 
the  population  for  all  succeeaxny  u^-xuc 
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intoxication  present  at  any  time  period  is  the  accumulation  of  the 
intoxicants  created  during  each  preceding  time  period.     The  more 
mathematically  trained  student  Will  recpgnize  that  this  hypothesis 
merely,  states  that  the  total  amount  of  the  intoxicant  is  a  time  in- 
tegral of  the  rate  of  creation  of  the  intoxicant.  . 

In  order  to  estimate    T(I),     the  amount  of  intoxication  present 
at  the  beginning  of  the    I^^    time  period,  we  will  suppose  that  the 
^        amount  of  intoxication  created  in  a  time  period  is  proportional  to 

the  existing  population.     If    C    denotes  the  contamination  constant  o 
proportionality,  then  the  amount  of  contaminant  created  in  the  I 
time  period  is  C*P{I-1).    Since  the  amount  of  intoxicant  present  m 
the    I^^    time  period  is  the  sum  of  the  amounts  of  intoxicant  produce 
in  the  previous  time  periods,  we  can  write 

I 

r(i)=c*p(0)+c*p(i)+c*p(2)+  +c*p(i-i). 

NOW  the  total  intoxication  should  have  a  deleterious  effect  upon  the 
•     population  by  decreasing  the  proportion  of  births  and  increasing  the 
proportion  of  deaths.     We  will  assume  that  in  a  time  period  the  de- 
crease in  the  proportion  of  births  due  to  such  intoxication  is  pro- 
portional to  the  total  intoxication  present  in  the  time  period  and 
B2    will  denote  the  constant  of  proportionality.     Similarly,  it  is 
postulated  that,  in  a  time  period,  the  increase  in  the  proportion 
of  deaths  is  also  proportional  to  the  total  intoxication  present  m 
the  time  period  and    M2    will  denote  the  constant  of  proportionality 
The  effect  of  intoxication  may  then  be  accounted  for  by  altering  the 
birth  and  death  proportions  to  read: 

B-B1*P(I)-B2*T(I)       and      H+M1*P (I) +M2*T (I) - 

Hence,   in  an  arbitrary  time  period  the  change  in  population  is 

given  by 

(B-B1*P(1)-B2*T(I))*P(I)-IM+M1*P(I)+M2*T(I))*P(I) 

in  this  expression,  the  first  term  represents  the  change  in  populati 
aue  to  births  in  the  time  period  and  the  second  term  is  the  change  i 
population  due  to  deaths  in  the  same  period. 
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upon  introducing  the  notation,     G2=B2+M2,     line  40  in  our 
program  should  now  read 

40     LET  P(I+1)=P(I)+(G-G1*P(I>-G2*T(I) )*P{I) . 

In  addition,  the  program  must  be  altered  to  provide  for  the  new 
constants    B2  and  M2,     the  calculation  of  G2  and  the  total  intoxi- 
cation T(I) , 

Retarded  Time  Effects 

The  previous  development  assumed  that  the  effect  of  contamina- 
tion was  independent  of  the  time  of  creation  or  deposition  of  the 
contaminant.     This  is  a  restrictive  hypothesis  since  in  a  completely 
enclosed  environment,  such  as  a  microbial  population  growing  in  a 
culture,  it  is  known  that  the  effect  of  the  contaminant  varies 
according  to  the  age  of  the  contaminant.     Thus,  intoxicants  created 
early  in  the  history  of  the  culture  have  a  different  effect  than 
intoxicants  r-cently  created.     The  inclusion  of  such  a  retarded 
time  effect  is  accomplished  by  modifying  the  calculation  of  the 
potency  of  the  contaminant.  ^ 
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The  discussion  of  the  development  of  a  computer  program 
wl^ch  includes  the  effect  of  the  time  of  existence  of  the  con- 
t^inant  is  facilitated  by  an  examination  of  a  graphical  por- 
trayal of  a  typical  population  curve  such  as  is  shown  in  figure 
1.2a. 
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ELAPSED  TIME  IN  TERMS  OF  NUMBER  OF  TIMS  INCREMENT 


A  TYPICAL  POPULATION  CURVE 
Fi^.  1.2a 


The  population  is  shown  as  a  sequence  of  steps  in  recognition  of 
the  fact  that  the  population  is  actually  calculated  at  a  discrete 
set  of  points.     It  is  assumed  that  the  time  increments  are  con- 
stant and  that  the  time  index    I,     indicates  the  elapsed  time 
measured  in  numbers  of  time  increments.     As  an  example,  if  the  time 
increment  is  one  hour,  the  value    1-14    indicates  that  the  elapsed 
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time  is  14  hours.    We  will  also  adopt  the  convention  of  denoting 
the  initial  time  by    0,     and  hence    P{0)     is  the  initial  popula- 
tion.    For  this  reason,     P(I)    will  denote  the  population  at  the  end  of 
ti«^    tFl    time  increments.    These  conventions  mean  that  if  we 
are  calculating  the  population    P{H-1)  from  a  knowledge  of  the 
system  up  to  and  including  time    t=I    time  increments,  then  we 
are  indeed  calculating  the  change  in  the  population  during  the 
(I+Dst  time  period.     It  will  further  be  assumed  that  the  amount 
of  contamination  created  during  a  period  is  proportional  to  the 
populatvion  at  the  beginning  of  that  time  period.    Thus,  the  con- 
tamination created  in  the    J^^    time  period  is  due  to  P(J-l). 

^  th 

As  a  specific  example,  the  population  at  the  end  of  the  6 
generation,     P(6),     creates  an  amount  of  contamination  equal  to 
C*P(6)     during  the    7^^    time  period. 

Using  this  notation  we  can  begin  our  discussion  of  the  devel- 
opment to  include    retarded  time  effects  in  our  growth  model.  We 
start  by  estimating  the  potency  or  degree  of  intoxication  due  to 
the  creation  of  an  amount  of  contaminant  during  an  earlier  time 
^period.     If  'the    early      time  period  is  the    J*^^    time  period, 
then  according  to  our  original  hypothesis,  the  amount  of  contaminant 
created  in  this  period  is    C*P(J-1).     To  calculate  the  length  of 
time  that  the  contaminant  has  been  in  existence  it  is  helpful 
to  recall  that  we  are  at.  that  point  in  the  program  where  we  have 
calculated  the  population    Pd)     and  are  attempting  to  calculate 
the  population  one  time  increment  later,  that  is    P(I+1).  We 
will  adopt  the  further  convention  that  the  intoxication  created 
in  a  time  interval  is  not  deposited  until  just  before  the  end  of 
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the  tiiiie  interval.    This  ia^lies  that  the  contasUnant  created 
in  a  time  period  has  no  effect  on  the  population  growth  during 
that  time  period.    Such  a  convention  also  Implies  that  the  length 
of  time  since  deposition  of  the  contaminant  is  given  by  the  dif- 
ference between  the  present  generation  number,    I.    and  the  time 
period,    J,    in  which  the  intoxicant  was  created.    Now,  because 
it  is  assumed  that  the  potency  of  the  contaminant  depends  upon 
the  elapsed  time  since  dei«>sition  of  the  contaminant,  the  expression 


D(I-J)*C*P(J) 


represents  tte  toxicity  or  deleterious  eff«:t  during  the  (I+i)st  ti™e  period  of 
the  aount  of  iiitoxioant  deposited  in  the  (J+l)st  time  period.     D(I-J)  is  a 
coefficient  cs:  multiplier  which  accounts  for  the  potency  of  the 
contaminant  due  to  the  time  of  existence  of  the  contaminant  rela- 
tive to  the  potency  of  an  equal  amount  of  contaminant  which  has 
just  been  created.     For  example,  if  the  time  period  is  one  hour 
and  we  are  calculating  the  change  in  the  population  during  the 
ll^h    hour,    D(10-5)    is  the  effect  on  the  potency  of  the  contami- 
nant due  to  the  fact  that  the  contaminant  has  been  in  existence 
for  five  hours.    Furthermore,  the  assumption  that  the  contamination 
created  in  a  period  has  no  effect  on  the  population  growth  during 
that  period  implies  that,  if  for  example    1-4,     then  setting 
D(0)-0    assures  that  the  amount  of  contaminant  created  during  the 
time  increment,    C*P(4),    has  no  effect  on -^he  calculation 


5 

32 


l.i'7b 


of    P{5).     The  coefficients    D(I-J),     (I-J)»0,  1,  2,  ,,,,,  1,  must 

be  entered  as  data  or  else  provision  must  bp  made  for  thexr 

generation.    A  graphical  representation  of  one  possible  form  of  ^ 

the  time  variation  of    D(I-J)     is  given  in  figure  1.2b. 
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(I-J) 

Time  Since  Deposition  Measured  in  Number  of  Time  Increments 

Fig.  1.2b 


The  student  should  note  that  increasing  times  since .deposi- 
tion correspond  to  earlier  times  of  creation  of  the  contaminant. 
Because  of  this,   the  student  should  be  careful  in  the  interpre- 
tation of  the  horizontal  time  scale.     In  essence,  increasing 
values  of     {I-j]     link  the  present  generation  with  generations 
further  back  in  time. 
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The  toxicity.  T(I)*    of ->e,e  total  aaount  of  the  contaminaat 
present  during  the    (l-Mjst    time  interval  is  given  by  the  ex- 
pression 

D(I)*C*P{0)+D(I-l)*C*P(l)^D{I-2)*C*P(2)4......  +  ...  +D(I-J)  *C*P  (J) 

+. ..+D(1)*C*P(I-1)+D{0)*C*P{I). 

The  programming  equivalent  of  this  expression  is 

120  LET  T(I)=0 

130  FOR  J=0  TO  I 

140  LET  T(I)=T(I)+D{I-J)*C*P{J) 

150  NEXT  J 


The  statement  numbers -serve  merely  to  indicate  the  order  of  opera- 
tions and  bear  no  relation  to  their  place  in  a  particular  program.    In  terms  of 
summation  notation  of  mathematics  this  expression  may  be  written 


as 


I 

T(I)   =    /  D(I-J)*C*P(J)  . 

J=0 
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T)ie  student  is  urged  to  completely  understand  the  progranuning  form 
of  the  sum  since  this  form  will  be  used  in  other  parts  of  the  text. 
As  we  have  repeatedly  stated,  we  are  attempting  to  get  the  student 
to  think  in  terms  of  the  BASIC  language  as  early  as  possible  in 
order  that  he  or  she  may  more  effectively  use  the  computer.  The 
mathematical  equivalent  has  been  presented  as  a  possible  aid  to 
better  understanding  by  the  more  mathematically  inclined  students. 
In  addition,  the  student  should  note  that  setting    D{I-J)-1"  for 
all  J  implies  that  there  is  no  retarded  time  dependency  and  in  this 
instance  the  above  expression  for  T(I)  reduces  to  that  given  pre- 
viously. 

The  inclusion  in  the  population  model  of  this  new  expression , 
for  the  effect  of  the  total  intoxication  is  accomplished  by  sub- 
stituting the  new  expression  for  T(I)  in  our  previous  development. 

A  program  accounting  for  retarded  time  contamination  effects 
on  a  population  growing  for  50  generations  in  a  finite  environ- 
ment is  given  in  figure  1.2c. 

In  this  program  it  is  assumed  that  the  contaminant  ps  bio- 
degradable and  has  no  toxic  effect  after  20  time  increments  of 
existence.     The  degradation  will  be  assumed  to  be  in  direct 
proportion  to  the  elapsed  time  of  deposition.     Thus  we  will 
set    D(l)=l,  D{2)=.95,     D(3)=.90,     etc.     down  to  D(20)=0. 
We  will  also  set    D(K)=0    for    K=21,   22,   ,,,,   ,  and  set  D(0)=0. 
The  assumption  that    D(K)=0,     for    K>20    implies  that  the  con-  . 
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5  REM    POP.    QR.    MODEL  WITH  FIN.    RES.    fiND  ENV.  CONTRMINRTION 
10  DIM  P<6e>*D<6©>,T<68>,Tl<6©>  ««^e-^,^,....^r„ 
20  PRINT  "TVPfc    G    fiND    Gi    THE  GROWTH  COEFFICIENTS" 
25  INPUT  0/  Gi 

40  PRINT  "TVPE  G2  AND  C  THE  CONSTANTS  OF  PROPORTIONRLITV" 
45  INPUT  G2,  C 

50  PRINT  "TVPE  P<0>     THE  INITIRL  POPULATION" 
52  INPUT  P<0> 

54  PRINT 

55  PRINT 

58  REM  LINE^ee  TO  68  READ  IN  THE  TIME  DELflV  MULTIPLIERS 

60  DflTR  0/ 1,  .  95/ .  9,  .  85*  .  8*  .  75. .  ?>  .  65. .  6*  •  55 
62  DRTR  .  5,  ;  45, .  4, .  35, .  2*  .  25. .  2, .  15. .  1. .  ©5 
64  FOR  K«0  TO  2© 
66  RERD  D<K> 

68  NEXT  K  ^ 
?0  FOR  1*0  TO  50 

74  REM    LINE  75  RESUMES  NO  INITIRL  CONTRMINRTION 

75  LET  T<I>=0 
80  FOR  J»0  TO  I 

90  LET  T<I>=T<I>t-D<I-J>*C*PCwT> 
100  NEXT  J 

104  REM    LINE  105  STORES  THE  T<I>'S  FOR  OUTPUT  IN  LINE  150 

105  LET  T1<I>=T<I> 

110  LET  P<I-«-l>=P<I>  +  <G-Ql*P<I>-G2*T<I>>*P<I> 
112  IF  P<I+1><0GO  TO  170 

120  NEXT  I 

130  PRINT  "  I  P<I>  T1<I>" 

121  PRINT 

140  FOR  I«0  TO  50 
150  PRINT  I, P<I>. T1<I> 
160  NEXT  I 
165  GO  TO  200 

170  PRINT  "THE  POPULRTION  BECRME  NEGATIVE" 

200  END 


Single  Population  Growth  Assuming  a  Finite  Resource 
Environment  and  Retarded  Time  Contamination  Effect 

Fig.  1.2c 
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taminant  completely  degraded  and  therefore  has  no  effect  after 

20  time  increments  and  the  setting  of  D(0)»0  assures  that  the  con- 
tam'inant  created  by  P(I)  does  not  affect  the  growth  of  P(I+1).  This 
specification  of  the  potency  multipliers  is  expressed  by  lines  60 
to  68  of  the  program.     By  setting  D(I-J)«1  for  all  values  o|  (I-J), 
the  original  contamination  model,^  obtained  and  by  setting  D(I-J)«0 
for  all  values  of  (I-J),  the  original  finite  resource  model  is  ob- 
tained.     These  choices  of  values  for  DCI-J)  are  useful  for  debugging 
the  program  because  they  enable  a  comparison  with  the  results  of 
previously  developed  programs.     Instruction  110,  which  calculates 
the  population  for  the  beginning  o^the   (I+l)st  time  increment, 
requires  a  knowledge  of  the  potency  of  the  contamination  during  the 

I^*^    time  increment.     This  is  accomplished  by  statement  90,  which 

th 

calculates  the  total  potency  to  be  used  in  the     T        time  interval. 
Instruction  113,   is  necessary  to  assure  biologically  realizable 
results.     Statements  30  and  35  call  for  only  the  lour    values  G, 
Gl  and  G2,   as  well  as  C,   rather  than  the  seven  values,     C,  B,  M,  Bl 
Ml,  B2  and  M2.     This  results  in  no  loss  of  generaiiH^  since  the 
latter  six  values  are  combined  to  give  the  former  three  values 
prior  to  the  basic  population  calculation. 

The  obtaining  of  "reasonable"  values  for  the  parameters  requires 
some  deliberation,   as  well  as  experimentation  with  the  program.  The 
student  will  recall  that  G1<<<G  since  both  Bi  and  Ml  were  very 
much  smaller  in  magnitude  than    B  and  M.     This  was  due  to  the  fact 
that  the  effect  of  a  finite  environment  was  to  modify  or  alter  the 
birth  and  mortality  rates.     In  a  similar  manner,   it  is  assumed  that 
the  effect  of  contamination  will  be  to  only  further  alter  the  birth 
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and  Bortality  rates.    Thus,  the  terms  (B-B1*P(I))  and  (M*Ml*P(l))  ^ 

Still  remain  the  principle  contributions  to  the  birth  and  death  ; 
rates.     Hence,  it  is  expected  that.  G2,  the  constant  of  proportion- 
ality  modifying  the  growth  rate  because  of  contamination  effects, 
will  be  much  smaller  in  magnitude  than  either  G  or  Gl.    The  presence 
of  the  constant  C  is  actually  not  required  since  an  examina^on  of 
r     the  program  shows  that  the  effect  of  C  can  be  Incorporated  into  the  , 
magnitude  of  G2.     For  this  reason,  we  usually  set    C«l.    C  appears 
in  the  program,  however,  because  it  i    occasionally  the  case  that 
it  is  desirable  to  change  all  of  the  multipliers  by  a  constant 
proportion  and  such  a  change  can  be  readily  accomplished  by  only 
altering  C. 

•  ,     The  student  should  note  that  the  values  chosen  for  the  multi- 
pliers in  the  program  are  arbitrary.     The  student  is  encouraged  to 
try  other  sets  of  values  and  to  compare  the  results.     It  is  also 
instructive  to  compare  results  obtained  from  the  program  when 
different  magnitudes  of  G2  relative  to  the  magnitude  of  G  and 
Gl  respectively  are  used.     Your  author  tried  the  combination 
G=0.6,     Gl=0.0003,     G2-0. 00003    and    C-1.0.     The  program  results 
arc  listed  in  figure  1.2d  and  displayed  in  graphical  format  in 
figure  1.2e.     The  latter  figure  shows  that  the"  early  time  his- 
tory of  the  population  is  exponential  in  character.     As  the  toxic 
effect  acquires  sufficient  magnitude,  the  population  is  then 
decreased.     This  decrease  in  population  eventually "results  in  a 
decrease  in  the  magnitude  of  the  toxicity  which  in  turn  permits 
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A  Typical  Result  From  Program  Listed  in  Fig.  1.2c 
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the  populaaon    to  again  increase.     However,  the  latent  toxicity 
present  at  the  start  of  the  second  rise  in  population  is  such 
that  the  population  does  not  increase  to  as  great  a  value  as  the 
initial  maximum  population.     In  this  way,  the  successive  minimum 
and  maximum  of  the  population  decrease  and  it  is  evident  that  if, 
the  program  were  run  a  sufficient  length  Of  time  there  would  be 
no  change  in  population  from  period  to  period.     Thus,  a  finite 
and  decreasing  set  of  potency  multipliers  produces  a  population 
growth  curve  which  is  characterized  by  a  rapid  and  large  initial 
increase  in  population  followed  by  a  sequence  of  damped  oscillations. 
The  population  finally  assumed  a  constant  value  and -this  constant 
value  will  be  called  the  Permitted  Contamination  Population. 

Figure  1. 3c  illustrates  the  results  of  a  run  in  which  all 
of  the  potency  multipliers  are  assumed  to  have  the  value  of  1.0. 
Many  variations  in  the  time  evolution  of  the  population  can  be 
obtained  by  choosing  different  sets  of  values  for  tne  parameters 
and  the  potency  multipliers.     The  analysis  of  results  obtained 
from  these  variations  will  provide  the  student  with  irsight  about 
the  behavior  of  the  population.     The  examination  of  these  variations 
is  facilitated  if  a  plotting  routine'is  used  to  display  the  results 
in  graphical  form. 

The  student  who  is  familiar  with  the  integral  calculus  will  re- 
cognize   that    the    expression  for    T(I)     is  the  discrete  or  finite 
difference  equivalent  of  the  retarded  time  integral 


■n. 


and  thus  the  program  we  have  developed  numerically  solves  the  integro- 
differential  equation 

11=         [G-Gl.p(t)-C     ^  *D(t-r)P(t)dtlP(t). 


The  mathematical  study  of  such  equations  is  quite  difficult  and  is 
usually  attempted  only  in  graduate  level  mathematics  courses.    The  ter-* 
DCt-T  )     is  called  the  kernel,  and,  if  this  term  is  not  exceedingly 
simple,  the  solution  of  such  equations  must  be  effected  by  numerical 
methods.    Thus,  even  a  mathematically  formulated  discussion  of  this 
problem  would  necessitate  the  writing  of  a  program  very  similar  to 
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that  which  we  have  developed.     This  is  an  example  of  the  power  of 
formulating  and  thinking  about  quantitative  phenomena  in  terms  of  a 
programming  language  such  as  BASIC.     As  an  assignment,  the  student 
should  assemble  the  program  and  then  run  it  for  several  variations 
of  the  set  of  constants. 

The  model  that  has  been  constructed  is  relatively  simple  yet  does 
produce  a  population  curve  which  compares  somewhat  favorably  with  that 
obtained  experimentally.     Many  known  biological  effects  have  been 
omitted.     As  an  example,  Allee  (1938)  noted  that  thirty  specimens  in 
a  culture  would  neutralize  over  two  hundi^Jed"  times  the  amount  of  poison 
normally  neutralized  by  one  specimen.     This  fac     should  certainly  re- 
quire a  significant  alteration  of  the  early  time  period  part  of  our 
model.     The  effect  of  overcrowding  is  another  effect  that  we  have 
omitted.     The  reader  can  very  easily  cite  other  examples  of  effects 
which  have  been  omitted.     He  is  urged  to  do  so  and  to  alter  the  program 
to  account  for  the  additional  effects.     The  altered  program  should  be 
run  and  the  results  analyzed  to  test  his  alterations  and  hypotheses. 

In  the  preceding  discussion,   the  student  should  note  that  such 
phrases  as,     "is  assumed  to  be",     "is  supposed  to  be",     "is  postulated 
to  be",     etc.     arc  to  be  understood  as  equivalent  ?xpressions.  They 
serve  to  state  hypotheses  and  the  different  phrases  are  used  to  avoid 
repetition.     This  technique   is  frequently  employed  ii:  literature  de- 
scribing quantitative  phenomena. 

.    It  is  interesting  to  compare  the  results  obtained  from  each  of  the 
three  models.     Figure     1.3     shows  a  population  growth  curve  of  a  bac- 
terial culture  and  is  taken  from  the  woriT  of  Buchanan  and  Fuller  in 
1928  as  reported  in  D'Ancona   (1954).     Figure     1.3a     is  a  comparison  of 
the  results  obtained  from  a  Malthus  model  using  a  positive  growth 
coefficient.     It  is  seen  that  the  early  time  behavior  of  the  curves  is 
quite  similar.     Consequently,    it  may  be  inferred  that  the  initial  growth 
of  a  bacterial  culture  is  exponential  in  character.     Figure     1.3b     is  a 
comparison 'of  the  sam«?  experimental  data  with  numerical  results  obtained 
from  a  finite  resource  model.    -The  two  curves  compare  quite  well  in 
shape  and  form  up  to  maximum  growth.     For  early  time  periods,  the  finite 
resource  model  agrees  just  as  closely  as  does  the  constant  environment 
model  results.     However,   since  the  finite  resource  model  also  agrees 
for  a  longer  period  of  time,  we  conclude  that  the  latter  model  provides 
a  better  description  of  Ijacterial  culture  growth  than  does  the  former 
ERjcmodel. 
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Finally,  figure    1.3c    presents  a  comparison  with  the  results 
obtained  from  the  contanination  model.    The    D(I-J)    were  all  assumed^ 
to  be  constant  and  equal  to    1.      It  is  seen  that,  compared  to  the 
results  of  the  other  two  models,  the  contamination  model  yielded  re- 
sults which  were  in  longer  time  agreement.    Hence,  one  may  conclude 
that  this  model  is  an  even  better  description  of  the  bacterial  growth. 

These  comparisons  were-made  on  the  basis  of  shape  and  form  rather 
than  on  ma^gnitude  and  were  made  solely  to  illustrate  how  the  repeated 
retinement  of  a  model  can  yield  progressively  closer  agreement  with 
experimental  results.    In  this  way  insight  and  understanding  of  the 
phenomena  are  increased.    Chapter  III  describes  more  exact  methods  of 
comparing  results.    Your  author  is 'purposely  avoiding  positive  statanents 
to  the  effect  that  one  ncdel  Is  definitely  better  than  another  because  the  former 
produced  results  which  more  closely  agreed  with  experiment.     It  is 
evident  that  the  relative  worth  of  a  model  must  also  include  an  evalu- 
ation of  its  simplicity.     It  is  certainly  possible  to  construct  a  model 
which  agrees  more  closely  with  experimental  data  by  combining  arbitrary 
functions  and  constants  in  a  ■willy-nilly'  manner  contrived  to  produce 
.closer  agreement.     About  all  that  can  be  said  is  that  there  is  no  sin- 
gle best  model.     The  decision  as  to  which  model  is  the  better,  is  not 
trivial  and  is  far  better  left  for  discussion  elsewnere.    The  purpose 
in  constructing  models  is  to  gain  insight  and  understanding  of  the 
biolog'ical  phenomena  and  comparison  with  experiment  is  necessary  to 
confirm  or  to  deny  insight.  .  * 


Effect  of  Mating  Possibility 

For  populations  whose  members  reproduce  by  sexual  means>  the 
frequency  with  which  encounters  take  place  between  members  of  the  op- 
posite sex  is  a  significant  factor  in  the  determination  of  the  birth 
rate.     If  the  population  density  is  l&rge,  such  encounters  are  frequent, 
whereas  in  a  sparsely  settled  area  such  encounters  can  be  rare.  In 
order  to  simplify  the  analysis,  we  will  suppose  that  there  are  a  suf-  • 
ficient  number  of  species  present  to  validate  the  following  assumptions 
which  are  due  to  volterra.    We  assume  that  the  proportion  of  sexes 
remains  constant  over  the  entire  growth  cycle  and  that    Fl    denotes  the 
proportion  of  males  and  .  F2    denotes  the  proportion  of  females.  Thus, 
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Since  the  species  of  the  population  are  either  male  or  female, 
Pl+P2«l,    and    Fl*!^^!)    and    P2*P{I5    are  the  nuaiber  of  males  and 
females  respectively  in  the            time  period.    We  will  also  assume 
that  the  fraction  of  total  possible  ©counters  between  members  of  the  op- 
^ite^-sex-fchat  ^ve  rise- t^^ir^hs-i*-  -^  Consequently^  iii-^ 


I*^^    time  period  if  there  are    E<I)    encounters,  the  number  of  resul- 
tant births  is    P3*E(I).    Now  the  number  of  possible  encounters  is 
given  by  the  ¥>roduct  of  the  number  of  males  and  females  in  the  period, 
i.e. 


Ed)  =  (F1*P(I))*(P2*P(I)) 

or 

E(I)  =  F1*F2*P{I) t2. 


Problem: 

Verify  the  assertion  that  the  number  of  possible  encounters  between 
males  and  females  is  the  product  of  the  number  of  females  and  the  numbe 
of  males  by  constructing  a  diagram  and  counting  the  number  of  encounter 
for  the  case  of     (a)     2  females  and  3  males,     and     (b)     4  males  and  3 
females. 


consequently,  the  number  of  births  in  the  time  period  is 

# 

F3*E(I)  =  Fl*F2*F3*P(I)+2 

=  F4*P{I)t2 

where  we  Have  introduced  the  notation  F4  «  P1*P?*P3.  By  assuming  th. 
the  number  of  births  is  determined  by  the  number  of  encounters  of  Jiea- 
bers  of  the  opposite  sex,  we  are  in  effect  altering  our  original  assun^* 
tion  of  a  constant  birth  rate  B.  RecaXX^at  a  constant^birth  rate 
implied  that  B*PCI)  was  the  number  of  newborn  in  the  I  time  perK 
This  expression  must  now  be  replaced  by  the  expression'  P4*P(I)t2.  A 
co«^rison  of  this  expression  with  B*PCI),  suggests  that  the  constant 
B    must  be  replaced  by    F4*P(I).    Since  we  are  modifying  the  program 
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developed  in  the  previous  section  to  account  for  the  effect  of  mating 
possibility,  and  since    G  =  B-M,  we  must  write    G  «  -M+F4*P(I)  and 
the  coefficient  of    P(I)     in  line    40    should  read 


-M+{P4-G1)*P{I)-G2*T(I). 

T 

Thus,  line    40    page    1.16    should  read 

40     LET  P(I+1)   =  PCl)+{-M+{F4-Gl)*P(I)-G2*T(I) )*P(iy . 

The  assumption  that  the  proportion  of  encounters  resulting  in  births 
remains  constant  is  a  crude  assumption  at  best.     In  the  early  stages 
of  the  population  growth,  this  assumption  might  be  reasonable  but  as 
the  population  gets  larger  the  assumption  becomes  invalid.     It  seems 
more  reasonable  to  assume  that  as  the  population  increases  the  propor- 
tion of  births  due  to  encounters  should  decrease^     Thus,  we  replace 
the  constant    F3    by    F3-F5*P{I)    where    F5    is  positive  and  so  small 
that  the  quantity    F3-F5*P (I)     remains  positive  during  the  entire 
growth  cycle.     The  number  of  births  due  to  the  encounters    E (I)  is 
then 

(F3-F5*P(I)  )*E(I)  ." 

Letting    Fl*F2  =  F6,     permits  us  to  write  this  express. on  as 

(, 

(F3-F5*P{I) )*F6*P(I) t2. 


Line    4  0     then  may  be  written  as 

40     LET  P(I+1)    =  P(I)+(-M+(F3~F5*P(I)-Gl)*P{I)-G2*T{I) )*P(I) . 

« 

Again,  the  student  should  provide  the  necessary  alterations  to  his 
existing  program  and  carry  out  a  few  runs  with  various  sets  of  the 
parameters    M,  Bl,  B2,  Ml,  M2,  Pl,  F2,  F3,  F5  and  P(0).     In  summary, 
equation    40    above  includes  the  three  effects     (1)     a  finite  food 
supply,     (2)     contamination,  and     (3)  mating. 
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Summary 

This  chapter  has  considered  the  general  problem  of  the  growth 
of  a  single  population.     The  development  began  with  a  consideration  of 
the  growth   of  a  population  in  a  constant  environment  and  successive 
alterations  of  the  fundamental  hypotheses -resulted  in  a  set  of  n«>dels 
each  of  which  more  closely  mimiced  reality..    Because  the  alterations 
consisted  in  modifications,  of    C(I),     and  the  addition  of  input  state- 
ments, their  accommodation  was  readily  accoB^lished.     Thus,  this  pro- 
cedure enabled  an  easy  and  ready  transition  from  one  model  to  another, 
--v    This  is  in  contrast  to  the  mathematical  procedure  which  usually 
always  requires  the  development  of  a  new  method  of  solution  whenever 
the  original  model  is  altered.     Furthermore,  the  development  of  such 
methods  is  not  trivial  and  can  be  a  very  difficult  and  time-consuming 
task.       In  fact,  it  is  usually  the  case  that  far  more  time  is  spent 
developing  a  method  of  solution  to  a  particular  problem  than  is  spent 
discussing  the  solution  of  the  problem  or  in  discussing  the  correct-  ^ 
ness  of  the  original  formulation  of  the  problem.     The  progranming  lan- 
guage approach  permits  the  scientist  to  concentrate  on  learning  more 
about  the  phenomena  under  investigation  rather  than  on  the  learning 
of  some  mathematical  technique  which  is  usually  applicable  to  only  a 
very  specific  and  restricted  class  of  problems. 

The  direct  BASIC  programming  language  approach  also  permits  the 
investigator  to  place  far  greater  emphasis  on  obtaining  a  more  com- 
plete and  correct  formulation  of  the  problem  together  with  a  more 
extensive  analysis  of  the  results.     This  approach  is  in  direct  con- 
trast to  the  applied  mathematics  approach  which  has  sometimes  been 
characterized  as  the  art  of  linearization  or  the  art  of  simplifying  th< 
problem  to  the  extent  that  the  resulting  mathematical  expression  of 
the  problem  is  solvable,   yet  the  essence  of  the  actual  phenomena  is 
not  lost. 

A  further  value  of  the  direct  programming  approach  is  the  ease 
with  which  it  permits  the  investigator  to  examine  the  effects  of 
various  biological  hypotheses.     This,  in  turn,  enables  the  investigate 
to  ofc^tain  a  better  understanding  of  the  overall  structure,  as  well  as 
the  overall  interaction  of  the  various  components  making  up  the  system 
In  this  way,  major  weaknesses  in  the  system  are  more  easily  uncovered. 
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APPENDIX 


Malthus  or  exponential  growth  is  frequently  descr:|jD^  in  the  lan- 
guage of  the  calculus.     It  is  the  purpose  of  this  appendix  to  indicate, 
in  a  most  inforroal  Taanner,  the  connection  between  the  two  approaches. 
The  notion  of  the  instantaneous  time  rate  of  change  of  a  variable  or 
function  is  a  fundamental  concept  in  the  calculus.     Heuristically  speak- 
ing, the  instantaneous  time  rate  of  change  of  a  function  is  the  change 
in  the  function  in  a  very  small  increment  of  time.     If    dt    denotes  a 
small  increment  of  time  and    dF    denotes  the  change  in  the  function  P 

during  the  increment  of  time,  then  the  quotient,      dF        is  a  close 

dt 

approximation  to  the  instantaneous  time  rate  of  change  of  the 

function.     In  the  calculus,  the  value  of    dF-   as  the  increment  of  time 

dt 

becomes  vanishingly  small  is  made  precise,  and  this  value  is  called  the 
derivative  of  the  function  with  respect  to  the  time.    Now,  the  Malthus 
hypothesis  states  that  the  time  rate  of  change  of  the  population  is 
proportional  to  the  'population.     Hence,  we  can  write 

g  =    rP  (1) 
at 

where    r    is  th^  constant  of  proportionality  and  is  called  "the  intrin- 
sic rate  of  growth".      The  analogy  to  the  BASIC  language  formulation 
of  the  problem  can  be  noted  by  recalling  that  in  the  derivation  of 
Statement    40     in  the  Malthus  program  it  was  assumed  that  the  interval 
of  time  was  a  unit  interval,     i.e.  a  single  generation,  a  single  year, 
a  single  day,  etc.     If  the  time  interval  had  been  chosen  to  be  H 
units  long,  the  index    I    would  have  been  related  to  the  actual  time  by 

T  =  I  *  H  (2) 

m 

Thus,   if    B    and    M    are  interpreted  as  the  respective  birth  rate  and 
the  mortality  rate  per  unit  time,  the  proportion  of  births  and  deaths 
in  a  single  period  is    B*H    and    M*H    respectively-     The  fundamental 
BASIC  language  equation  is  then 

P(H-l)   =  P(l)+B*h*P(I)-M*H*P{I) 
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or 


P(T+1)   =  P(I)+G*P(I)*H 


(3) 


where    G  =  B-K.  .  -ti»^  — 

By  setting  h»1   stataient  40  in  the  proopr^n  listed  on  p.  1.6  is  cbtaij^.  THe 

analogy  with  the  tern  ^  can  be  noted      writing  equation  (3)  in  the  form 

dt 

P(I4-1)-P{I)     ^    G*P(I)  (4) 
H 

since  it  is  evident  that  the  Ipfthand  side  of  this  equation  is  the 

change  in  the  population  during  the  time    H;     that  is,  the  lefthand 
side  is  the  time  rate  of  change  of  the  population.     Thus,  the  term 

P(I-fl)-P  ui 

H 

is  an  approximation  to    dP  .       From  equation     (2)     it  is  seen  that  the 

dt  .  ^ 

terra    P(I+1)-P(I)     is  the  difference  in  populations  occurrxng  in  a 

time  period  whose  duration  is  H  units  of  time.  Thus,  if  H  is  made 
successively'  smaller  the  value  of 

P(I+1)-P(I) 
H 

approaches  the  value  of  the  instantaneous  time  rate  of  change  6f  the 

population,  dP 

dt 

The  relation  between  the  growth  coefficient  and  the  intrinsic  rat* 
of  growth  is  readily  determined.     From  the  calculus  it  is  known  that 
the  solution  to  equation     (1)  is 

P(t)  =  P(0)e^^  <5) 

where    P(0)     is  the  initial  population.     By  writing  equation     (4)  in 
the  form 

P(I-fl)"P(l)         ^        Q««  (6) 
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and  substituting  expression     (5)    we  obtain 

4 

\ 


P  (0)e 


r 


-  P (0)e 


rlH 


=  G*H 


P  {0>e 


IrH 


or 


e^"  -  1  =  G  *  H 


(7) 


If    H=l,     this  simplifies  to 


e    -  1  =  G 


(8) 


which  is  a  form  that  is  frequently  presented. 

It  is  the  case  that  the  graphical  display  of  data  which  has  a 
large  variation  is  mbre  easily  accomplished  by  using  a  compressed 
scale-     A  typical  example  of  data  having  a  wide  variation  is  exponen- 
tial growth  data.     To  facilitate  the  graphical  display  or  plotting 
of  such  data,  compression  by  a  logarithmic  scale  is  usually  employed. 
Logarithmic  plotting  is  accomplished  by  plotting  tne  logarithm  of  the 
function  values  rather  than  the  actual  value  of  the  fvmctions.  However, 
to  avoid  the  necessity  for  the  use  of  ant i logarithms  when  reading  the 
data  from  the  graph,  the  vertical  axis  is  usually  labeled  with  the 
actual  values  of  the  function.     Since  the  logarithm  subroutine  re- 
quires several  arithmetic  operations,   the  frequent  use  of  this  routine 
could  require  an  excessive  amount  of  computer  time.     Consequently,  it 
is  desirable  to  have  an  alternative  but  "cheaper"  method  for  compres- 
sing the  data.     It  is  the  purpose  of  the  following  discussion  to  pre- 
sent such  an  alternative  by  developing  an  operation  which  is  analogous 
to  the  logarithm  operation  and  which  for  sequential  data  requi|»s  far 
fewer  arithmetic  operations  than  does  the  logarithmic  subroutine. 

We  begin  by  considering  an  arbitrary  smooth  function    G.  The 
exoression 
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is  the  rate  of  change  of  the  function    G    multiplied  by  a  siaall  incr©- 
ment  of  time      At,    and  the  product  is  the  change  in    G    during  the  ^ 
elapsed  increment  of  time.     Thus ,  if    At    denotes  the  difference  in 
time  between    the    I^^    time  increment  and  the     (1+1) st    time  incre-  ^ 
ment  we  have 


X     At  =  G(I+1)-G(I) 

at 


Since    dG      varies  in  time,  the  successive  products  of    dG     with  fionaXI 
dt 

increments  of  time  gives  the  change  in    G    in  each  of  the  successive 
time  increments.     If    At^      denotes  the    I        time  increment  and    dG j 

th 

denotes  the  rate  of  change  of    G    in  the    I        time  increment,  the 
sum  of  the  changes  in    G     in    N     successive  time  increments  is 


-  (G2-G^)  + (03-02)+  ...   +(Gj-Gj_^)+   ...  +(Gn'S-1^ 


(9) 
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Here  denotes  the  value  of    G    at  the  end  of  the    I^^    time  incre- 

ment. * 

In  the  calculus  it  is  v^hown  that 

S 

1     dF  „  d  l^F 

F     d t  "  dt     \  ^^0^ 

where  InF  denotes  the  natural  logarithm  of  F.  Furthermore,  it  is 
*'    evident  that  the  term 
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F{I-H)-F(I) 

H  F{I)  ^^^^ 

is  an  approximation  to  the  term    1  dF  ,     and,  because  of  equation  (10), 

F  dt 

is  also  an  approxiiftation  to  the  time  rate  of  change-of  the  natural 
logarithm  of    F.     In  equation  (9)     if  we  set    G-ln  F,.  we  have 


d  In  f|  At,  +  d  In  f|  At,  +...+  d_ln  f|  At  +...+  d  In  F|  At^^ 
dt        |l      ^      dt       12      ^  dt        |I  dt  |N 


=  In  FCN)  -  In  F(l) .  ^^^^ 


This  result  suggests  that  the  sum 

4 

P(2i-FCl)  F(3)-F(2)     „  ^       ^  F(I)-F(I-1)   ^j.   .        .   F  (N) -F  (N-1)^ 

(13) 

V 

is  analogous  to  the  quantity 

In  F (N)   -  In  F(l) . 

This  sum  is  the  desired  operation  on    F    that  will  be  used  to  com- 
press the  scale  of    F.     Whenever    F     is  generated  in  sequential  fashion, 
the  calculation  of    S(N)     for  any  step  involves  only  a  subtraction,  a 
division  and  an  addition.  ^For  this  reason,   the  calculation  of  S(N) 
can  be  inexpensively  carried  simultaneously  in  the  program.     Two  ex- 
amples are  given  below. 

The  first  example  is  the  Malthus  population  growth  problem.  The 
program  listed  on  page     1.6      is  modified  to  calculate    S(I)  in 
accordance  with  the  above  work.     The  modified  program  is  listed  on 
page    1-33.     a  sample  run  was  made  assuming  that  the  initial  population  . 
was    10    individuals  and  the  growth  coefficient  was  0.2. 


A  graphical  portrayal,  of  the  results  is  given  ii?  figure  1.4. 
The  straight  line  graph  is  analogous  to  the  straight  line  plot  obtained 
when  graphing  Malthas. type  growth  using  a  logarithmic  scale.    By  coBi- 
paring  this  plot  with  the  conventional  portrayal  in  figure    1.2,  the 
student  will  appreciate  the  advantages  of  each  mode  of  plotting. 

A  second  example  is  the  growth  of  a  population  restricted  by  a 
finit.e  resource.     The  program  and  the  results  of  a  typical  run  are 
listed  in  figures    1.5a  and    b.     In  figure    1.5b,     the  first  column 
indicates  the  number  of  the  time  period  and  the  second  column  lists 
the  population  at  the  beginning  of  the  time  period.     The  third  column  . 
indicates  the  "compressed"  value  of    PCD     and    the  last  column  is  the 
natural  logarithm  of  the  difference  between  the  present  population  and 
the  initial  population.     This  provides  a  measure  of  the  data  compressio 
of  each  operation.     By  comparing  the  values  of    S(I)     and    P(I)     it  is 
seen  that  considerable  data  compression  is  effected.     A  comparison  of 
columns     (2)     and     (4)     illustrates  logarithmic  data  compression. 
Statements    45    and    47    calculate  the  sum  indicated  by  equation  (13) 
and  statement    48     calculates  the  natural  logarithm  of  the  population. 

in  figures    1.4    and    1.5a,     the  actual  population  values  are 
listed  on  the  vertical  axis  to  facilitate  the  reading  of  the  data. 
Because  such  a  labeling  of  the  vertical  scale  is  non-linear,  the  accu- 
rate reading  of  the  plotted  data  is  not  possible.     It  is  usually  the 
case,  however,  that  data  plotted  in  this  manner  is  not  plotted  for  the 
purpose  of  permitting  accurate  determination  of  the  function.  Rather, 
the  purpose  of  such  plotting,  is  to  display  the  data  so  that  the  overal 
behavior  of  the  function  can  be  determined  and  analyzed. 

The  student  who  is  familiar  with  the  calculus  will  note  that  the 
development  leading  to  equation   (10)  was  actually  a  cavalier  derivatior 
of  the  fundamental  theorem  of  the  calculus  since  equation  (9)   is  a  verj 
close  approximation  to  the  integral  of  the  rate  of  change  of  a  functior 
Vour  author  wants  to  emphasi'.?e  that  these  portions  of  the  discussion 
relating  to  the  derivative  and  the  integral  are  very  heuristic.  Never- 
theless, they  can  be  made  rigorous  and  are  made  so  in  the  calculus. 
It  also  should  be  emphasized  that    S{N),    as  calculated,  is  only  an 
approximation  to  the  difference  of  the  natural  logarithms  of  the  final 
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1  REM        CONSTANT  ENVIORNMENT;    COWESSED  SCALE  CflLCULRTION 

2  REM 

3  REM 

le  DIM  P<6e>.  S<^0> 

15  PRINT  "TVPE     G.  P"C0>" 

20  INPUT  Q.  P«:0> 

25  LET  S=0 

30  FOR  I-e  TO  49 

40  LET  P<I+l>«P<:i>+G*P<I> 

45  LET  R«<P<I-H>-P<;i>>/P<I> 

47  LET  S<I+1>=SCI>'»-R 

50  NEKT  1 

55  PRINT  "I  P<I> 

56  PRINT 

57  PRINT 

60  FOR  1=0  TO  49 
70  PRINT  I> P<I>, S<I> 
80  NEXT  I 
90  END 


S<I>" 


REflDV 
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Fig.  .1.4 
1.  32 


o5 


1  REH^ FINITE  RESOURCE  MODEL.   COMPRESSED  SCRLC  CflLCULflTXDN 

10  DIM  P':60>.  S<60>.  L<60> 

20  IWPUT  G. Gl. P<0>  ^ 

25  L6T  5<0>=0 

30  FOR  1=0  TO  4^9 

40  LET  P<  I*i>=P«L  I  >♦<  0-G14PC I  >  >*P<  I  > 

45  LET  R=<Pa+l>-P<I>>/P<I> 
47  LET  S<I*1>«5<I>+R 

46  LET  L I     >  ^LOG *.  RBS <  P <  I   1  >  jP  v  0 >  • 
50  NEXT  I 

55  PRINT  I  P^I>  S<I >  L<I>" 

57  PRINT 

60  FOR  I«0  TO  30 

70  PRINT  I>  P<I  >>  S^I>/  La> 

30  NEXT  I 

90  END 

REFIDV 
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10 

11 

12 

13  . 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

2? 

26 

29 

30 

REfiDV 


\  S'.i:.' 
\ 

l£t 

\g 

14.  9 

,  49 

22.  128 

.  9751 

S2.  702S 

1.  45297 

47.  9841 

1.  92027 

69.  6?S6 

2.  27229 

99.  656 

2.  80261 

129.  552 

2.  20296 

189.  854 

2.  5634 

■    3.  87355 

311.  225 

4.  12481 

369.  985 

4.  31358 

418.  089 

4.  44359 

452.  225 

4.  5255 

4?2.  896 

4.  57317 

486.  266 

4.  59927 

492.  945 

'  4.  61301 

496.  422 

4.  62006 

498.  198 

4.  62364 

499.  096 

4.  62544 

499.  547 

4.  62635 

499.  772 

4.  6268 

499  887 

4.  62703 

499.  943 

4.  62714 

499.  972 

4.  6272 

499.  986 

-4.  62722 

499.  993 

4.  e2724 

499.  996 

4.  62725 

499.  998 

4.  62725 

499.  999 

4.  62725 

560 

4  62725 

L'.r.. 

0 

1.  58924 

2.  49552 

2.  12247 

3.  63717 

4.  08889 
4.  49598 

4.  86409 

5.  19215 
5.  47536 
5.  70789 

5.  88606 

6.  01148 
6.  092B7 
6.  13966 
6.  16598 
6.  1799 
6.  18708 
6.  19072 
6.  19256 
6.  19348 
6.  19394 
6.  19417 
6.  19429 
6.  19435 
6  19428 
6  19439 
6  1944 
6.  1944 
6.  1944 
6.  i£«44 


Rf-sults  from  program  listed  in  Fig'.  1.5a 


Fig.  1.5b 


and  initial  values  of  the  function.     However,  this  calculation  does 
serve  as  a  very  effective  and  cheap  way  foi:  compressing  the  range  of 
a  function.     This  in  turn  permits  an* easy  graphical  analysis  of  the 
behavior  of  the  function.  ) 
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REMARKS  COtlCjHmiNG  THE  PROBXJiMS 
*  AT  THE  ENfe  OF  THE  CHAPTERS 


In  working  the  problems  the  student  is  encouraged  to  use  the  com- 
puter in  any  manner  that  he  feels  will  assist  him  in  solviftfir  a  problem^ 
For  the  easier  problems  this  suggestion  may  seem  rather  wasteful;  how- 
ever, we  are  not  discouraging  thinking  at  the  expense  of  ccaaputer  use. 
Rather,  we  are  urging  the  student  to  become  facile  with  con^uter  assis- 
ted analysis  because  as  the  problems  become  more  ,dif f icultt  the  use  of 
simple  and  straightforward  ccsnputer  methods  will  be  the  only  practical 
way  of  obtaining  a  solution.    A  further  reason  for  exhorting  the  stu- 
dent to  use  a  computer  is  the  fact  that  the  act  of  formulating  a 
problem  for  a  computer  necessitates  a  thorough  understanding  of  the 
problem.     Plotting  or  graphing  of  results  is  also  encouraged  and  may 
be  done  by  hand/  using  graph  paper  or  with  the  aid  of  the  computer  on 
a  teletype,  printer,  plotter  or  cathode  ray  tube. 

Some  of  the  problems  are  quite  easy^and  as  many  as  possible  should 
be  attempted.     If  computer  time  is  limited,     the  student  should  define, 
flowchart  and  write  out  the  principle  BASIC  programming  language  state- 
ments for  those  problems  he  is  unable  to  solve  with  the  aid  of  a  com- 
puter. 

Unless  otherwise  stated,  the  birth  rates,  mortality  rates  and 
growth  rates  are  given  in  terms  of  the  "natural"  time  period  suggested 
by  the  problem.     The  time  period  will  usually  be  a  generation,  a 
week  and  an  hour,  etc.  and  should  be  clearly  specified  in  your  work. 
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PROBLEMS 


CHAPTER  I 


1.  Consider  an  initial  population  of  100  individuals  growing  in  a  ^ 
constant  environment. 

(a)  If  the  birth  rate  is  0.8  and  the  mortality  rate  is  0.3>  how 
many  generations  must  pass  before  the  population  increases 
10  times?    100  times? 

(b)  If  the  population  is  150  individuals  after  a  single  genera- 
tion, what  is  the  growth  rate? 

(c)  If  the  population  is  75  individuals  after  a  single  genera- 
tion, what<  is  the  growth  rate? 

(d)  If  the  population  is  300  individuals  after  10  generations, 
what  is  the  growth  rate?  (HINT:    Using  the  computer  program 
to  assist  your  guessing. ) 

(e)  What  growth  rate  will  result  in  a  population  of  15  individua. 
after  20  generations? 

2.  Suppose  there  are  two  populations  growing  in  a  constant  environ- 
ment with  the  same  growth  coefficient  and  the  initial  population 

>f  the  first  population  is  twice  the  initial  population  of  the 
4econd  population.     How  do  the  number  of  individuals  in  each  pop- 
ulation compare  at  the  fourth  generation?    If  the  growth  coeffi- 
cient for  each  population  is  0.1,  what  is  the  "doubling  time"  for 
each  population?  The  time  to  increase    10  fold?    What  do  you  con- 
clude about  the  effect  on  the  population  growth  of  different, 
starting  populations? 

3.  In  the  finite  resource  maJel,  if  the  gro>'th  rate  is  0.8  and  the 
carrying  capacity  1000  individuals,  what  is  the  auxjAliary  growth 
coefficient? 

4.  Consider  an  initial  population  of  200  individuals  growing  in  a 
finite  environment  with  a  growth  coefficient  of  0.9  and  an 
auxiiliary  growth  coefficient  of  0.000045.     What  is  the  carrying 
capacity?    How  many  generations  are  necessary  to  achieve  the 
carrying  capacity?    As  the  auxiiliary  growth  coefficient  is  in- 
creased, what  happens  to  the  carrying  capacity?    How  does  the 
number  of  generations  required  to  attain  carrying  capacity  vary 
as  the  auxiiliary  growth  coefficient  increases?     (HINT:    Make  son 

.    runs  on  the  computer  corresponding  to  different  values  for  the 
auxiiliary    growth  coefficients  and  examine  the  results. ) 
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consider  the  finite  resource  model  and  let    G=-0-8,  and  Gl«0.000i. 
What  is  the  carrying  capacity?    How  does  the  shape  of  the  growth 
curve  vary  as  both    G    and    Gl    increase  in  proportion  so  that 
the  carrying  capacity  does  not  change? 

For  the  finite  resource  model,  make  up  an  initial  population,  as 
well  as  growth  coefficients,  and  then  graph  the  difference 
P(I+1-P(I)     vs.  Compare  this  with  a  graph  of  the  population. 

Discuss  the  comparison. 

Modify  the  Malthus  model  program  to  permit  the  alteration  of  the 
growth  coefficient  after  every    10    units  of  time.    Denote  the 
growth  coefficients  by    G (K) ,  K=0,  1,  2,  3,  4.     Select  a  set  of 
values  for  the  growth  coefficients,     G(K) . 

(a)  Plot    P(I)     vs.  I. 

(b)  Plot  the  sum  of  the  relative  changes  in  the  population  per 
period. 

Modify  the  Malthus  model  program  in  accordance  with  the  folj^owing 
hypotheses. 

(a)  The  number  of  births  per  period  is  assumed  to  be  proportional 
to  the  square  of  the  population. 

(b)  The  number  of  deaths  per  period  is  assui*ied  to  be  proportional 
to  the  cube  of  the  population. 

Choose  various  values  for  the  respective  constants  of  proportion- 
ality,  run  the  program  and  discuss  the  results. 
With  the  aid  of  the  Malthus  model 

(a)  How  many  generations  are  necessary  for  the  initial  population 
to  increase  twenty  fold  if  the  growth  coefficient  is  0.1, 
0.5,  1,0? 

(b)  How  many  generations  are  necessary  for  the  population  to 
become  less  than  one- twentieth  of  the  original  population  if 
the  growth  coefficient  is     -0.1,     -0.5,  -1.0? 

Modify  the  finite  resource  model  to  accord  with  the  assumption  that 
the  birth  rate  will  decrease  in  proportion  to  the  square  of  the 
population  and  the  mortality  rate  will  increase  in  proportion  to 
the  cube  of  the  population.       Choose  the  constants  of  proportion- 
ality to  be     0.0001     and     0.00001     respectively.     Run  the  program 
with    B=1.0    and    M=0.5    and  with    B=1.0    and    M=0.1.  Discuss 
the  results. 
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model  to  include;  % 

(a)  E5aigration  and  Immigration. 

(b)  Harvesting  and  seeding.  *^ 

State  your  hypotheses  clearly  and  indicate  how  they  are  im- 
plemented in  the  program.      As  an  exais?»ie  of  part  a,  you  mi^t  assume 
that  the  number  emigrating  is  proportional  to  the  existing 
population  and  that  emigration  would  not  occur  until  a  certain 
population  has  been  reached.     Similar  statements  could  apply 
to  immigration.  As  an  example  of  part  b,  you  may  want  to 

harvest  every    5    years,  or  every    9    years,  and  the  number  you 
may  harvest  could  be  a  number  chosen  at  random  within  certain 
bounds.        It  may  be  helpful  to  write  the  fundamental  equation  as 
P(I+l)=P(l)=(No.  of  births)-{No.  of  deaths)+(No.  of  Immigrants)- 
(No.  of  Emmigrants)+(No.  seeded)- (No.  harvested)      where  the 
quantities  in  parentheses  are  measured  per  period.     Now  make 
up  your  own  hypothesis  about  each  of  the  quantities, 
m  a  certain  habitat  a  herd  of  1000  grazing  animals  has  been 
in  lov.q  term  existence.     The  herd  is  suddenly  transferred  to 
a  new  grazing  area  which  has  a  different  type  of  feed  grass. 
It  is  observed  that  the  weekly  change  in  the  herd  population 
IS  proportional  to  the  amount  of  new  grass  in  excess  of  500 
bales.     In  turn,   the  weekly  change  in  the  amount  of  new  grass 
locreasos  in  proportion  to  the  number  of  animals  greater  than 
the  steady  state  population  of  1000  animals.     The  initial- 
amount  of  feed  grass  available  in  the  now  grazing  area  is  750 
bales.     With  the  aid  of  a  computer    program  and  constants  of 
proportionality  that  you  select,  describe  the  time  evolution 
of  both  the  herd  population  and  the  amount  of  new  grass  -  using 
a  time  period  of  one  week. 

A  microbial  population  is  growing  in  a  culture  and  it  is  observed 
that  the  population  increases  30%  every  3  hours.  Using  a  time 
period  of  one  hour,   what   is  the  population  at  the  end  of  the 
12th  hour,   the  18th  hour,   and  at  the  end  of  the  day,   if  the 
initial   population   is  1000? 

For  the  first  five  weeks,   an  insect  colony  is  observed  to 
increase  25%  per  week  whereas  for  all  succeeding  weeks  the 
population  decreases  5%  oach  week.     Assuming  a  one  week  time 
increment,   how  many  weeks  must  elapse  before  the  population 
vanishes  if  the  initial  population  is  500?  5000? 
A  culture  is  growing  at  the  rate  of  30%  per  hour.     How  long  will 
it  take  for  the  population  to  double?  To  increase  by  ten  fold? 
By  100  fold?    Use  one  minute  time  increments. 
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16.  Two  bacteria  populations,  A  and  B,  exist  in  isolation  from  each 
other.    Type  A  bacteria  is  growing  at  the  rate  of  5%  per  day  and 
type  B  is  growing  at  the  rate  of  20%  per  week.  If  the  respective 
initial  sizes  are  10  and  1000  arxi  a  tine  incranent  of  one  day  is  used,  assiaoing 
both  populations  stprt  growiiKf  an  tte  same  day,  how  long  will  it  be  until 

(a)  The  sum  of  the  two  populations  is  100,000? 

(b)  Both  populations  ar^  equal? 

(c)  Type  B  population  is  twice  the  size  of  the  type  A  population? 

(d)  Type  A  population  is  twice  the  size  of  the  t^pe  B  population? 

17.  The  initial  population  of  a  group  of  insects  is  1000  and  the  pop- 
ulation at  the  end  of  the  first  generation  is  1250. 

(a)  If  the  increase  in  the  population  each  generation  is  50% 
of  the  increases  in  population  of  the  preceding  generation, 
what  is  the  population  after  20  generations?    After  50 
generations? 

(b)  using  the  hypotheses  of  part  (a) ,  after  how  many  generations 
will  the  population  be  45  times  the  initial  population? 

(c)  Using  the  hypotheses  of  part  (a)  and  assuming  that  there  is 
an  emigration  of  100  insects  each  generation,  beginning 
with  the    2nd  generation,  after  how  many  generations  will 
the  population  be  50  times  the  original  population? 

18.  A  yeast  culture  is  growing  in  such  a  manner  that,  after  each  hour,  the 
culture  increases  by  an  amount  equal  to  25%  of  its  present  size.  If 
the  initial  culture  &ize  is  10  and  a  time  increment  of  one  hour  is  used, 

(a)  Kow  many  hours  before  the  culture  size  is  5000? 

(b)  How  many  hours  before  the  culture  size  is  25  times  the 
culture  size  at  15  hours? 

19.  For     1=5    write  out  the  sequence  of  expressions  for    T (J)  that 
is  generated  by  the  program  listed  on  page     1.  17. 
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CHAPTER  II 
THE  ASSOCIATION  OF  TWO  SPECIES 

Independent  Growth 

The  previous  chapter  considered  the  development  of  simple  compu- 
ter models  for  the  simulation  of  the  growth  of  a  single  or  isolated 
species.     In  this  chapter,  the  effect  of  introducing  a  second  species 
will  be  examined.    The  technique  to  include  the  effects  of  another 
species  will  parallel  the  technique  used  to  develop  the  models  ex- 
hibited in  the  first  chapter.     In  that  chapter  the  simplest  assump- 
tions were  made  and  a  model  devised  and  a'  computer  program  written. 
The  construction  of  more  realistic  models  was  accomplished  by  syste- 
matically removing  or  modifying  some  or  all  of  the  original  simple 
or  restrictive  hypotheses.     This  resulted  in  a  sequence  of  more  and 

« 

more  complicated  computer  programs.     In  this  chapter,  the  same  pro- 
cedure will  be  followed.     Consequently,   it  will  be  first  assumed  that 
such  effects  as  contamination,   finite  or  fixed  food  supply,  etc.  iPce 
not  present.     Thus,  only  the  effect  of  the  association  of  two  species 
in  the  presence  oJ^  the  same  food  supply  will  be  considered.  Initially 
it  will  be  assumed  that  for  all  times  in  the  growth  period  of  both 
species  that  there  is  sufficient  food  for  each  specia  and  furthermore, 
that  neither  species  is  a  food  supply  for  the  other.     These  hypotheses 
thus  imply  that  each  species  will  grow  independently  of  the  other. 
This  suggests  that  only  simple  alterations  of  the  first  program  should 
be  necessary  in  order  that  the  program  may  be  used  to  describe  the 
resultant  growth  of  two  species.       These  alterations  are  most  readily 
accomplished  by  introducing  the  following  rather  self  evident  notation 
Let: 

PI     denote  the  population  of  the  first  species, 

hi     and    Ml     denote  the  coefficients  of  natality  and 

mortality  respectively  of  the  first  species, 
P2,     B2     and    M2    denote  the  corresponding  variables  for 
the  second  species . 
The  student  should  note  that  these  variables  do  not  have  the  same 
meaning  as  they  had  in  the  first  chapter. 
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An  examination  of  the  program,    page  1.6,    reveals  that  line  40 
should  be  modified  to  read 

40     LET  P1(I+1)=P1 (I)+G1*P1 (I) 

and  an  additional  line,     line  45,     should  be  inserted 

45     LET  P2(I+1)^P2{I)+G2*P2{I) . 


In  addition,  the  notation  G1=B1-Ml  and  G2«B2-M2  has  been  introduced, 
Of  course,  lines    20,  25  and  70    must  also  be  altered.    The  completed 

program  then  appears  as 

1     REM  POPULATION  GROWTH  MODEL.     TWO  SPECIES. 
10     DIMENSION  Pl(50) ,   P2 (50) 
20     INPUT  Bl,   82,   Ml,  h2,   Pl(0) ,  P2(0) 
25     LET  G1=B1~M1:     LET  G2=B2-M2 
30     FOR  I-O  TO  49 
40     LET  PI (I+1)=P1{I)+G1*P1(I) 
45     LET  P2(I+1)=P2(I)+G2*P2(I) 
50     NEXT  I 
60     FOR  1=0  TO  49 
70     PRINT  r,    PI  (I) ,   P2 (I) 
80     NEXT  I 

Since  lines  40  and  45  are  yncouplfed,     i.e.^each  does  not  contain 
any  terms  present  in  the  other,     the  results  of  running  this  program 
will  be  the  same  as  those  obtained  from  the  Malthus  model.     This  pro- 
grain  together  with  its  development  has  been  presented  because  it  will  ^ 
serve  as. a  basis  of  developing  the  programs  to  be  described  in  the  • 
following  sections. 

iyitj'^ctjot  Fixed  or  Finite  Resources 

We  now  wish  to  consider  the  case  of  two  populations  competing  for 
the  same  limited  resource;     tor  example,  food  supply. 

In  order  that  we  may  construct  a  model  for  the  two  populations, 
the  previous  equations  will  be  modified  to  include  the  assumption 
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that  the  food  supply  is  of  liiaited  extent  and  that  neither  population 
is  food  for  the  other.    The  program  alterations  necessary  to  accomioo- 
date  this  assumption  are  very  similar  to  those  made  when  the  effect  of 
a  finite  food  supply  upon  only  a  sin^%e  species  was  considered.  The 
student  with  a  short  memory  is  urged  to  reread  that  section. 

In  order  that  the  student  may  better  understand  the  derivation 
of  the  program  alterations,  an  alternative  development  of  the  corre- 
sponding alteration  of  the  single  specie  program  will  be  presented. 
To  arrive  at  the  alteration  described  on  page    1.10,     we  could  have 
*  argued'  or  'reasoned'  in  the  following  manner.      Certainly,  as  the 
population  increases,  the  available  food  decreases  and  the  magnitude 
of  the  decrease  in  food  in  one  time  period  should  be  proportional  to 
the  population  present  in  this  time  period.     Thus,  the  net  decrease  of 
food  in  the    I^^    time  period  is    R*P (I)     where    R    is  a  constant  of 
proportionality  and  is  positive.     This  net  decrease  in  food  supply 
in  a  given  time  period  should  reduce  the  proportion    B,     of  births  and 
increase  the  proportion    M,     of  deaths  in  the  same  time  period.  This 
assumes  that  the  time  interval  in  generation  periods  is  suf f ly 
long  so  that  the  change  in  food  supply  manifests  itself  in  the  same 
period.     The  magnitude  of  the  reduction  of    B    will  be  assumed  to  be 
proportional  to  this  decrease  in  food  supply.       Thus,  the  net  decrease 
in     B     in     a  given  t  irne  period  may  be  written  as     Q*K*P  (I)     where  Q 
is  a  new  constant  or  proportionality  and  is  also  positive.     If  the 
notation     Bl=Q*R    is  introduced  then^ the  net  proportion  of  births  in 
the  time  period  is  given  by    B-B1*P (I) .     This  is  the  term  that  was 
previously  developed.     In  an  analogous  manner  one  may  obtain  the  altera 
t ion  to  the  net  proportion  of  deaths.     The  previous  discussion  can  t 
now  be  used  as  a  basis  for  developing  the  necessary  alterations  of 
our  program  to  describe  the  ^^owth  of  two  species  competing  for  a 
limited  or  fixed  food  supply.     The  student  will  note  that  in  the  pro- 
cess of  developing  the  necessary  alterations  to  the  program,   that  a  new 
notation    will  be  introduced.     He  should  not  be  confused  by  this  intro- 
duction and  should  learn  to  a  -cept  such  a  procedure  as  a  matter  of  rou- 
tine.    O:   course,    it  is  asmrocd  that  the  notation  that  is  introduced 
is  self  explanatory  or  quite  obvious  in  the  meaning  it  is  intended  to 
cor.vey.     The  integers     1     and     2     following  the  letters  will  usually 
refer  to  the  first  and  second  species  respectively. 

or 
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The  amount  of  food  consumed  by  each  species  in  A  time  period  is 

•  * 

R1*P1(I)  and  R2*P2(I} 

respectively  where    Rl    and    R2    are  constants  of  proportionality  and 
are  positive.    The  amount  of  food    T{I),     consumed  fay  both  species  in 
a  time  period  is  then 

T(I)=  Ri*Pl (I)+R2*P2(I) 

and  the  assumed  net  decrease  in  the  proportion  of  births  of  the  first 

species  in  the  time  period  is  proportional  to  this  and  equal  to 

Ql*T(I) . 

Here    Ql     i  s  the  constant  of  proportional ity  relating  the  decrease  in 
food  supply  to  the  decrease  in  proportion  of  births.     Hence #  the 
proportion  of  births  of  the  first  species  in  one  generation  is 

B1-Q1*T(I) . 

In  a  similar  manner  the  proportion  of  births  of  the  second  species 
'     q  iven  by 

B2-Q2*T (I ) 

and    Q2     is  a  constant  of  proportionality.     Both    Ql    and    Q2  are 
positive  and  very  much  smaller  than     Bl     and    B2  respectively. 

By  using  analogous  reasoning,   it  can  be  seen  that  the  proportion 
of  deaths  of  each  species  for  the  same  time  period  is  given  by 

M1+S1*T(I) 

,ind 

M2+S2*T(I)  6*^ 
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resp'^ctiveiy.     The  constants    SI    and    S2    are  the  constants  of  pro- 
portionality relating  the  change  in  food  supply  in  the  time  period  to 
the  increase  in  the  proportion  of  deaths ^in  the  time  period.     They  are 
positive  and  very  much  smaller  than    Ml  ^  and    M2.     If  the  student 
"works  out  on  his  own"    the  deri-^tion  of  the  last'  two  expressions, 
he  will  assure  himself  of  a  good  grasp  of  the  result. 

With  the  aid  of  these  results,  the  necessary  alterations,  to  the 
previous  program  may  now  be  made  to  include  the  effect  of  a  finite 
environment. ^Line    40    of  page  "  2.2    should  thus  be  modified  to  read; 

40     LET  P1{I+1)=P1{I)+(B1-Q1*T(I) )*P1(I)-(M1+S1*T(I) )*P1(I). 

If  the  notation 

Gl  =  Bl-Ml  and  Tl  =  Ql+Sl 

is  introduced  the  previous  line  may  be  written  as 

40     LET  Pl(r-i-l)=Pl(I)  +  (Gl-Tl*T{I)  )  *P1  (I)  . 

The  analogous  equation  expressing  the  growth  law  of  the  second  specie 
P2  isr 

45     LET  P2{I+1)=P2(I)+{G2-T2*T{I) )*P2(I) 

where  , 
G2  =  B2-M2  and        > T2  =  Q2+S2. 

In  addition  a  new  line,   call  it     38,     must  be  introduced  to 
calculate    T(I)     the  amount  by  which  the  food  supply  decreases  in  the 
I^^    period.  Thus, 

38     LET  T{I)   =  R1*P1 (I)+R2*P2 (I) . 

Equations     40    and    45    are  a  pair  of  coupled  equations  and 
hence  the  task  of  evaluating  their  accuracy  in  describing  the  growth 
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of  the  two  species  by  making  several  runs  and  examining  each  run  is  ^ 
not  trivial  and  could  certainly. time  cpnsuming  and  expensive  of  _,;4 
computer  time.    We  are  thus  faced  with  two  problems  which  will  occur  - 
again  and  again  in  our  work.    The  first  is  the  assessment  of  the  va-  ^ 
lidity  of  our  BASIC  equations  in  describing  the  phenomena  under  inves- 
tigation.   The  aecon^^  problem 'is  the  Checking  out  or  debugging  of  the 
computer  program.     It  should  be  noted  that  these  two  problems  are  , 
usually  closely  related  and  difficult  to  separate.     In  what  follows,  ^ 
we  shall  try  to  indicate  some  procedures  and  techniques  useful  for 
determining  the  validity  of  the  model  and  the  program.^  Of  course/         -  ^ 
the  principle  or.  most  significant  assessment  of  the  accuracy  of  the  ^ 
program  as  well  as  the  validity  of  the  model  is  the  degree  of  agree- 
ment between  the  computational  r^ults  and  the  empirical  data.  Con- 
sequently most  of  our  discussions  concerning  validation  will  be  con- 
cerned with  checking  the  program.    A  technique  that  is  frequently  ^ 
used  to  assist  in  the  validation  of  the  accuracy  of  the  program, 
(commonly  called  debugging)  consists  in  Examining  the  basic  equations 
in  order  to  obtain  results  which  can  then  be  used  to  check  the  actual 
numerical  results.     Such  an  examination  can  have  several  different  forms 
One  of  the  simplest  of  these  forms  consists  in  specifying  certain 
values  of  the  parameters  in  order  to  obtain  known  results.     For  example* 

jppose  that  in  line    40,     Bl    is  set  equal  to    Ml    and    Ql    is  set 
equal  to  the  negative  of      1.     Hence    G1=0    and    T1=0    and  so  for  all 
I,     Pi  {l-i-l>=Pl  (I) ;       i.e.  the  first  population  remains  constant.  Thus, 
when  the  constants    Bl,     Ml,     Ql,     and    SI    ate  chosen  in  the  af^e- 
mentioned  manner,  and  the  program  is  run,  ^^lues  of  the  first 
population  should  not  change.     Similar  remarks  ibbtain  for  the  appro- 
priate constants  and  the  second  population.  '  The^student  should  be 
able  to  work  out  tor  himself  how  to  choose  a^ll  gf  the  constants  of 
proportionality  in  order  to  insure  that  both  populations  change  at 
th^^  same  rate,     i.e.     P1(I)=P2(I)     for  all    I-.     (This  does  not. mean 
tb'it  the  populations  remain  constant). 

We  again  point  out  to  the  student  that  the  simplified  form  of 
equations    40    and    45    is  not  absolutely  essential  to  the  operation 
of  the  program.     The  simplification  is  done  to  save  computational 
effort. and  hence  computer  cost.     The  simplified  form  is  usually  easier 
to  examine  and  program  accurately.    On  the  othei  hand,  it  is  frequently 


the  case  that  modif icXt^o^^s  of  the  model,  and  hence  of  the  prograuD,N 
are  more  readily  carried  out  when  the  equations  appear  in  theijp^ong 
form.     Consequently,  when  a  model  is  being  developed  and  assessed, 
the  long  form  is  usually  the  most  accessible  form  to  work  with.  In 
addition,*"'  most  of  the  programs  that  are  developed  in  this  text  are 
shor^and  do  not  requ^je  significant  amounts  of  computer  time  to 
execute.     Hence  for  this  program,  the  oraissipn  of  the  simplification 
of  the  equations  is  not  so  essential.     However,  for  sophisticated  and 
complex  models  that  result  in  ccnaput^r  programs  that  are  long  rimning 
and  frequently  used,  such  simplification  can  achieve  considerable 
savings  in  computational  cost. 

M    Now  both  equations    40    and    45    are  simple  in  appearance;  how- 
ever, these  equations  still  contain  a  great  deal  of  information  which 
is  of  assistance  in  checking  the  program.     To  obtain  this  information 
we  will  employ  a  technique  which  forms  the  basis  of  much  of  the 
i-arely  mathematical  and  theoretical  research  in  the  physical  and 
engineering  sciences.     It  is  usually  always  the  case  in  these  sci- 
ences  that  the  equations  describing  the  phenomena  under  investigation 
are  too  difficult  to  solve.     Consequently,  the  engineer  or  scientist 
must  frequently  be  satlsfi^  with  only  partial  ansv^ers  to  questions 
whose  relevance  may  be  indirect.     In  attempting  to  formulate,  such 
questions,  the  physical  scientist  will  often  alter  the  basic  equa- 
tions by  rewriting  them  in  different  forms  and,   if  possible,  then 
interpret  the  resulting  forms  in  terms  of  the  original  phenomena. 
This  process  will  sometimes  suggest  "useful"  and  "allied"  questions 
whose  answers  may  more  readily  be  obtained.     It  is  in  this  manner 
or  spirit  that  we  now  proceed. 

The  student  will  recall  that  the  expressions 

P1(I+1)-P1(I)  and        P2 {I+1)-P2(I) 

arp  the  changes  in  the  populations  in  a  given  time  period;     that  is, 
they  are  the  rates  of  change  of  the  populations.     It  is  perhaps  sug- 
gestive to  examine  the  expressions  for  each  of  these  rates  of  change. 
The  expressions  are  respectively:.  , 


(G1-T1*T(I) )*Pi(I) 


and 

(G2-T2*T(I))*P2(I). 

Since    TCD  =  Ri*Pl (I) +R2*t 2 (I)     and  both    Rl    and    R2    are  positive, 
it  is  evident  that  as  both  populations  increase  so  also  will  T<I) 
increase.     Furthermore,   in  the  unlikely  event  that  the  populations 
P1(T)     and    P2(I)     were  such  that  both  of  the  equations 

Gl  =  T1*T(1)  and  G2  =  T2*T(I) 

were  simultaneously  satisfied,   the  populations  would  remain  constant. 
An  alternative  way  of  expressing  this  fact  is  to  note  that  if  both 
of  the  ratios     Gl/Tl    and     G2/T2     simultaneously  equaled      T(I)  for 
some  value  of    PI  (I)     and    P2{I)     respectively,  then  the  populations 
would  remain  unchanged.     We  have  thus  shown  that  there^  could  exist 
values  of     Pi (I)     and    P2(I),     called  critical  values,   such  that  the 
populations  would  remain  constant. 

The  student  should  note  that  it  is  not  the  case  that  if  G1/T1=G2/T 
that  there  will  necessarily  exist  populations     Pi (I)     and    P2 (I>  such 
that     G1-T1*P1(I)     and     simultaneously  that    G2=T2*P2(I).     It  is  always 
th<.  case,  however,   that  if  both  populations  remain  unchanged  that  the 
:  fcrement ioned  two  equations  hold. 

Problem 

Show  that  if  both  populations  arc  constant  that  the  two 
populations  are  related  by 

P2(I)  =(        -  R1*P1(I))  /R2 


-  R1*P1(I)'^ 
^f-  -  R1*P1{I)^  /R2 


Using  mathematical  techniques  from  the  theory  of  differential 
equations  Voltcrra  was  able  to  further  show  that  if    Gl/Tl    was  greater 
than    G-VT2     then  the  second  population  -would  approach  zero,  that  is 


0 


P2(I)     would  die  out.     In  this  case,  he  was  also  able  to  show  that 
the  f irst'population,     P1(I),     would  approach  the  value  Gi/{T1*R1). 

We  now  show  how  ah  examination  of  the  expressions  for  the  dif- 
ferences  in  populations  at  successive  tiine  intervals  can  reveal  how 
Volterra's  conclusions  may  be  obtained.     These  expressions  may  be 
written  in  the  alternate  forms 

Tl* (Gl/Tl  -  T(I))*P1(I)  •    .  (a) 

and 

T2*(G2/T2  -  T(I))*P2CI).  (b) 

Now,   if    Gl/Tl    is  greater  than    G2/T2,     then  the  quantity 
Gl/Tl-T (I)     is  greater  than  the  quantity    G2/T2-T(I)     and  hence  the 
change  in  the  first  population  is  greater  than  the  change  in  the 
second  population.     Since    T (I)     increases  as    PI (I)     and    P2 (I) 
increase,  and  the  quantities    Gl/Tl    and    G2/T2     are  constant,  it 
is  evident  that  there  will  be  populations     Pi  (I)     and     P2 (I)  such 
that     G2/T2-T(I)     is  negative  and  that    G1/T1-T(I)     is  positive. 
For  example,   suppose  that  both  populations  are  such  that  G2/T2>T(I) 
and    G1/T1>T(I).       In  this  event  both  populations  would  increase  and 
consequently    T (I )     would  also  increase.     This  increafe  of  both  pop- 
ulations would  continue  until    .T (I)     became  greater  than    G2/T2,  at 
which  point  the  change  in  the  second  population  would  become  negative, 
i.e.     P2  {I )     would  begi.i  to  decrease.  '  Because     Gl/Tl     is  greater 
than    T {I ) ,     the  first  population  would  continue  to  increase  while 
the  second  population  continued  to  decrease  until  it  became  zero. 

When     P2  ( I ) =0,     it  will  remain  so  and  the  Rvalue  of     T(I)  will 
be     R1*P1(I).      It  is  also  evident  that  when     P2{I)=0     there  can  be 
no  further  change   m     Pi  (I)     since  an  increase  in     Pi  (I)     would  re- 
sult  in  a  negative  population  for  the  second  species.     Now,   the  change 
in  the  population     Pi  (I),     expression     (a)     abov^-r   can  be  written  in 
the  form 

,  •"  •  ■ — 

T1*(G1/T1   -   R1*P1 (I) ) *P1  (I)  . 
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Since  there  is  no  change  in  the  first  population,  an  examination  of 
this  quantity  shows  that 

Gl/Tl  -  R1*P1(I)  ^  0  .  •  -it 


It-, 


or 

P1{I)*=  G1/CT1*R1) 


which  is  Volterra's  resudt.  / 

Despite  the  simplicity  of  the  aforementioned  model  which  describes 

« 

the  association  of  two  species  which  cc^pete  for  the  saa^  resource 
(in -this  case  we  assumed  that  the  resource  Was  food  supply  whereas 
any  resource  required  by  both  species  could  !\ave  been  chosen),  the 
results  -predicted  by  the  model  are  verified  in  nature.    Thus,  in  nature 
it  is  rarely  found  that  two  closely  related  species  simultaneously 
exist  in  the  same  biotype  or  locale.      This  is  because  one  species 
survives  and  the  other  dies  out.    This  is  predicted  by  our  model  and 
whichever  species  lives  or  dies  is  dependent  upon  iti  natural  growth 
rate  and  upon  the  amount  of  the  resource  it  requires.    A  possible 
form  of  this  dependency  is  given  in  the  form  outlined  above.     A  more 
detailed  discussion  of  species  competition  is  giVen  in  Emlen  (1973) . 


One  Species  Feeds  Upon  the  Other  , 

The  previous  section  investigated  the  relation  existing  between 
two  species  each  of  which  competed  for  the  same  resource.  It  is  natural 
to  attempt  to  develop  a  model  describing  the  association  between  two 
species  wherein  one  specie  subsists  upon  the  other  specie.  In  order 
to  develop  such  a  model ,  it  will  be  assumed  that  the  food  source  for 
the  first  species  is  abundant  and  is  not  affected  by  the  presence  of 
the  second  or  predator  species.  It  will  also  be  assumed  that  the 
second  species  feeds  exclusively  upon  the  first. 

In  order  to  obtain  some  ' feel'  or  ' intuition'  about  the  construc- 
tion of  an  ai^aropriate  model,  it  is  instructive  to  review  the  develc^inent  correspond- 
ing to  two  species  v»*uch  are  living  in  isolaticsi  from  each  other  according  to  the 
Malthias  itodel.    The  equation  describir^  the  grcwt^  of  the  first  species  is: 

40-    LET  P1(I+1)=P1(I)+(B1-M1)*P1{I) 
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where    Bl    and    HI    are  the  coefficients  of  natality  and  BK>rtaIity 
respectively  for  the  first  species.    Since  food  is  abundant  for  the 
first  species  the  growth  coefficient,    Gl  «  Bl     Ml,     is  positive. 
A  similar  equation  describes  the  growth  of  the  second  species 
and  is  ' 

•45    LE2LP2(I+1)  =  P2  (I)  +  (B2-M2)  *P2  (I) 


where    B2    and    M2    are  t^he  corresponding  proportion  of  births  and 
deaths,    itowever,  since  the  species  are  living  in  isolation  from  one 
another  ^d  the  first  species  is  the  only  food  supply  for  the  second 
species,  the  coefficient  of  mortality    M2    for    P2 (I) ,    roust  be  much 
greater  than  the  coefficient  of  natality    B2,     Thus,  the  growth  co- 
efficient,    G2  =  B2  -  M2,     is  negative  and  the  second  population 
will  perish.     The  population  curves  for    P2(I)    will  resemble  those 
given,  in    figure    1.1b,  page    1.7.     On  the  other  hand,  since  the  f^d 
supply  Is  assumed  to  be  abundant  and  the  environment  advantageous, 
for    PI,     Bl  will  be  greater  than    Ml    and  hence,     Gl    will  be  positive 
and  the  first  population  will  thus  increase  indefinitely. 

We  now  return  to  an  examination  of  the  interesting  qase  wherein 
the  two  species  are  not  in  isolation  from  one  another,  but  rather  are 
existing  in  the  same  habitat.     This  is  called  the  predator-prey  problem. 
Consider  the  effect  of  such  an  association  on  the  first,  or  prey,  pop- 
ulation   PI.     The  fact  that  the  first  species  is  the  exclusive  food 
supply  of  the  second  may  be  reflected  in  our  model  by  altering  the 
natality  and  mortality  rate  of  the  first  species  in  proportion  to 
the  number  of  the  second  species.     Hence,   it  will  be  assumed  that  in 
a  given  time  period #  the  actual  or  net  increase  in  the  proportion  of 
deaths  of  the  first  species  will  be  proportional  to  the  population  of 
the  second  species  and  that  this  increase  is  given  by  ■♦■D1*P2(I) 
where    Dl    is  the  constant  of  proportionality.     Similarly,  the  net 
decrease  in  proportion  of  births  in  a  time  period  will  be  given  by 
'-Nl*P2{I)     where    Nl    is  the  corresponding  constant  of  proportionality. 
In  a  similar  manner,   it  is  reasonable  to  assume  that  in  a  time  period, 
the  changes  in  the  proportion  of  births  and  in  the  proportion  of  deaths 
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in  the  ^cond  or  predator  population  should  be  proportional  to  the 
number  of  the  first  species.    Thus,  the  terms    N2*Fl{I)  and 
-D2*P1(I}    will  represent  the  respective  increase  in  birth  rate 
and  decrease  in  death  rate  of  the  second  species  in  a  time  period. 
\he  constants    Nl,    N2,    Dl    and    D2    are  aU  positive  and  very  small 
compared  to    Gl    and    G2.    To  accoinnK>date  these  changes,  lin^s  40  and 
45    of  the  previous  program  are  modified  to  read 


40  LET  Pl(I+l)=Pl{I)+(tBl-^l*P2{I)-(Ml+Dl*P2(I)))*Pl{I) 

and 

45  LET  P2(I+1)=P2(I)H-((B2+N2*P1{I)-(M2-D1*P1(I)))*P2(I) 

or 

40  LET  P1(I+1)=P1(I)+(G1-(N1+D1)*P2(I))*P1(I) 

and  ,  / 

45  LET  P2(I+1)=P2(I)  +  (G2+(N2+D2)*P1(I)  )*P2U) 


By  introducing  the  notations,     Fl  =  Nl+Dl      and    F2  -  N2+D2,  these 
equations  are  more  conveniently  written  as 

40     LET  PlCI+1)  «  P1(I)+(G1-F1*P2{I) )*P1(I) 

and 

'45     LET  P2{I+1)  =  P2/l)+(G2+F2*Pl(I))*P2(I) 

It  must  be  recalled  that  since  the  prey  is  the  sole  available  food 
supply  for  the  predator  in  the  environment,     G2  is  negative,  and  that 

Glf=  Bi-Ml  and  G2  =  B2-M2. 
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This  model  is  conunonly  called  the  Lotka-Volterra  model  of  prey- 
predator  interaction.     The  next  section  discusses  a  second  model 
of  prey-predator  interaction  called  the  Leslie  model  which  results 
from  imposing  the  effect  of  a  finite  environment  upon  the  prey 
population.  .  ■     •  ^  ,  ^ 

The  listing  of  the  totka-Volterra  model  program  is  given  in 
figure  2.1.     Line^    42    and    47    have  been  inserted  to  halt  the 
calculation  whenever  either  population  becomes  extinct.  The 
heart  of  the  program  is  contained  in  statements    35    to  '.60. 
The  remaining  statements  provide  for  storage,  input,  printing 
and  output. 

Since  the  quantity    F1*P2(I)     increases  or  decreases  as  P2(I) 
increases  or  decreases,  the  constant    Fl    is  a  measure  of  the  effec- 
tiveness with  which  the  first  species  defends  itself  from  the  predator 
species    P2{I),  and  hence    Fl    is  called  the  defense  coef fdcient.     If  , 
the  defense  coefficient  is  very  small,  the  predator  population  must 
become  quite  large  before  the  net  growth  rate  of  the  prey  is  signi^ 
ficantly  decreased.     Conversely,  if  the  defense  coefficient  is  large^ 
a  small  increase  in  the  predator  population  will  result  in  a  large 
decrease  in  the  net  growth  rate.     For  analogous  reasons,     F2  is 
called  the  voracity  or  offense  coefficient.     These  coefficients  are 
such  that  if  the  prey,     PI  (I)     improves  his  defensive  mechanism  both 
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Lotka-Volter^a  Model 


Figure  2.1 
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"I 

1  REM        TWO  SPECIES  PREV-PREDflTOR  HODEt 
10  DIM  Pi<10e>.  P£<100> 

20  PRINT  "TVPE    Gl.     62*     Fl.     F2.     P1<0>.  P2<0>«* 

21  PRINT  "REMEMBER.   Q2  MUST  BE  NEG«TIVE« 

22  PRINT    .  3 

24  INPUT  Ql,  G2.  Fl,  F£,  P1<8>*P2<0>  .  > : ; 

25  PRINT  ' 

30  PRINT  "TVPE  NO.  OF  TIME  PERIOD'S  TO  RUN"  J 
22  PRINT  •! 

34  INPUT  N  .ft 

35  FOR  1=0  TO  N  t^- 
40  LET  Pl<  I-M>-P1< I >*<G1-F1«'P2<  I  >  >««P1<  Z  >  k 
42  IF  P1C1+1X0GO  TO  90 

45  LET  P2<  I+1>»P2<  I  >'f<G2'»-F2*Pl<  I  >  >*P2<  I  > 
47  IF  P2CI+1X0QO  TO  100 

60  NEXT  l\  i 
62  PRINT 
S3  PRINT 

65  PRINT  "TIME  PERIOD.    PREV  POP.  .    PREDATOR  POP.  " 

66  PRINT 

70  FOR  I«0  TO  N 
75  PRINT  I. P1<I>.  P2<I> 
80  NEKT  I  \  ^ 

85  GO  TO  200 

90  PRINT  "THE  PREV\ POPULATION  BECAME  NEGATIVE" 
92  GO  TO  200  \ 

100  PRINT  "THE  PREDATOR  POPULATION  BECAME  NEGATIVE" 

105  GO  TO  200 
200  END 

• 
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coefficients  will  decrease  whereas  if  the  predator,     P2(I)  improves 
his  predatory  capability  both  coefficients  will  increase^.     In  order  to 
obtain  a  quantitative  feeling  for  these  statements,  suppose  that  the 
magnitude  of  the  growth  coefficient    Gl    is    0.5,     the  magnitude  of 
Fl    is    0.001    and  that  the  predator  population    P2(I)     is  100. 
Hence,  the  n^  or  modified  growth  rate,     G1-P1*P2{I),     is    0.4.  Now 
if  the  predator  population  is  doubled,  the  modified  growth  ratyije- 
comes    0.3    and  the  net  growth  rate  is  decreased  by    25%.  I^/however, 
the  magnitude  of    Fl    is    0.002,     then  the  net  growth  rates  corre- 
sponding to  predator  populations  of    100    and    200    respectively  are 
0.3    and    0.1.      Thus,  doubling  the  defense  coefficient  results  in  a 
reduction  of    67%     in  the  net  growth  rate  when  the  population  of  the 
predator  is  doubled. 


Problem 

Carry  out  a  similar  numerical  analysis  for  the  voracity 
coefficient. 


The  student  is  urged  to  make  several  runs  with  the  prey-predator 
program  each  time  using  a  different  set  of  parameter  values.     The  time 
history  of  both    PI (I)     and    P2(I)     should  be  recorded.     It  will  be 
seen  that  the  predator  as  well  as  the  prey  population  increases  and 
then  decreases  and  that  this  behavior  is  repeated.     Volterra,  by  using 
sophisticated  mathematical  techniques, .  was  able  to  give  a  rather  com-  / 
plete  qualitative  discussion  of  this*  oscillatory  or  ^riodic  motion.  , 
There  is  a  very  extensive  literature  devoted  to  the  m^hematicai  anal- 
ysis of  sucL  motions. 

AS  in  the  previous  section,   it  is  helpful  to  analyze  the  governing 
equations  to  ascertain  possible  or  probable  results  that  may  be  of 
assistance  in  assessing  the  validity  of  the  computer  results.  This 
will  be  done  by  examining  the  respective  changes  in  the  populations 
in  a  given  time  period.     They  are 


{G1-F1*P2 (I) ) *P1 (I) 

and 

{-G3+F2*Pi (I) )*P2(I) 
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where  for  convenience  in  the  analysis,  the  notational  substitution 
G2  -  -C3    has  been  »aae.    This  change  in  notation  ijnplies  that  G3 
isi  positive  and  serves  to  emphasize  the  fact  that  in  the  absence  of 
the  prey  population*  the  growth  coefficient  of  the  predator  population 
is  negative.    An  examination  of  these. two  quantities  reveals  that  if 
PI (I)    and    P2(I)    were  ever  such  that 

P2{I)  =  Gl/Fl 
and  simultaneously 

PI  (I)  ==  G3/P2, 

then  the  populations  would  remain  unchanged  since  there  would  be  no 
'changes  in  either  the  prey  or  the  predator  populations.  Furthermore^ 
if  the  respective  changes  in  the  populations  in  a  given  time  perio^^ 
are  written  in  the  form 

« 

Fl* {G1/F1-P2 (I) ) *P1 (I) 

and 

F2* (-G3/F2+P1(I) )*P2  (I) 

it  is  easier  to  perceive  why  periodic  motion  is  to  be  expected. 

These  expressions  can  also  be  used  to  show  that  neither  change 
in  population  can  indefinitely  increase  nor  indefinitely  decrease. 
Such  behavior  can  be  .  scertained  by  noting  that  if,   for  example,  the 
prey  population  were  to  increase  indefinitely,  the  quantity 

-G3/F2+P1(I)- 

would  eventually  become  positive  and  hence  the  predator  population 
would  begin  to  increase.       A  continual  increase  in  the  predator  pop- 
ulation would  result  in  the  quantity 

Gl/Fi-P2(I) 

becoming  negative.     Since    Gl/Fl-P2(I>     is  directly  proportional  to 
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the  change  in  the  prey  population  in  a  time  period,  the  change  in 
the  prey  population  would  then  becixne  negative;  thus  causing  the 
prey  population  to  decrease,     A  similar  discussioh^cran  b,^  made  to 
show  the  impossibility  of  an  indefinite  decrease  of  either  popula- 
tion.    Therefore,  the  populations  must  oscillate  as  time  increases. 
This  discussion  is  quite  heuristic  in  nature  and  most  certainly  does 
not  constitute  a  rigorous  proof.     However,  the  discussion  does  show 
how  a  simple  analysis  can. yield  useful  qualitative  results.  .The 
computer  program  should  confirm  such  behavior. 

In  the  following  assignment,  the  student  is  .not  expected, to 
derive  or  obtain  BASIC  prograimning  language  expressions  for  the  an- 
swers  to  the  questions.     If  he  can  obtain  such  expressions  of  .if  he 
is  familiar  enough  with  mathematics  to  do  so,  so  much  the  better.  • 
Th^  student  is  being  asked  to  alter  the  pertinent  constants,  make 
the  necessary  or  sufficient  number  of  computer  runs  with  the  altered 
constants,  and  to  then  examin^the  numerical  results  to  determine 
the  magnitude  of  the  change  iff**the  quantity  of  interest  resulting  from 
a  prescribed  change  in  magnitude  of  a  particular  constant.     By  doing 
this,  it  is  intended  that  the  student  gain  insight  and  intuition  about 
the  model  and  the  phenomena .     The  determination  of  the^change  in  one 
variable,  or  a  set  of  variables,  due  to  a  change  in  another  variable 
is  a- very  fruitful  way  to  obtain  insight.     Even  though  it  may  require 
several  computer  runs  and  much. computing,   the  tremendous  calculational 
speed  of  the  computer  usually  enables  such  a  aieterminat ion  to  be 
readily  made.  *  \       .  .  ' 
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Programning  Assigniaent 

Using  the  prey- predator  mc»iel 

1.  ^    (a)     Choose  an  appropriate  set  of  constants  and  initial 

conditions  and  construct  and  run  the  program. 

(b)  Graphically  display  the  r^asults  to  confirm  the  con- 
clusions stated  above. 

(c)  Vary  some  of  the  parameters  and/or  initial  populations 
and  discuss  the  differences  in  the  results. 

(*){d)     The  period  is  the  length  of  time  necessary  for  the 

populations  to  repeat  themselves. 

By  varying  some  or  all  of  the  constants,  can  you 
/         '  determine  how  the  period  depends  upon  the  parameters? 

0  (e)     How  do  the  maximum  and  minimum  populations  depend  upon 

the  parameters? 

2.  (a)     Modify  your  program- to  include  the  ability  to  harvest 

either  the  prey  or  the  predator. 

(b)  State  the  hypothesis  use^/in  obtaining  the  expressions 
for  the  harvesting. 

(c)  By  varying  the  amount  of  harvest,  can  you  control  the 
population  of  the  prey,  the  predator,  or  both,  in  a 
prescribed  way?    This  is  a  problem  which  concerns 
wildlife  or  game  managers.  ■ 

3.  (a)     Let  the  niagnit:Mde  of  the  prey  population  be  the  abscissa*^ 

and  the  magnitude  of  the- predator  population  be  the 
ordinate  and  pldt  the  time  evolution  of  the  populations. . 
What  do  you  observe?    Such  a  plot  is  frequently  called 
a  phase  plane  plot  and  is  very  helpful  in  analyzing 
periodic  or  near  periodic  motiohs. 


Q  indicatesvdif f icult  problems 
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A  Leslie  Type  Model 

By  altering  the  hypotheses,  Leslie  obtained  a  different 
set  of  equations  describing  the  interaction  of  a  prey  and  a 
predator  population.     The  Leslie  model  is  derived  by  first 
ssuming  that  the  prey  population  exists  in  a  finite  environ- 
t  and  that,  therefore,  the  natural' growth  of  the  prey  must  be 
moderated  by  the  limited  resources  of  the  finite  environment. 
Thus,   the  fundamental  growth  equation  for  the  prey/  in  the 
absence  of  a  predator  population,  is 


a 

men 


40     P]  (I  +  l)   -  P(I)  +  (G1"{^3*P1(I))*P1(I) 

J  '  ' 


where    Gl  a;.d  G3    are  th^^ natural  and  the  auxiliary  growth 
coefficients,   respectively.     The  effect  of  the  predator  on  the 
prey  population  was  imposed  by  Leslie  in  a  jranner  analogous  to 
that  used  by  Lotka  and  Volterra.     Hence,   the  f unda.nental  equation 
for  the  pre/  population  is  altered  to  read 


40 


hkr  PI  (li-l)       P1(I)  +  (G1-G3*P1(I)-F1*P2(1)  )*P1{I) 


Here  Fl  is  a  constant  of  proport iom 1 ity  relating  tne  number  of 
predators  to  the  proportion  of ' prey  taken  by  the  predators  in  a 
time  interval.     Thxs  equation  is  identical  in  form        -he  equation 
labeled  line  40  on  page  2.5     To  verify  this  asser*  .on,    i he  student 
should  substitute  line  38  on  page  2.5  into  line  4G  on  page  2.5  and 
rearrange  the  terras.     The  facf  that  .these  equations  have  the  same 
font'  is  a  result  of  the  extreme  generality  and  lack  of  specificity 
of  the  analysis.     Most  quantitative  models  of  bio-s-ience  phenomena 
suffer  from  being  gross  generalizations  of  what  is  actually  occur- 
ring.    The  proper  integration  cf  all  the  interacting  phenomena, 
even  assuming  that  the  interactions^  were  knov/n,   is  a  near  insur- 
mountable task.     Consequently,   extreme  simplifications  and  genera- 
lizations are  made  and  this  can  r.esult  in  the  derivation  of  the  same 
forfn- of  a  model  f^rom  two  divergent  sets  of  assumptions. 
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TO  account  for  the  effect  of  the  prey  population  on  the 
growth  of  the  predator  population,  Leslie  proceeded  in  the  follow- 
ing way.     He  reasoned  that  if  there  were  many  predators  for  each 
orey,  i.e.  the  ratio  P2(I)/Pl(I)  was  large,  then  the  scarcity 
of  food  would  result  in  a  decreased  birth  rate  and  an  increased 
mortality  rate  for  the  predator  population.     Conversely,  xf 
P2{I)/P1(I)  was  much  less  than  one,  the  consequent  abundance  of 
prey  relative  to  the  number  of  predators,  should  result  in  an 
increase  in  the  birth  rate  and  a  decrease  in  the  mortality  r^te 
of  the  predator  population. 

The  simplest  alteration  of  the  predator  birth  rata  to 
accommodate  the  preceding  assumption  is  obtained  by  subtracting 
from  the  natural  birth  rate  B2,  a  t^rm  which  "is  proportional 
to  the  ratio  of  the  two  populations.     Thus,' the  birth  rate  of 
the  predator  may  be  written  as 

B2  -  Rl*P2(I)/Pl(I^ . 

Similarly,  t^e  natural  mortality  rate,  M2,   is  altered  to  read 

M2+R2*P2 {I)/P1 (I) . 

m  these  two  expressions,  Rl  and  R2  are  the  constants  of  propor- 
tionality,    in  terms  of  these  new  birth  and  mortality  rates,  line 
45  may  now  be  written  as 

45  LET  P2(I-l-l)=P2(I)  +  (B2-Rl*P2{I)/Pl(I))*P2(I) 

-(M2-!-R2*P2(I)/Pi(I)  )*P2(I)  . 

with  the  aid  of  the  notation 

R3  =  Rl  +  R2 
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this  equation  may  finally  be  written  as 

^  r 

45     LET  P2(I+1)=P2(I)+{G2-R3*P2(I)/P1(I))*P2(I) . 

The  alteration  of  the  program  shown  in  figure  2.1  to 
accQjnmodate  the  Leslie  form  of  the  equations  is  readily  accom- 
plish^ since  only  lines  40  and  45  need  to  be  changed  in  the 
manner  indicated  immediately  above.     Provision  must  also  be 
made  to  enter  the  constants  G3  and  R3  into  the  program. 

The  behavio^of  the  populations  as  described  by  the  Lotka- 
Volterra  modej/'^s  characterized  by  a  sequence  of  oscillations 
whose  amplit^es  increased  in  time.     In    contrast,  both  popula- 
tions in  the  Leslie  model  tend  to  rfeach  an  equilibrium  after  a 
series  of  damped  oscillations.     Such  behavior  more  nearly  approxi- 
mates prey  and  predator  populations  living  in  consort  with  one 
another .  \ 


2.17c 


Rir 


Effect  of  Emigration 

There  are  several  possibie  causes  of  emigration  from  a  population  > 


and  an  accounting  of  all  of  these  causes  together  with  their  indiSced 
emigrations  is  a  difficult  task.     Intuitively,  it  seems  reasonable 
to  assume  that  a  principle  cause  of  emigration  is  crowding  and  that  ' 
the  degree  of  crowding  should  directly  affect  the  j:ate  of  emigration. 
The  degree  of  crowding,  or  population  density,  is  measured  in  the  n\ua- 
ber  of  animals  per  unit  area.     For  ease  of  treatment,  it  will  be  assumed 
that  the  area  in  which  the  competing  populations  exist  is  constant, 
that  is,   it  does  not  change  from  time  period  to  time  period.     It  is 
convenient  to  take  the  magnitude  of  this  area  as  unity  since  the  mag- 
nitudes^^kf  the  prey  and  predator  populations  and  the  respective  popu- 
lation densities  are  then  numerically  equal.     Because  it  is  reasonable 
, to  assume  that  increasing  croyding  results  in  increasing  emigration  it 
will  be  assumed  that  the  number  of  animals  leaving  a  population  in 
any  time  period  will-  be  proportional  to  the  number  of  animals  in  the 
population  during  that  time  period.     Hence,  the  number  of  emigrants  of 
the  prey  and  predator  populations  may  be  denoted  by    L1*P1(I)  and 
L2*P2(I)     respectively,     where    Ll     and    L2    are  constants  of  propor- 
tionality.    The  accounting  of  emigration  is  then  readily  included  in 
the  program  by  altering  lines     40    and  45,     page    2.12     to  read 

40     LET  PKI  +  l)   =  PI  (I)  +  (Gl-Fl*P2{i)  )*P1{I)-L1*P1(I) 

and 

45     LET  P2(I+1)   =  P2(I)f (G2-F2*P1(I))*P2(I)-L2*P2(I). 

These  equations  may  be  simplified  by  introducing  the  notation  G4=Gl-I.l 
and    G5-G2-L2      and  recombining  terras  to  give 

»  40     LET  P1(I+1)   =  P1(I)  +  (G4-P1*P2{I))*P1(I.) 

45     LET  P2(I+1)       P2(I)  +  {G5-F2*P1(I))*P2(I).   ■  ^ 

A  comparison  of  these  equations  with  ^hose  given  on  page    2.12,  reveals 
that  the  structure  of  the  sets  of  equations  is  identical  and  thus  the 
two  models  are  actually  the  same  and  differ  only  in  the  magnitude  of 
the  growth  coefficients.  • 

2.18 


r 


The  emigration  model  that  we  have  developed  assumes  a  continual J 
emigration  no  matter  how  den^e  or  sparse  the  actual  populatiofN — Xfc^ 
is  more  realistic  to  assume  that  there  exist  prej*  and  predator  popu- 
lations below  which  there  will  not  be  an  emigration  but' rather  there 
will  exist  an  immigration,     i.e.     an  influx  of  prey  or  predators. 
>  The  magnitudes  of  these  critical  populations  WQuld  have  to  be  obtained 
frpm  experiment  or  qb^i^rvation.     We  will  denote  them  by    P3  and  P4 

,  respectively.  ^ 

'  Now  the  number  of  animals  entering  or  leaving  the  area  in  a  time 
period  should  be  proportional  to  the  magnitude  of  the  difference  be- 
%    tween  the  present  population  and  the  critical  population.     Let  L3 

and    L4    be  the  constants  of  proportionality  for  the  prey  and  predator 
populations  respectively.     Then,  in  a  single  time  period,  the  number 
of  prey  entering  or  leaving  the  area  is  •  . 

-L3*(P1(I)  -  P3) 

and  the  number  of  predators  emigrating  or  immigrating  is 

-L4* {P2(I)  -  P4) . 

.The  fundamental  equations  become 

40     LET  PKl  +  i)   =  Pl(I)+(Gl-Fl*P2(I))*Pl(i)-L3*(Pl(I)~P3)  1 

and 

45     LET  P2(I  +  1)   =  P2  (I)  -f  {G2-F2*P1  (I)  )  *P2  {I)~L4*  (P2  {I)-P4)  . 

These  equations  may  be  simplified  to 

40     LET  P^(I+1)   =  Pia)  +  (G4-Fl*P2(I))*Pl{I)+L5 

and 

•  45     LET  P2(I+1)   =  P2 (I) + {G5-F2*Pl (I) ) *P2 (I) +L6 

where      L5  =  L3*P3     and      L6  =  L4*P4.  ^ 

We  again  remind  the  student  that  the  growth  coefficient  for  the 
predator,     G2,     is  negative. 
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Procrraaroincp  Assignment 

1.      (a)    Write  or  modify  a  previous  program  to  include  the  effect.^ 
of  immigration  or  emigration- 

(b)  Choose  an  appropriate  set  OBE  parameters  and  initial  | 
values  and  run  the  program.     Compare  the  results  vith     ,  '| 

'  those** obtained  from  the  prey-predator  model.  n 

(c)  DO  there  exis^t  any  pre  and/or  predator  populations  which  J 
«f    remain  unchanged? 

(d)  Discuss  how  the  results  obtained  in  part     (b)    may  have 
been  anticipated  by  an  analysis  of  the  fundamental 
equations.     {HINT:    The  discussion  should  be  similar 
to  that  given  on  pages    2.14  and  2.15    for  the  prey- 
predator  case) . 


Environmental  Toyi&ity  / 

The  effect  of  the  oatabolic  a^s  produced  by  a  population  grow- 
ing in  a  confined  environment  with  a  limited  resource  was  considered 
in  the  first  chapter.    A  review  of  that  work  should  prove  advantageous 
in  understanding  the  development  which  is  to  follow.      In  that  work,  . 
;t  was  assumed  that  ^  amount  of  contaminant  created  in  a  time  period 
"^ks  pr^^ionai  to  the  existing  poixilation  in  that  period,    -mis  assumption  will 
also  be  mad^-&rtte  imiltipc^ticm  itodel  and  thus  the  amounts  of  i^taminant  c^^ated 
in  the        period  by  the  first  and  secc^  pc^xilations  respectively,  Ve  S1*P1(J)  and 
S2*P2  (J)    where    0<J_<I    and    SI    and    S2    are  the  corresponding 
constants  of  proportionality.  ^ 

Just  as  in  the  single  population  contamination  nffldel,  the  effect 
of  the  toxicity  created  by  both  the  first  and  second  populations  will 
be  to  decrease  the  birth  rate  and  to  increase  the  mortality  rate  of 
each  population.    Hhs  total  tcsxicity  at  the  beginning  of  the  jth  period,  crated  hy- 
each  population,  will  be  denoted  by    T1(I)     and    T2 (I)  respectively. 
The  toxicity  of  the  amount  of  contaminant  created  by  the  first  popu- 
lation during  the  time  period  will  be  assumed  to  b^, 
D1(I-J)*S1*P1(J).      Similarly,      D2 (I-J) *S2*P2 (J)      wi LI  represent  the 
toxicity    created  by  the  amount  of  contamination  deposited  by  th^ 
second  population  in  the      J^^    time  period.    Thus,  the  total  toxicities 
are  given  by  ' 
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120  LET  Tl(l)  —  0 

130  LET  T2(I)  =  0 

140  FOR  J  -=  0  TO  I-l 

ISO  LET  TldU  -  TltI)+Dl(I-J)*Sl*Pl(J) 

^        160  LETT2(I)      =  T2(I)+D2(I-J)*S2'P2(J) 

17-0  NEXT  J 


The  statement  numbers  only  serve  to  indicate  the  order  of  the    ■  < 
statements  and  do  not  refer  to  their  place  in  any  P^^ticular  pr^r».. 

Ihe  effect  of  T1(I)  a«J  T2(I)  is  to  adversely  alter  the  Inrth  and  nortality- 
rates.    m  order  to  ncre  easily  account  for  this  effect,  it  is  oonveni^t  to 
intrca.ce  the  following  notation.    I^t  B(K,L)   and'  M(K,I4    denote  the  naqniWde  of 
the  modification  of  the  birth  rate  and  the  mortality  rate  respectxvely 
of  the      k'^''    species  due  to  the  cumulative  toxicity  of  the  contami- 
nant deposited  by  the    L^^    species.    Thus,  we  can  write 

I 

B(1,1)=V1*T1(I)  B(2,1)=Y3«T1(I)' 
B(l,2)=y2*r2(I)  B(2,2)=V4»T2(I) 

where    Vl,     y2,     va'   and    Y4    are  constants  of  proportionality  relating 
the  deleterious  effect  of  the  contaminant  toxicity  to  the  ''J^^'' 
Similar  equations  can  be  written  for  the  adverse  erxec 
rate.     They  axe 

M(1,1)=Z1*T1(I)  M(2,1)=Z3*T1(I) 
H(l,2)=zr*T2(I)  M(2,2)=Z4*T2(I) 


where    Zl,     Z2,     Z3    and    Z4    are  the  constants  of  proportionality. 
These  modifications  in  the  birth  and  mortality  rates  of  each  specxes 
are  incorporated  into  the  fundamental  equations  in  a  manner  entirely 
analogous  to  that  used' in  including  the  contamination  effect  xn  a 
single  population.     For  ease  of  writing  the  equations, 
clude  emigration  nor  immigration  nor  do  we  include  the  effects  of  a 
finite  food  supply.     The  fundamental  equations  for  each  populatxon 
now  become 
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40    LET  P1(I+1)-P1(I)+{G1-F1*P2{I) )*P1{I)-(B(1,X)+B{1,2)+M(1,1)+ 
M(1,2))*P1{I)  , 


and 


45     LET  P2(I+1)=P2  (I)  +  {G2-5 F2*P1  { I)  )  *P2  {I )-  (B  (2, 1)'5+B(2,  2)+M{2,  1)  + 
M{2,2))*P2{I). 


It  IS  important  to  note  that  in  these  equations,  the  variables 
B (K, L)     and  L)     are  sums  and  depend  on    I,     the  present  time 

jcriod,   and  thus  are  different  for  every  time  period.  Consequently, 

t>.e  sums  mu--.t  be  recalculated  every  time  period  and  hence  it  is  seen 
♦■hat  the  retarded  time  effect  manifests  itself  in  a  considerable  in- 
■•rcise  in  computing  effort.      If  however,   the  effect  of  the  contarai-  t/ 
r.r.vt    iS  independent  of  its  age  or  time  of  existence,   then  the  time 
!.  i/:V  variables  D1(T-J}  and  D2(1-'J)  *are  constant.    In  this  event,  the  suras  do  not 
vr.c  to  be  ccni{»jot(:LY  rccalculatod  aich  period;  they  merely  have  to  be  augmented  by 

•  au. lit  ion  of  a  single  term.    Thi.^  term  is  the  airsjunt  of  contamination  csreated 

•  th-3  present  time  pexiod. 

'Itie  iTtJst,  difficult  part  of  developing  a  useful  carputer  program  is  the  obtaining 
tho  tin«  delay .  parameters  and  thr^  constants  of  i^irc^rtionality.    Each  of  these 
.KOiiK^ters  IS  a  function  of  th*-  ret^irded  time  (I- J),  and  the  determination  of  this 
V  ;:icti.onal  relation  or  dependence  is  a  difficult  experimental  task. 

We  do  not  continue  the  discussion  of  the  computer  model  for  the 
=^ffect  of  environmental  toxicity  on  the  multipopulation  because  of 
t.;c  aforementioned  difficulty  of  obtaining  realistic  data.     The  pre- 
ceding development  is  an  example  of  the  fact  that  it  is  quite  easy  to 
-  -nr.truct  a  very  elaborate  hypothesis  and  to  then  develop  a  computer 
, /    ;ram  whose  usefulness  is  questionable  or  difficult.     This  observa- 
tion is  made  to    mp~ess  upon  the  student  that  the  theoretician' or 
modeler  who  constructs  the  computer  program  must  be  aware  of  the  limi- 
tations imposed  upon  the  experimentalist  in  his  efforts  to  obtain  the 

necessary  parameters  and  experimental  results.     The  fact  that  computer 

♦ 

programs  based  upon  elaborate  tiypothes is  may  be  readily  constructed  is 

90 
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not  without  merit  however.     It  is  frequently  the  case  that  not  all 
of  the  important  v4riables  can  be  measured  experimentally  because  of 
excessive  cost,  excessive  time  or  inabilitj^  to  actually  obtain  by 
direct  means  all  of  the  desired  data.  '  Thus,  it  is  necessary  to  use 
computer  models  together  with  available  experimental  methods  to 
carry  out^the  investigation.     This  is  aln^st  always  the  case  in  the 
physical  and  engineering  sciepces  and  will  most  certainly  be  the  case 
ip  the  life  sciences.      As  quantitative  understanding  becomes  deeper, 
such  understanding  will  indicate  the  direction  and  kinds  of  experi- 
ments to  be  performed.    For  these  reasons,  it  is  also  necessary  for 
the  experimentalist  to  have  a  working  knowledge  of  the  capability  and 
limitations  of  the  digital  computer.    These  facts  again  illustrate 
the  principle  that  the  experimentalist  and  the  theoretician  must  work 
closely  together  and  the  more  knowlectgeable  each  is  of  the  other's 
work,  the  better  will  be  the  scientific  work. 
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other  Models  .  -  li-- 

There  are  many  other  models  of  the  interaction  of  two  or 
more  populations.  For  a  rather  complete  discussion  of  the  inter- 
action of  two  populations,  see  the  work  of  Murdoch  and  Daten  (1975). 
in  this  section  we  consider  so^e  of  these  models.    The  first  model 
is  an  alteration  of  the  prey-predator  model  to  include  the 
assumption  that  the  prey  population  has  a  refuge.     Thus,  it  is 
assumed  that  a  certain  number  of  the  prey  are  always  safe  from  the 
predator.     In  order  that  the  student  may  more  easily  follow  the 
development,  we  present  an  alternative  method  of  deriving  the 
Lotka-Volterra  equations.     It  will  be  recalled  that  the  prey  and 
the  predator  equations  were  first  written  in  the  Malthus  form  and 
then  modified  in  accord  with  the  assumptions  given  on  pages  2.11 
and  2.12.    The  Malthus  f<i.nti  of  the  prey  equations  is 

P1(I+1)=P(I)+G1*P1(I) • 

We  now  reason  in  the  following  manner.     The  ter*    Gl'PKD  repre- 
sents the  change  in  the  prey  population  in  one  time  period  and 
it  is  this  term  which  is  to  be  modified  to  account  for  the  pre- 
sence and  actions  of  the  predatbr  population.     It  "seems" 
reasonable  to  assume  that  the  change  in  the  prey  population  should 
be  reduced  in  proportion  to  the  number  of  possible  interactions 
of  the  prey  with  the  predator.     The  number  of  possible  inter- 
actions is    P1(I)'P2(I).     It  is  known  that  the  actual  number  of 
such  interactions  r-esulting  in  the  death  6f  a  prey  is  only  a 
small  fraction  of  the  total  number  of  interactions  or  else  the 
prey  population  would  become  extinct.     If    Fl    denotes  the  • 
tIon.^tL  number  o'f  actual  deaths  in  a  period  is  then    FLPl  (D  *P2 ,1) 
Thus,  the  change  in  the  prey  population  in  a  time  pericd  is 

G1*P1(I)-F1*P1(I'*P2<^' • 
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If  this  term  is  substituted  for  the  change  in  the  prey  popula- 
tion as  given  by  the  Malthus  form  of  the  equation,  the  equation 
governing  the    prey  population  may  be  written  as  it  appears  in 
line  40  of  the  progran,  listed  in  Figure  2.1.    The  equation  govern- 
ing the  tin,e  evolution  of  the  predator  rtay  be  derived  in  a  siK.ilar 

we  now  return  to  the  problem  of  deriving  equations  for  the 
prey-predator  interaction  assuming  that  the  prey  has  a  refuge. 
Lt    K    denote  the  number  of  prey  which  are  assumed  to  have  a 
safe  place  for  refuge,  then     (Pl(l)-K)     denotes  the  number  of 
p„y  available  for  the  predator.    Thus,  the  number  °^  ^^""^ 
LtLactions  between  the  prey  and  the  predator  is     (PI  (I  -K)  *P2  (I) . 
Since  only  a  fraction,     Fl,     of  these  interactions  actually 
occur,  and  we  are  assuming  that  each  of  these  results  in  the 
death  or  non-birth  of  a  prey,  the  change  in  the  prey  population 
!n  one  time  period  is  given  by    FlMPld) -K)  *P2 (D  •     By  analogous 

easlin*  the  change  in  the  predator  population  due  to  the  presence 
Tf  the  p!ey  population  is  given  by    P2MP1  d. -K) '^2  ,1)     where  F2 
is  a  constant  of  proportionality.     Since  these  terms  represent 
the  changes  in  the  prey  and  the  predator  populations  "^P-^^^^^ 
due  to  interaction  affects,   they  must  each  be  added  to  the  corre- 
sponding Malthus  form  of  the  prey  and  predator  populations.  Thus, 
lines  40  and  45  are  modified  to  read 


40 


LET  P1(I+1)=P1(I)+G1*P1(I)-F1*<P1(I)-K)*P2(I) 


and 

45     LET  P2(I  +  l)-P2(I)->-G2*P2(I)+F2'(Pl(I)-'<)*P2(I). 


=  ...„ind  the  students  that  the  respective  magnitudes  of  Fl  and 
2     in  the  two  models  are  not  the  same  and  that    G2<0  since  it  is 


We  rem 
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assumed  the  predator  cannot  survive  in  the  absence  of  the  prey. 

Provision  must  also  be  made  in  the  program  for  inputting  K, 

the  number  of  prey  which  can  have  a  safe  refuge.    This  alteration,* 

and  the  -replacement  of  lines  40  and  45  as  indicated  above,  are 

the  only  modifications  required  of  the  program  listed  in  figure 

2.1. 

It  is  also  possible  to  construct  a  model  in  which  a  fraction 
of  the  prey  population  is  able  to  find  refuge  from  the  predat^or  , 
population.     Before  doing  so,  it  will  be  easier  for  the  studeirfc 
to  follow  the  derivation  if  Ve  first  present  derivations  of  alter- 
native models  for  the  constant  environment  model,  the  finite  resource 
niodt  l  and  the  prey-predacor  model.     The  fundamental  equation  govern- 
inq  the  growth  of  a  population  in  a  constant  environment  was 

P(I+1)  =  P(I)+G*P(I) 


G=B-M    and  where  B  and  M  were  the  respective  numbers  of 


lurths  and  deaths  per  individual  per  time  period.     The  above 
luation  may  be  written  as 

P(I  +  1)   =    (1+G) *P  (I) 
'it  •■  . 

P(I+1)  =  R*P(I) 

where    R=H-G.     The  constant  R  may  be  conveniently  thought  of  as 
a  population  multiplier.     If  R>1,  which  corresponds  to  G>0 
or  B        the  population  increases  as  I  increases,   and  if  R<1, 
which  corresponds  to  G<0  or  B<M,  the  growth  decreases.  Further- 
;,'  te,   since  M^i  and  B>_Q ,  we  must  have    R^^O.     Equation  (1)   is  the 
d.csired  alternative  form  of  the  Mai  thus  model  and  is  mathematically 
equivalent  to  the  form  given  by  equation  (1)   in  the  first'  chapter. 
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TO  derive,  with  the  aid  of  equation  U) ,  an  equation  describ- 
ing the  growth  of  a  population  in  a  finite  environment,  we  recall 

ing  cne  i   chanter.     In  that  derivation, 

the  derivation  given  in  the  previous  chapter.  ±i 

the  aerivai-iu    y  ;„  the  Malthus  model  were 

the  birth  and  the  death  rates  appearing  in  ^^"^ 

decreased  and  increased  respectively  in  proportion  to  the  size 

the  population.     This,  in  effect,  decreased  the  growth  rate  G, 

I  proportion  to  the  population  size  and  enabled  the  growth  rate 

ir  n*P(in      our  alternative  derxvation  of  a 
to  be  written  as     (G-G1*P(I}}.     uur  a  ^     - ,  i 

model  for  population  growth  in  a  finite  environment,  will  be  based 
up™  the  ide!  of  altering  the  population  multiplier  R  appearing 
inequation  tl)  in  accord  with  the  consequences  of  the  assumption 

aTnite  resource.     Thus,  we  want  the  multiplier  to  decrease 
as  P(I)  increases.     Such  a  variation  may  be  accomplished  by 

dividing  R  ^y«t-™«'^^=^^"="""^^^'''rTl!rP(I)) 
increases.    We  choose  the  form  of  the  term  to  be     (1-A  Pd)) 

where    A>0    and  thus  the  multiplier  may  be  written  as 


R/(1+A*P(I))- 


ERIC 


,-„d^  of    A    is  very  much  less  than  the  magnitude  of  R. 
The  magnitude  of    A         very  .^^^^ses    the  value  of  the 

•  "• -I  ^^^^  a€?    P(I)     increases^  i-nt-  va^v* 

The  student  wxU  note  th^t  as    ^^^^  niav  then  be  written  as 

total  fraction  will  decrease.     Equation  (1)     may  then 

(2) 

P(I+1)=R*P(I)/(1+A*P^^^^- 

This  is  the  desired  alternative  form  of  a  model  for  the  growth 
of  a  population  in  a  finite  environment.     It  is  ^-P-^^^ ,  f^/^^^ 
:Ldent  note  that  this  model  is  actually  --'^---^  ^J^^;  f 
from  the  previous  finite  resource  model  as  given  by  equation  40, 

^-     ,        r,r.(-  oive  the  same  numerical 
1   in     cinrp  the  eauations  do  not  give  tuc 
page  1.10,  since  tne  equ  rii„idirq    R    by  the 

results.     It  is  also  important,  to  note  that  dividing    R  y 
term     (UA-Pd),  3ust  one  of  many  possible  ways  to  get  th 

multiplier  to  decrease  as  the  population  -^"^^^^"^ , 

we  could  have  chosen  to  replace    R    by  the  term        ^'^^^  [T 

or  by  the  term      R/ (1«*P  (D  )        -tc.     The  primary  reason 

>  Jo 
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replacing    R    by  the  term    r/ {1+A*P (I) )'  rather  than  some  other 
term  is  that  this  term  is  very  simple.     This  is  in  keeping  with  the 
philosophy  that  in  the  absence  of  other  knowledge  or  evidence  the 
simplest  model  is  to  be  preferred. 

The  condition  for  the  population  to  "level  off"  is  equivalent 
to  stating  that  there  be  no"  change  in  the  population  from  one  time 
period  to  the  next.     This  is  obtained  by  imposing  the  equality, 

P(I+1)  =  P{I) 
in  equation  (2).     We  then  get 

P(I)  =  R*P(I)/(1+A*P(I) ) 

or  after  some  simple  algebra, 


P{I)    --  (R-l)/A. 

Tbo  value  of     I     for  which  this  holds  is  the  number  of  the  time 
interval  for  which  there  is  no  longer  any  change  in  the  population. 
The  population  corresponding  to  this  condition  is  called  the  carrX" 
t_ru,  capacity  for  this  model.     Thus,   the  carrying  capacity  is  given 

by     (R-l)/A.  .  , 

An  alternative  model  for  the  competition  of  two  populations 
for  the  same  limited  resources  may  be  obtained  in  an  analogous 
manner.     We  begin  the  derivation  by  writing  down  the  equations 
describing  Mai thus  type  growth  for  each  of  the  populations.  The 
equations  are 

P1(I+1)   =  R1*P1(I) 

and 

P2 (I+l)   =  R2*P2 (I) . 
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The  restrictions  on  the  respective  magnitudes  of    Rl    and  R2 
are  analogous  to  those  given  previously  for    R.    The  imposition 
of  the  assumption  that  both  populations  are  competing  for  the 
same  limited  resources  may  be  accomplished  by  dividing  each  of  the 
population  multipliers  by  a  term  which  increases 'as  each  of  the 
populations  increase.     One  of  many  such  terms  is 

1  +  A1*P1(T)   +  B1*P2(I). 

The  two  preceding  equations  may  then  be  written  as 


and 


P1{I+1)   =-  R1*P1(I)/(1+A1*P1{I)+B1*P2(I) )  (5) 

m 

P2(I+1)   "  R2*P2(T)/(l+A2*Pl(r)+B2*P2(I)).  .(6) 


Both    Al    and    A2    are  positive  and  very  much  smaller  in  magnitude 
than    Ri    and     R2    respectively.     Al  and    A2    are  analogous  to 
the  logistic  parameter    A    in  the  single  population  logistic  model. 
The  parameters    Dl     and.    32    are  also  positive  and  very  much  smaller 
in  raaynitude  tKin  Rl  cuid  R2  re.spc»ctively.    They  account  for  the  variation  in 
qrowth  of  each  ixipulation  due  to  the  maijnitude  of  both  populations  and  are  not  to 
be  confused  «ith  their  definitions  as  giv^  in  Previous  sections.    BquaUons  (5,  ^ 
(6,  are  alternative  £or^  of  the  «iuations  describHig  the  qrc«th  of  t«o  popula- 
ticsis  ccTfeting  for  the  sarad  limited  resources. 

These  equations  may  be  modified  in  several  ways  to  simulate 
the-interaction  of  a  prey  and  a  predator  population.    We  illustrate.- 
one  possible  modification  which  leads  to  the  Leslie  modal  of  prey- 
predaior  interaction.     Leslie  (1948)  chose  not  to  modify  equatio,,  , 
IS)     the  equation  describing  the  competitive  effect  of  the  predator 
on  the  growth  of  the  prey  population.     However,  he  did  significantly 
modify  the  equation  describing  the  competitive  effect  of  the  prey 
on  the  predator,  equation  (6).     He  assumed  that  a  significant  factor 
modifying  the  growth  of  the  predator  population  was  the  presence 
of  the  prey  as  a  necessary  food  supply  for  the  predator.     He  further 
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assumed  that  the  effect  on  the  growth  of  tfie  predator  of  the  pre- 
sence of  the  prey  should  be  such  that  if  €here  were  a  large  number 
of  the  prey  as  compared  to  the  number  of  predators,  that  the 
growth  of  the  predator  population  would  increase.  Conversely, 
if  the  ratio  of  the  number  of .predators  to  the  number  of  prey 
was  large,  the  predator  population  should  then  decrease.  He 
accomplished  such  a  variation  by  rewriting  equation  (6)  as  ^ 
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P2(I+i)   ^  R2*P2(I)/(1+C1*P2(I)/P1(I))  (7) 

where  Cl  is  a  positive  constant.  Equations  (5)  and  (7)  are  \ 
identical  with  the  equations  given  by  Lesiie  in  1948  and  1958.       .  / 

An  examination  of  equation  (7)  shows  that  if  the  prey  become/ 
very  numerous  compared  to  the  predators,  the  term  P2(I)/P1{I)  0, 
and  the  predator  population  is  then  governed. by  the  equation  J 

P2 (I+l)   =  R2*P2 (I) . 

Analogously,  if  the  prey  becomes  scarce,  or  disapperars,  the  quantity 
P2(I)/P1(I)  ■*    ^     an<3  equation  (7)     reduces  to 

P2  (I+l)   *  0. 

In  this  event,  the  gjredator  popul,ation  becomes  extinct. 

We  are  now  ready  to  derive  a  model  for  the  interaction  of  a 
prey  and  predator  population  a^ssuming  that  a  constant  fraction  of 
the  prey  have  a^^refuge  from  the  predator.     A  convenient  starting 
point  is  Leslie's  prey-predpitor  model.    We  assume  th#t  a  fraction 
of  the  prey  can^ f ind  a  refuge    from  the  predator  and  hence  are  not  & 
competing  with  the  predator  for  the  limited -resources.     This  fraction- 
will  be  denoted  by  <1-K|,  where  0<K<1.     Thus,  only  the  fraction  K 
of  the  prey  popuiaticwi  is  subject  to  predation  and  competition  and 
the  growth  of  the  pr%  in  refuge  is  similar  to  that  of  a  single 
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population  living  in  a  finite  environment.  These  assiimptions 
suggest  that  the  goverfting  prey  equation  be  vrritten  as 


PI  (I-^l)  =  (1-K)  *R1*P1  (I)  /  (1+A1*P1(I)  ) 

+  K*R1*P1(I)/(1+A1*P1(1)+B1*P2{I))  -  (8) 


1 


The  student  will\note  that  the  first  term  on  the  right  hand  side 
of  the  equation  corresponds  to  that  part  of  the  prey  population 
living  in  the  refuge  and  the  second  term  corresponds  to  the  por- 
tion of  the  prey  population  competing  with  the  predator  population 
for  the  limited  resources.     Equations  (7)  and  (8)  are  the  de&ired 
equations  and  are  analogous    to    those  appearing  in  Leslie  and 
Gower  (1960).     By  varying  K  it  is  possible  to  study  the  effect 
of  different  refuge  percentages  on  the  population  growth. 

Many  other  modifications  to  these  models  can  be  made.  The 
student  is  urged  to  invent  scaae  of  his  own  modifications.  The 
establishment  of  which  model  is  the  "best"  is  a  question  which  your 
author  will  dodge      since  each  of  these  models  grossly  simplifiies 
the  actual  state  of  affairs.     In  addition,  the  meaning  of  the  word 
"best"  in  this  context  if*  quite  ambiguous  since  the  word  can  have 
many  meanings  depending  upon  the  circumstances. 

We  purposely  did  not  indicate  how  to  modify  any  of  the  existing 
programs  to  include  the  above  models  since  such  modifications 
require  only  very  simple  programming  changes.    We  again  remind  the 
student  that  the  obtaining  of  the  constants  appearing  in  each  of 
these  models  may  indeed  be  difficult.  ^For  more  about  this  problem, 
see  the  ei^  of  this  chapter. 
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Running  of  Programs 

The  difficulty  of  obtaining  realistic  parameter  values  and/or 
initial  conditions  (starting  populations)  frequently  prevents 
the  ready  rtinning  of  programs  such  as  these.    This  is  due  to  the  ^ 
fact  that  the  prograins  usually  produce  biologically  meaningful 
results  only  for  a  restricted  range  of  parameter  values  and/or 
initial  conditions.    For  example,  in  the  iiOtka-Volterra  prey- 
predator  model,  it  is  possible  to  choose  the  magnitudes  of  the 
voracity  and  the  defense  coefficients  so  that  both  the  prey  and 
the  predator  populations  will  oscillate  and  during  part  of  the 
oscillations  both  populations  will  be  negative.    Such  a  result 
is  biologically  impossible  and  demonstrates  that  the  validity 
of  the  model  depends  upon  the  magnitude  of  the  parameters  as  ^ 
well  as  on  the  fundamental  equations.     It  is  of  interest  to 
point  out  that  in  a  traditional  matheoaatical  development  of  a 
quantitative  methods  course,  the  emphasis  is  on  obtaining  a 
"closed  form"  expr^sion  for  the  answer.    This  form  will  contain 
the  parameters  and  the  intial  conditions  and  because  of  the  dif- 
ficulty of  performing  the  tedious  arithmetic  necessary  to  evaluate 
the  solutions,  it  is  rarely  the  case  that  numerical  estimates  of 
the  answers  are  obtained  and  examined.    Thus,  the  problem  of 
obtaining  realistic  values  for  the  model  parameters  is  really 
omitting!  the  advent  of  the  computer,  the  task  of  perform- 

ing the  tedious  arithmetic  has  been  eliminated  and  mathematibally 
oriented  quantitative  methods  courses  are  placing  more  and  more 


emphasis  on  discussing  and  comparing  numerical  results.    As  a 
consequence,  the  problem  of  the  determination  of  parameters 
which  give  biologically  significant  results  is  assuming  greater 
importance. 

TO  illustrate  the  preceding  disdussion,  we  consider  the 
selection  of  a  set  of  values  for  the  constants  of  proportionality 
occurriiK,  in  the  prey-predator  n«del  as  listed  In  fig.  2.1.   fin  examination  of 
equations  40    md  45  shows  that  it  is  the  growth  coefficients  Gl  and 
G2,     and  the  modified  growth  coefficients    Fl    and    F2.  that 
are  important.     This  is  equivalent  to  saying  that  the  quanti- 
ties of  interest  are  the  differences  of  the  respective  birth 
and  death  rates  and  the  respective  sums  of  the  pairs  of  con- 
stants of  proportionality,    Nl,  Dl  and  N2,  D2. 

The  determination  of    Gl    is  easy,  since,  by  hypothesis, 
it  is  the  normal  growth  rate  of  the  prey  in  the  absence  of 
the  predator.     G2    is  negative  because  it  is  assuit.ed  that  the 
prey  is  the  only  food  for  the  predator.     In  the  absenoe  of 
experimental  data,  it  is  difficult    to  estimate  a  reasonable 
magnitude  for  G2.    Thus,  as  a  first  guess,  we  arbitrarily  select 
a  -value  approximately  equal  to  the  negative  of  the  normal 
growth  rate  of  the  predator  assuming  that  its  food  supply  was 
plentiful.,  values  for    Fl    and    F2    are  then  obtained  by  trial 
airf  error.    To  assist  in  tfieir  determination,  we  recall  that 
for  the  finite  resource  model  the  normal  growth  coefficient 
was  very  much  larger  than  the  modified  growth  coefficient. 
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Consequently,  it  seems  reasonable  to  initially  select  values 
for  the  defense  khd  voracity  coefficients  that  are  nuoh  smaller 
in  magnitude  than  Gl  and  G2  respectively.    By  examining  the 
results,  these  values  can  be  improved  by  iteration.  Chapters 
III,  fv  and  V  illustrate  other  methods  for  determining  model 
parameters.    There  are  also  sophisticated  experimental  techniques 
which  can  be  of  assistance  in  the  determination'  of  Fl  and  F2. 

By  observing  the  interaction  of  prey-predatok  populations," 
it  has  been  noted  that  the  magnitude  of  both  popula^ons  oscil- 
late.   By  utilizing  strict  experimental  controls,  it  is  possible 
to  achieve  a  nearly  constant  environment  in  'which  the  maadJnum 
and  the  minimum  populations  are  clearly  discernable.  Howe^^er, 
in  the  real  world  the  environment  is  anything  but  static  and\ 
controlled;  and  thus  the  maximum  and  minimum  populations  may-  \ 
vary  considerably.    These  observations  suggest  that  a  possible 
aid  to  the  selection  of  a  set  of  parameter  values  is  the  exis- 
tence of  oscillatory- like  behavior  of  each  of  the  populations. 
The  existence  of  oscillatory- like  behavior  implies  the  possibility 
of  the  existence  of  a  set  of  parameter  values  for  which  the  an^li- 
tude  of  the  oscillation  remains  constant.     In  an  attempt  to  see 
if  indeed  such     constant  amplitude  oscillations  can  be  produced 
by  the  model,  the  student  nay  try  several  different  sets  of 
parameter  values.    Such  an  attempt  will  not  be  successful.  However 
it  is  possible  that,  due  ^o  repeated  failure  to  obtain  constant 
amplitude  oscillations,  the  student  will  gradually  get  the  idea 
that  it  may  very  well  be      impossible  to  find  such  a  set  of  parame- 
ter  values.    The  student  who. carries  out  this  search  an4  by  so 
doing  concludes  that  it  is  not  possible  for  the  model  to  produce 
oscillatory- like  behavior,  illustrates  the  use  of  a  model  to  gain 
understanding.    The  lack  of  existence  of  constant  amplitude  oscil- 
lations is  due  to  the  fact  that  the  governing  equations  are  differ- 
ence equations  and  it  is  known  that  solutions  to  this  particular 
set  of  difference  equations  do  indeed  have  the  property  that  they 
oscillate  with  increasing  amplitude.    In  this  regard,  see  the  paper 
by  Innis.    In  contrast,  if  the  Lotka- Vol terra  prey-predator  problem 
is  formulated  in  terms  of  differential  equations,  it  is  pr>s8ible 
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to  choose  the  constants  of  proiK>rtionality  so  that  the  aopli- 
tudes  of  the  solutit>ns  do  renjain  bounded.    Thus,  in  this  latter 
formulation,  the  prey  and  the  predator  populations  are  repeated 
and  the  motion  is  cyclic. 

The  prey-predator  interaction  is  best  revealed  with  the  aid 
of  a  graph  whose  abscissa  and  ordinate  are  respectively  the 
magnitudes  of  the  prey  and  the  predator  populations.    Figure  2.2 
shows  such  a  representation  for  a  typical  prey-predator  problem. 
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Fig.  2.2 
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The  solid  line  represent-^  results  obtained  from  a  differen- 
tly equation  f6rmulation  of  the  problem  using  a  given  set  of . 
parMaeter  values.    The  dashed  line  indicates  results  obtained 
from  the  BASIC  prograinaiing  language  formulation  of  the  problem. 
In  both  examples  the  initial  populations  were  the  same.  In 
this  regard  note  part  3a  of  the  progrananing  assignment. 
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Closing  Comments 

♦ 

Iii  closing  this  chapter,  we  again  reiterate  some  of  the 
fundamental  philosophy  concerning  the  value  of  models.    In  essence^ 
we  are  hypothesizing  specific  interactions  or  ralations  among  the 
populations  and  their  environment  and  then  using  the  computer  to 
analyze  the  consequences  of  such  hypotheses.    The  hypotheses  arc 
expressed  in  the  BASIC  prograinming  ^anguage  and  are  usually  very 
much  oversimplified  and  restrictive.    Nevertheless,  we  feel  that 
they  have  in  them  some  of  the  essential  mechanisms  involved  in  the 
determination  of  the  behavior  of  the  interacting  populations.  For 
this  reason,  it  is  felt  that  we  can  gain  understanding  by  analy- 
zing our  models.     For  example,  in  the  prey-predator  interaction 
we  were  able  to  determine  what  happened  to  each  population  urtder 
the  assumption  that  the  prey  and  the  predator  populations  affected 
each  other  |.n  a  definite  and  prescribed  manner.     Now  we  hoped  that 
the  prescribed  effect  of  interaction  approximated 'the  actual 
interaction  and  hence  by  analyzing  the  results  of  our  program 
runs,  we  can  or  cannot  confirm  the  validity  of  our  hypotheses. 
In  this  way,  insight  and  understanding  of  the  actual  interaction 
of  the  populations  is  gained.     Of  course,   if  we  are  fortunate 
enough  that,  for  a  wide  range  of  values  of  the  parameters,  our 
results  very  closely  approximate  actual  observed  beh«?vior,  we 
then  have  some  faith  in  using  the  model  as  a  predictive  tool. 
Using  models  for  prediction  is  fraught  with  pitfalls?  neverthe- 
less in  making  decisions  of  any  sort  involving  future  occurrences, 
some  kind  of  model  must  be  used.     The  principal  reason  that  the 
reailts  of  computer  based  models  are  subject  to  sudi  severe  scrutiny  is  (the  very 
fact)  that  the  basis  of  these  models  can  be  laid  bare  for  all  to  see. 
Thus,  there  is  not  room  for  rhetoric,  vague  phrases,  and  other 
methods  of  conviction  that  are  so  frequently  used  when  presenting 
an  argument.    The  coaaputer  program  is  very  specific  and  hence  the 
prescription  for  calculating  the  results  is  clearly  evident  in 
tho  program.     For  this  reason,  it  is  pc^ihle  to  disoem  v^t  the  program  is 
doing  and  to  consequently  know  the  actual  Basis  upon  which  the 
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results  were  obtained.  There  is  no  ambiguity  or  vagueness 
in  the  programming  statements  and  thus  there  are  no  hidden 
agendas.  " 

This  brief  discussion  concerning  the  philosophy  of  modeling 
was  given  to  again  remind  the  student  that  the  importance  of  a  , 
model  is  the  ability  to  test  and  analyze  the  consequences  of 
the  assumptions  upon  which  the  'model  is  constructed.     It  is 
sometimes  possible ,  as  we  have  seen  above ,  *^to  arrive  at  the 
same  model  using  different  assumptions.    Therefore,  in  the  light 
of  the  previous  discussion,  it  is  important  to  interpret  and 
analyze  the  results  of  the  model  always  recognizing  the  particu- 
lar assumptions  from  which  the  model  was  constructed. 

The  kinds  of  equations  that  %#e  have  been^ considering  in  these 
first  two  chapters  are  called  finite  difference  equations.    A  very 
readable  discussion  of  such  equations  is  given  in  the  text  by 
Goldberg  (1958).     It  is  known  that  there  exist  finite  difference 
equations  which  are  unstable;  that  is,  when  they  are  programmed 
and  run  on  a  cc»nputer  the    numerical  results  bear  no  relation  to 
the  true  results.    This  is  because  of  the  limited  arithmetic 
precision  of  the  computer.    Speaking  very  loosely,  such  behavior 
is  called  numerical  instability  and  is  discussed  in  courses  in 
numerical  analysis. 
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PROBiESMS 
CHAPTER  II 

« 

Modify  the  two   independent  growth  eqixations  to  include: . 

(a)  The  effects  of  a  finite  food  supply  and  prey-predator 
interaction. 

(b)  The  effects  of  contamination  and  a  finite  food  supply. 

(c)  The  effects  of  contamination  assuming  an  abundance  of 
food,  space,  etc.    and  no  prey-predator  interaction. 

List,  and  clearly  define,  a\X  notations. 

Write  a  program  to  analyze    l^a) .    Choose  values  for  the  param- 
eters and  make  some  runs.    Discuss  your  results. 
In  a  two  population  finite  resource  model,  the  natural  growth 
rates  for  the  first  and  second  populations  are    0.4    and  0.6 
respectively.     Let  the  initial  populations  be    100    and  '  200 
and  let  the  constants    Rl,    R2,    Tl    and    T2    have  the  respec- 
tive  values    0.001,    jD.  002,     0.3   'and    0.  2. 

(a)  Determine  which  population  will  survive. 

(b)  How  many  generations  before  the  dying  population  becomes 
less  than    1,     i.e.    dies  out. 

(c)  Make  some  runs,  using  diffatent  initial  populations  and 
record  the  number  of  generations  li^fore  one  population 
dies  out.    Plot  the  results.    Discuss  them. 

(d)  Make  some  runs  with  different  yalues  of    61    and  Tl. 
Graphically  display  the  nusdser  of  generations  required 
for  the  vanishing  of  a  specie  versus  the  ratio  Gl/Tl. 
Discuss  tne  results. 

An  insect  population  is  increasing    10    percent  per  week  during 
the  summer  months  of  April  1  througl^ October  1.   ^In  the  remain- 
ing or  winter  months,  the  population  decreases  5  percent  per 
month.    A  migratory  bird  population  resides  in  the  same  habitat 
as  the  insects  during  the  sK^nths  of  May  through  August.  Each 
bird  eats  approximately  50  insects  per  day  and  during  the  ii»nth 
of  June  the  birds  reproduce.    It  is  assumed  that  corresponding 
to  each  parent,  two  newborn  survive  to  beccase  adults.    It  is 
further  assumed  that  by  the  end  of  June  the  newborn  birds  are 
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e.tin,  .a  many  insects  a.  the  adult  birds  and  that  during  the  ^ 
™,„th  of  June  they  required  no  insects  as  food     ^^"Z'  " 
assumed  that  during  the  remaining  months  from  September  through  . 
April,  the  mortality  rate  of  the  birds  is  60  percent.    If  the 
initial  population  of  the  insects  is  100  million.  «.d  the  xni- 
tial  population  of  the  birds  is  1000  on  May  1,  graphically  die 
pl»f  the  time  evolution  of  e«*  population  for  a  period  of  five  vwrs.   tBe  a 
time  int:r««.t  of  one  day  in  your  pr^lm  and  assane  there  are  28  days  each  mcrtl 
^■populations,    PI    and    P2.    are  coexistent.    The  daily  change 
in  the  first  population  is  directly  proportional  to  the  number 
of  the  second  population  while  the  daijy  change  in  the  second 
population  is  such  as  to  decrease  the  second  population  by  an 
Lount  proportional  to  the  second  population.    Describe  the  growth 

of  both  population.  - 
in  a  community  (t  t«o%pecies.  the  first  sp  cies  grows  at  the/  x 
rate  of    20%    per  month  (30  days)  whereas  the  second^peci^^  ; 
grows  at  the  rate  of  5%  per  week.    The  daily  food  -""""^^l""^  j 
of  the  first  population  is  proportional  to  the  first  popul^ion  ; 
with  a  constant  of  proportionality  equal  to    1    food  unxt  per^ 
day  per  1000  individuals.    Similarly,  the  daily  food  consumptioo 
of  the  second  population  is  proportional  to  the  second  popula-  , 
tion  with  a  constant  of  proportionality  equal/to    2    food  units 
per  day  per  1000  indivi&als.    The  effect  of /this  food  consump- 
tion on  the  growth  rate  of  each  population  /s  such  as  to  decrease 
the  growth  rates  of  each  population  by  a^Jnts  proportional  to 
the  total  food  consumed  each  period.    ^  respective  tonstanta, 
„f  proportionality  are    0.01  ^  «>;002.    Describe  the  growth 
of  the  two  populations.     (HINT:    One  day  should  be  chosen  as  the. 
fundamental  time  period). 

using  the  conditions  of  problem  6,  describe  the  growth  of  the 
two  species  assuming  that  the  daily  food  consumption  of  each  pop- 
ulation is  proportional  to  the  square  of  each  populationg  wxth 
the  same  constants  of  proportionality.  , 
in  the  derivation  of  the  prey-predator  program,  it  was  assumed 
that  the  proportions'  of  births  and  deaths  of  the  prey  were 
modified  in  proportion  to  the  population  of  the  predator.  If 
instead,  the  change  in  the  birth  and  death  proportions  of  the 


prey  are  assumeJ--to  be  pr^portionaX  to  the  cube  of  the  predator  ^ 

population r  describe  the  time'  evolution  of  both  the  prey  and 'the 
predator. 

Construct  a  program  describing  the  time  behavior  of  three  popula- 
tions assuming  that  two  populations  dr&  prey  for  the  , third.  ^,tate 
your  hypotheses  clearly.    Describe  the  results.  '   ,  .  - 

Same  as  problem  number  9  /  only  assume  that  the  f if^t  population 
is  prey  for  the  second  and  that  both  the  first  a»d  second'  popula- 
tions are  prey  for  the  third  population.  4 

Construct  a  program  describing  the.  behavJ.or  of  .these  |K}pulations  . 

competing  for  the  saa»  food  supply.    Describe  your  results. « 

*        •  / 
%  .  •  • 
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CHAPTER  III 
PARAMETER  DETElOCniATION 

Introductioo 

In  the  Halthus  model,  the  growth  coefficient    G   was  an  unde- 
termined parameter,  wl>ereas  in  the  finite  resource  i»>del  both  G 
and    Gl    were  undetermined  or  free  parameters.    The  student  will 
recall  that  these  parameters  resulted  from  the  assu^tion  that  one 
variable  was  proportional  to  another  variable  and  that  the  paranteters 
either  were  the  constants  of  proportionality  or  were  directly  related 
to  the  constants  of  proportionality.    In  fact,    G   was  defined  as  the 
difference  between  the  birth  rate    B,    and  the  mortality  rate  M, 
and    Gl    was  defined  in  a  similar  manner.    The  determination  of  such 
parameters  is  frequently  effected  by  a  c<»qparison  of  model  results 
with  experiB^ntally  obtained  results.    Sc^etimes  it  is  possibly  to 
conduct  experiments  which  will  permit  the  determination  of-  each  param- 
eter in  a  sequential  and  direct  manner.    It  is  also  occasionally  the  , 
case  that  some  of  the  parameters  may  be  obtained  frc»B  palculations 
utilizing  both  theoretical  and  experimental  results.    Usually,  however, 
the  determination  of  the  parameters  is  more  difficult  and  it  is  not 
£^ssible  to  determine  each  parameter  s^uentially.    Consequently,  a 
set  of  experimental  data  must  be  obtained  and  a  ccHi^iarison  made  with 
a  set  of  computer  or  theoretical  results  in  order  to  obtain  the  model 
{^ras^ters.    The  process  is  both  lengthy  and  difficult  and  has  neccui- 
sitated  the  development  of  elegant  mathematical  and  experimental  tech- 
niques. 

There  are  two  primary  sources  of  error  which  make  the  determi- 
nation of  the  parameters  difficult.    They  are    (1)    errors  in  the 
model,    and  (2)    errors  in  the  experimental  data.    The  model  can  be  in 
error  because  it  was  constructed  on  the  basis  of  an  incrai^lete  or 
an  in^rrect  hypothesis,  because  con^utational  resource  limitations 
prevented  the  construction  of  a  sore  coo^lete  model,  or  because  of 
^ogramming  errors.    These  latter  errors  are  very  difficult  to  detect 
since  there  rarely  exists  ahy  known  answers  or  data  with  i^ich  the 
program  can  be  checked. •   The  experimental  data  may  1»  in  error  because 
o£  limitations  in  experimental  technique,  the  ia^ssibility  of  per- 


form^^g  the  exact  desired  essperiment,  inaccuracies  in  the  recidifding  | 
of  the  data  or  juat  plain  experimental  blunders.    All  of  these  fae^ 
tor«  must  be  considered  when  the  investigator  is  determining  th*e  i»>del  ; 
parameters.     It  is  not  our  place  to  consider  these  sources  of  dif fi* 
ct)(lty  here  except  tot  say  that  in  accordance  with  Mitrphy's  hav,  pro-  "4^ 
gramming  errors  and  experimental  blunders  usually  occur  and  necessi- 
tate an  attitude  of  eternal  vigilance  to  prevent  their  occurrence. 

me  will  "assume  away**  all  of  the  others  and  carry  on  as  if  th€^  could  .  1 
i  I  ,  .  'i 

,not  happen  to  nice  i^ople  Ixke  us. 

•    •  '   ■  -1 

An  Example 

As  the  first  example  of  the  general  problem  of  parameter  deter-, 
^nation,  we  consider  .the  problem  of  determining  the  growth  coefficient, 
in  the  Halthus  model.    This  pro!  lem  is  chosen  because  of  the  simpli- 
city of  presenting  the  ideas.    In  actual  f^t,  it  is  quite  difficult  ^ 
experimentallyiinsuce  such  a  pepulation  growth  because  of  th6  dif f 
culty  of  ensuring  the  hypotheses  of  a  completely  constant  environment 
over  a  lengthy  period  of  time.  1 

The  output  of  the  ccn^uter  program  consists  of  a  sequence  of 
points  which  describe  the  time  evolution  of  the  population.    Xf  a 
smooth  curve  is  drawn  through  these  points,  the  resultant  curve  de- 
scribes the  population  at  any  instant  of  time.    This  rather  obvious 
statement  is  made  because  in  the  following  we  will  use  the'  terms,  graph, 
curve,  and  sets  of  points  interchangeably.    As'  the  student  has  noted, 
the  graph  changes  shape  as  the  growth  parameter    G    changes.  This 
suggests  the  possibility  of  detezrmining  the  growth  parameter  by  sue- 
cessive  alterations  of  an  initial  estimate  of  its  value  until  a  popula- 
tion curve  is  obtained  which  coincides  wit^,  or  is  close  to,  the 
experimentally  determined  ^pulation  curve.  .  There  are  several  alter-  . 
ation  processes  %i7hicb. have  been  used  with  varying  degrees  of  effective- 
ness.   The  first  process  to  be  described  is  a  trial  and  error  process 
and  is  admittedly  not  elegant.    Nevertheless,  such  a  procedure  is 
usually  quite  effective,  especially  when  the  investigator  has  acme  ^ 
previous'  knowledge  concerning  some  or  all  of  the  parameters.  Moreover, 
since  it  depends  upon  the  interaction  of  the  investigator  with^  t^  " 
craaputer,  the  technique  enables  the  investigator  to  develop  some  insight' 
into  the  problem.  ' 


In  multiple  parameter  determination  problems,  as  well  as  in  the 
single  Malthas  parameter  determination  problem,  if  a  mathematical  for- 
mulation had  been  employed  to  describe  the  phenomena,  the  solutionis 
of  the  resulting  equations  would  have  contained  the  model  parameters 
and  the  problem  of  the  determination  of  these  parameters  would  still 
have  remained.    This  problem  has  a  long -mathematical  history  and  many 
techniques  have  been  developed  to  facilitate  its  solution.  These 
techniques  are  usually  iterative  procedures,    i.e.  they  require  an' 
initial  guess  at  the  value  of  the  parameters  and  then  a  "correction 
process"  is  aK>lied  which  hopefully,  will  improve  the  initial  gueps. 
The  corrected  set  of  values  is  used  as  the  initial  guess  for  the  deter- 
minat^ion  of  the  next  set  of  values  and  the  process  repeated.    The  pro- 
cedure is  continued  until  the  theoretically  obtained  graph  is  suitably 
close  to  the  experimentally  obtained  curve  and  then  the  paran^ter 
values  so  required    are  assumed  to  be  the  desired  values.    There  is 
thus,  a  very  close  similarity  between  the  n^qj.  approach  and  the  mathe- 
matical approach  to  the  problem. 

Perfect  agreement,  that  is  ccanplete  coincidence  of  the  theoretical 
and  experimental  data,  cannot  be  expected  and  hence,  we  will  have  to 
be  satisfied  with  those  parameter  values  yielding  a  calculated  curve 
which  is  clbse  to  the  experimental  curve.     Thus,  we  are  making  the 
tacit  assumption  that  large  changes  in  the  values  of  the  parameters 
will  produce  correspondingly  large  changes  in  the  resulting  population 
curve  because  this  will  insure  that  two  very  different  sets  of  parame- 
ter values  would  not  produce  two  population  curves  equally  close  to 
the  experimental  curve.     If  two  widely  different  sets  of  parameters 
did  produce  almost 'coi?»cident  population  curves,  it  would  be' most 
difficult  to  accurately  determine  the  parameters.    We  would  say  that 
the  model  is  very  insensitive  to  these  parameters  and  that  quite  possi- 
bly the  model  could  be  improved  or  some  other  technique  should  be  used 
to  obtain  the  parameters.  • 


Comparison  of  Two  Curves 

The  criteria  for  selecting  the  model  parameters  depends  upon  the 
ability  to  determine  the  comparative  closeness  of  different  ccni^uter 
generated  curves  with  the  experimentally  generated  curves.   In  particu- 
lar, if  we  have  two  curves  labeled    Cj^    and    Cj,    how  can  we  decide 


which  curve  is  closer  to  a  third  curve  labeled,    C^.    If  the  three 
curves  were  three  points,  and  the  points  labeled    P^^,    Pj^    and  P^, 
the  problem  would  have  a  simple  solution,    ^e  would  use  a  ruler  and 
just  :fiieasure  the  distance  between*  the  two  po-nts    Pj^    and    P^  and 
the  distahce  between  the  two  points    Pj    and    P^,    and  then  compare 
the  results.    However,  the  obtaining  of  a  numerical  estimate  for  the 
distance  between  two  curves  is  a  more  difficult  task  since  we  do  not 
have  a  correspondingly  simple  method  of  numerically  estimating  the 
distance  between  two  curves.    We  are  thus  faced  with  the  problem  of 
trying  to  establish  some  way  of  assigning  a  numerical  value  to  the 
distance  b^twdln  two  curves..  In  n^thematics,  such  an  expression  is 
called  a  Norm. 

The  establishment  of  a  suitable  measure  for  the  numerical  esti- 
mate of  the^ distance  between  two. curves  is 'greatly  facilitated  by- 
examining  a  pictorial  representation  of  the  problem.    Pjlgure    3.1  x 
below  indicates  a  portion  of  two  curves  labeled    Cj^    and  re- 
spectively. 

^        •     «■  •         •     •  «  • 
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The  points    h^,    B^,    C^^,    and  belong  to  the  curve    C^,  and 

the  points  »2'    ^2'  °2'  to  the  curve    C^.  Before 

attempting  to  formulate  an  expression  for  the  numerical  estimate  of  - 
the  distance  between  the  two  curves,  it  is  necessary  to  establish  some 
desirable  characteristics  that  such  an  expression  should  possess.  An 
examination  of  the  figure  will  suggest  some  of  these  characteristics. 
First  of  all,  the  estimate  should  have  the  property  that  a  large  numer- 
ical value  of  the  distance  estimate  should  correspond  to  the  fact  that 
the  curves  are  far  apart,  and  conversely,  a  small  numerical  estimate 
should  imply  that  the  curves  are  close  together -    In  particular,  if 
the  magnitude  of  the  numerical  estimate  for  the  distance  is  zero,  the 
two  curves  should  coincide,  and  conversely*  if  the  t%*o  curves  coincide, 
the  numerical  estimate  should  be  zero.    A  second  desirable  feature  for 
the  expression  for  the  estimate  of  the  distance  is  that  the  estimate 
for  the  distance  between  the  curves  and    C^^    should  be  equal  ^to 

the  distance  estisaate  betv^een  the  curves  and    Cj.    Finally,  the 

numerical  estimate  of  the  distance  should  also  possess  the  property 
that  the  numerical  estimate  of  the  distance  betweeln  the  two  curves 
and    C^f    when  added  to  the  distance  estimate  between  the  two  curves 

and    C3,     should  be  greater  than  or  equal  to  the  numerical  estimate 
of  the  distance  between  curves    Cj^    and    C^.    This  ij  a  generalization 
of  the  fact  -that  a  straight  li.ne  is  the  shortest  distance  between  two 
points.    With  these  criteria  in  mind  we  proceed  to  "guess  at"  or 
"cobble  up"  an  expression  for  the  numerical  determination  of  the  dis- 
tance between  two  carves.     The  fact  that  we  can  numerically  determine 
the  distance    between  two  points  and  the  idea  that  we  can  imagine  each 
cur^e  as  made  up  of  a  large  number  of  points  suggests  a  method  of  de- 
termining the  required  estimate. 

'  In  order  to  make  the  subsequent  discussion  iiKjre  easy  to  follow, 
it  is  convenient  to  introduce  the  following  definition.     Let    P^^  be 
any  point  on  curve    C^,     and    P2    be  any  point  on  curve    Cj,     then  the 
pair  of  points     (P^^,  s^^^  ^°  ^  corresponding  points  if  they 

have  the  same  abscissa  or  horizontal  coordinate.     Thus,  if  a  pair  of 
corresponding  points  have  the  same  ordinate  or  vertical  coordinate,  the 
points  coincide  and  this  point  is  a  point  of  intersection  of  the  two 
curves.    Furthermore,  if  a  section  of  the  first  curve  is  close  to  a 
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section  of  the  second  curve  the  differences  of  the  ordinates  (these  ^ 
differences  are  called  deviations)  of  corresponding  points  on  these 
sections  is  small.    These  facts  suggest  that,  a  summation  of  the  dif- 
ferences of  ordinate  values  for  several  corresponding  points  should 
provide  a  reasonable  measure  of  the  distance  between  the  two  curves. 
This  estimate  is  defective  however,  since  an  examination  of  the  cor- 
responding pairs  of  points     (B^,    B^)    ^d    (D^,    B^)    in  Fig.  3.1 
reveals  that  the  difference  in  verticaUvalues  of    B^^    and  is 
the  negative  of  the  difference  pf  the  vertical  values  of    D^^  and 
D,.    Hence,  the  sum  of  these  deviations  is  zero  and  yet  the  portions 
of  the  curves  subtended  by  these  points  are  certainly  not  coincident. 
This  defect  is  readily  corrected  by  always  taking  ^the  difference  be- 
tween the  ordinate  values  as  positive,     i.e.  taking  the  absolute 
value  or  magnitude  of  the  difference.     It  is  then  seen  that  if  the 
sum  of  the  absolute  value  of  the  deviations  of  a  specified  set  of 
correspc^ing  pairs  Of  points  is  ze«.  that,  at  least  at  these  points,  ^ 

coincide.  R^rthermare,  the  distance  as  calculated  gives  the  same  value  for 
the  distance  from    C,    to  as  from    C2    to    C^.     Finally,  if  the 

sum  is  very  small  for  a  large  number  of  points  and  the  curves  are 
"smooth-  and  do  not  have  many  wiggles,  then  the  curves  will  be  close 
together.     If  the  BASIC  programming  language  notation  is  used  to  xndl-  ^ 
cate  the  absolute  value  of  a  quantity,  the  sum  of  the  absolute  values 
of  the  difference  of  the  ordinate  values  would  appear  as 

ABSCA^-A2)   +  ABS(B^-B2)   +  ^BSiC^-C^)   +  ABS (0^-03). 

,    «      n  n      indicates  the  vertical 

In  this  expression    ^if^2'     V   '     2  ^"o^^^^*""* 

values  or  ordinates  of  the  points. 

A  very  popular  method  of  numerically  estimating  or  determining  the 
distance  between  two  curves  is  to  calculate  the  sum  of  the  squares  of 
the  deviations.    With  reference  to  Fig.     3.1    and  the  four  points  shown 
this  criteria  may  be  expressed  as 

(A  -A  )2  ^  (B  -B  )2  +   «C  -C  )2  +  ^^"^^^ 
12  12  12  12 
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where  the  subscripted  variables  again  indicate  the  ordinate  or  ver- 
tical values  of  the  points. 

Another  very  popular  distance  criteria  is  the  maximum  magnitude 
of  the  deviations.     Using  the  same  illustrative  example,  this  criteria 
is  obtained  by  first  calculating  the  four  quantities 


ABSCA^-A^),         ABS(B^-B2),  ABS(C^-C2),         and  mSiD^-D^), 

and  then  detenninir^  the  largest  of  these.    Uiis  estimate  is  sonetimes  called 
the  Max.  Norm,  and  measures  the  closaiess  of  to«  curves  by  tte  magnitaide  of  the 
largest  distance  betwe^i  pairs  of  corre^csidii^  points,    it  is  sean  that  aU  the 
ipn^^es  of  a  distance  measure  are  fulfilled  and  in  particular,  if  the  maximum 
deviation  is  zero,  tl^  curves  will  coincide.  \ 

Still  another  method  is  based  upon  a  calculation  of  the  area  be- 
tween two  curves,  being  careful  to  consider  all  such  areas  as  positive. 
Each  of  these  methods  satisfies  all  of  our  desired  criteria  for  the 
numerical  estimation  of  the  distance  between  two  curves.     In  this  work, 
the  criteria  for  closeness  will  frequently  be  chosen  to  be  the  sum  of 
the  squares  of  the  deviations  since  this  criteria  is  the  easiest  to 
calculate.     The  student  may  be  familiar  with  such  a  criteria  from 
courses  in  statistics  where  the  method  of  "least  squares"  plays  such 
an  important  role.     Thus,  in  the  Work  below  we  will  calculate *the  sum 
of  the  squares  of  the  differences  of  several  pairs  of  corresponding 
points  on  the  two  curves  and  if  this  difference  is  small,  we  will  con- 
elude  that  the  curves  are  close  together.     If  a  pair  of  curves  is  a 
finite,  though  small,  distance  apart  we  note  that  by  increasing  the 
number  of  pairs  of  corresponding  points  we  can  indefinitely  increase 
the  value  of  the  sum  and  this  would  imply  that  no  matter  how  close  the 
two  curves  were  that' by  taking  enough  pairs  of  points  in  the  calculation 
we  could  always  conclude  that  the  curves  are  far  apart.     However,  the 
criteria  for  the  determination  of  the  distance  between  two  points  is 
to  be  used  to  compare  the  degrees  of  closeness  of  two  curves,  and 

C  ,     to  curve    C3    and  thus  we  will  choose  the  same  number  of  pairs  of 
corresponding  points  in  each  comparison.    This  criteria  also  requires 
that  the  points  chosen  on  the    C^^    and    C2    curves,  correspond  to  the 


points  chosen  on  the    C3    curve.     In  this  manner  the  smaller  sura  will 
provide  a  consistent  measure  for  determining  which  of  the  curves, 
or    Cgr     is  closest  to  curve  C^. 

i 

Comparison  with  Experiment 

aaving  established  a  usable  measure  that  will  permit  the  compari- 
son of  both  model  and  experimental  results,  we  return  to  the  problem 
of  detenoining  the  growth  parameter    G    in  the  Malthas  model.  The 
recent  growth  of  many  human  populations  has  been  described  as  exponen- 
tial.   In  particular  the  United  States,  with  its* vast  area  and  relative  ^ 
abundance  of  natural  resources,  has  provided  an  approximate  constant 

IB* 

environment  for  the  growth  of  the  population  up  until  ret:ent  times.   .„  ^ 
Thus,  the  recorded  population  growth  of  the  United  States -should  pro- 
vide somewhat  realistic  data  to  use  as  a  basis  of  comparison.  The 
changes  in  population  due  to  immigration  will  be  ignored  and  it  will' 
be  assumed  that  the  Malthus  nK34el  ^results  can  approximate  the  actual 
population  growth.    The  growth  is  presented  in    Table    3.2    and  the 
data  has  been  taken  from    Peterson  (1961). 

The  experimental  data  is  presented  for  equal  increments  of  time; 
however,  it  is  often  the  case  that  such  data  is  obtainable  only  at 
unequal  time  increments  or  at  instants  of  time  which  do  not  coincide 
with  the  computer  results.     Since  the  criteria  for  closeness  requires 
that  pairs  of  experimental  and  theoretical  points  be  correspondxng 
points,  interpolation  or  curve  fitting  techniques  must  be  used  to  ob- 
tain data  that  enables  the  use  of  corresponding  experimental  and 
theoretical  points.     Such  techniques  will  be  discussed  later  {see 
Chapter  IV),     and  thus  the  present  example  will  use  the  same  time 
period  in  the  model  as  employed  in  the  experiment.    This  will  insure 
the  existence  of  corresponding  data  points. 

A  Suggested  Method 

We  will  determine    G    using  the  sum  of  tie  squares  of  the  devia- 
tions  as  the  criteria  for  the  closeness  of  two  curves.     Hence,  we  will 
modify  the  constant  resource  model  computer  program  to  calculate  the  sum 
of  the  squares  of  the  differences  between  pairs  of  corresponding  experi- 
mental and  calculated  points.    With  the  aid  of  this  program,  the 
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TABI«S  3.2 


U.  S.  Population  Growth 

Population 
Y^r  (Mii  lions) 


^  *y  f%  i\ 

1790 

3. 93 

1800 

5.31 

10 

7.24 

20 

9.64 

30 

12.87 

40 

17.07 

50 

23.19 

60 

31.44 

70 

39.  82 

80 

50.16 

90 

62.95 

1900 

75.99 

10 

91.97 

20 

105.71 

30 

122.78 

40 

131.67 

50 

150.70 

60 

179.32 
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-determination  of    G    will  be  accomplished  by  find^.ng  that  value  of  0 
which  results  in'  the  minimum  value  for  the  sum  of  the  squares  of  the  ,y 
deviations.    The  time  increment  in  the  model  will  be  assumed  to  be  ten 
years  to  coincide  with  the  time  increment  in  the  experiment.    This  i»-  t 
plies  that  the  growth  coefficient,  when  so  obtained,  is  with  respect 
to  a  ten-year  period.     Thus,  we  would  be  obtaining  the  relative  change 
in  the  population  over  a  ten  year  period  instead  of  over  the  normal 
single  year  period.     It  is  possible  to  calculate  the  populations  assum- 
ing a  single  year  period  and  to  then  compare  the  populations  every  ten 
years.    See  problem  number  1  at  the  end  of  the  chapter.    The  results  ar^ 
somewhat  different  than  what  might  be  expected.    The  growth  coefficient 
so  obtained  is  a  yearly  growth  coefficient,  that  is,  the  relative  change 

in  the  population  each  year. 

The  procedure  for  determining    G    will  be  very  heuristic.     It  will 
consist  of  assuming  different  values  for    G    and  then  using  the  program 
to  evaluate  the  sum  of  the  squares  of  the  deviations,     S,     of  the  pairs 
of  corresponding  computational  and  experimental  points.     The  value  of 
G    resulting  in  the  smallest  sum  will  be  assumed  to  be  the  true  value. 
This  is  a  pure  trial  and  error  procedure.     Hopefully,  however,  our  in- 
tuition will  be  increased  as  the  number  of  trials  increases  and  thus 
the  process  should  not  be  too  lengthy.     Our  intuition  is  usually  always 
greatly  increased  when  such  a  procedure  is  used  and  this  is  one  of  the 
principle  benefits  of  such  a  very  heuristic  procedure.     Complicated  or 
elegant  methods  sometimes  render  the  obtaining  of  answers  easier,  but 
render  the  obtaining  of  insight  more  difficult.     In  actual  practice, 
usually  only  a  small  number  of  trials  are  necessary  to  ol^ain  fair 
results.     This  last  statement  may  require  some  clarification.  In 
essence,  the  problem  is  to  know  when  to  stop  correcting  the  value  of 
G.     One  criteria  for  stopping  is  exhaustion,  but  this  is  hardly  a  work- 
able criteria.     The  process  is  usually  stopped  when  it  appears  that 
small  changes  in    G    produce  only  very,  very  small  changes  in' the  sum. 
In  order  that  the  trial  and  error  process  be  effective,  it  is  assumed 
that  the  model  approximates  the  experimental  phenomena  sufficiently 
closely  so  that  there  truly  does  exist  only  one  minimum  point,  i.e 
only  one  value  of    G    for  which  the  sum  of  the  squares  of  the  deviation 
is  a  minimum.     The  perceptive  or  mathematically  sophisticated  student 
will  note  that  we  are  assuming  there  are  no  relative  minimum  points  for 
the  surface  S. 
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A  principal  value  of  the  guessing,  or  trial  ana  error  technique, 
is  that  complete  failure  of  the  method  frequently  serves  to  indicate 
a  significant  deficiency  in  the  model.     Furthermore,  for  very  compli- 
cated models  such  a  technique  may  very  well  be  the  only  feasible 
technique.     Finally,  it  may  be  the  case  that^  there  are  some  exterior 
imposed  constraints  on  the  parameters,     e.g.     each  should  be  larger 
than  some  value,  yet  the  sum  is  not  a  minimum  for  parameter  values 
satisfying  these  constraints.     Thus,  the  investigator  must  compromise, 
which  cqmpromise  must  partially  ^e  determined  by  conditions  exterior 
to  the  problem  as  well  as  the  desfte  to  minimize    S.     In  almost  all 
cases,  a  satisfactory  compromise  is  obtainable  only  with  the  assistance 
of  the  intuition  and  objectives  of  the  investigator.     It  is  only  fair 
to  point  out  to  the  student  that  the  assumption  that  there  does  indeed 
exist  a  minimum  point,  and  that  furthermore,  this  point  is  the  only 
such  point,  is      very  strong  assumption.     In  practice,  this  frequently 
is  not  *the  case,  and  there  do  exist  other  relative  minimum  points. 
Since  the  purpose  of  this  section  is  to  illustrate  a  method  which  is 
often  times  successful,  a  discussion  of  alternative  methods,  improve- 
ments and  pitfalls  .will  be  postponed  until  later. 


The  Program  Modifications 

The  original  Malthus  model  program  has  been  modified  to  calculate 
the  sum  of  the  squares  of  the  deviations.     Because  it  was  very  easy  to 
do,  the  program  was  also  modified  to  determine  the  deviation  of  largest 
magnitude  as  well  as  the  magnitude  of  this  deviation.     In  addition,  the 
program  was  altered  to  also  calculate  and  print  the  relative  error  cor- 
responding to  each  observation  point.     The  relative  error,     R,     for  a 
period  is  defined  to  be  the  deviation,     D,     between  the  theoretical 
and  the  observed  population  at  this  period  divided  by  the  observed  pop- 
ulation.    Thus,  since    D  «  P(D)-E(I),     it  follows  that    R  =  D/E(I). 
As  mentioned  previously,  the  numerical  value  of  the  deviation  of  lar- 
gest magnitude  and  the  distribution  of  the  magnitudes  of  the  relative 
errors  are  other  estimates  of  the  degree  of  closeness  of  two  curves. 
They  are  included  in  this  program  because  |jj|eir  calculation  requires 
very  little  extra  effort.     Th6  program  is  listed  in    Fig.     3.3  and 
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1  REH         SINGLE  VARIABLE  CURVE  FITTING 

2  REM         SIMPLE  POPULATION  GROMTM  MODEL    — ' 

3  REM      LEAST  SQUARES  AND  WIN  mK  FOR  DEVIATIONS 
5  DIM  P<50>.  E<SO> 

10  QOSUB  205 

15  PRINT  "INPUT  P<0>" 

20  INPUT  Q,  P<0^  ^ 
25  REM      INSTR.   NOS.    20  TO  40  CALCULATE  THE  POPULATIONS 

30  FOR  J«0  TO  25 

25  LET  P<I-i.i>bP<:i>4.q*p<i> 

40  NEXT  I 

41  PR.INT 

45  RgM  INST.    NOS.    56  TO  85  CALCULATE  THE  MEASURES  OF  CLOSENESS 

46  PRINT 

50  LET  S»0:LET  K-O 

55  LET  M»ABS<P<8:>-E<0>> 

5?  LET  R««M/'E<0> 

60  PRINT      P<0>,  E<0>.  M,  R 

65  FOR  I«1T0  17 

70  LET  D«RBS<P< I >-£<!>> 

75  IF  D<«MGO  TO  85 

80  LET  M«D:LET  K^I 

85  LET  S«S-»-Di«D 

90  LET  R«D/E<I> 

95  PRINT  I,P<I>.E<I>,D,R 

100  NEXT  I 

105  PRINT 

110  PRINT  "THE  VALUES  OF     G.     S.     M    AND    K  ARE" 

115  PRINT  Q/  S.  M.  K  ^ 

120  STOP  .  ' 

155  RETURN 

160  END 

INSTR.    NOS.    205  TO  230  ENTER  THE  EXPERIME'  TAL  DATA 
3.  93/  5.  31.  7.  24,  9.  64, 12.  87,  17.  07,  23.  19,  31,  44 
JTA  39.  82,  50.  16,  62.  95,  75.  99,  91.  97,  105.  ?1  ^ 
ITA  122.  73,  131.  67,  150.  7, 179.  32 
FpR  J=0  TO  17 
READ  E<J> 
230  NEXT  J 
235  RETURN 
240  END 

READV 


*  1 
Figure    3.3  ' 
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the  three  measures       closeness  are  calculated  in  Instructions    50  to 
100.     Instructions    30  to  40    calculate  the  population  using  the 
assumed  value  of  the  growth  coefficient  and  the  experimental  data f 
E(I),     is  entered  by  instructiohs    205  to  230. 

The  Sprogram  can  be  used  to  assess,  by  different  criteria,  the  • 
closeness  of  the  theoretical  and  experimental  data.     The  use  gf  more 
than  one  criteria  for  the  closeness  of  two  curves  is  presented  to 
illustrate  the  fact  that  different  parameter  values  may  be  obtained 
depending  upon  which  closeness  criteria  is  used.    As  previously  stated, 
there  are  many  criteria  for  the  closeness  of  two  curves.     In  fact,  if 
the  relative  error  is  small  in  magnitude  for  all  observation  points 
of  interest,  this  indicates  that  the  curves  are  close  together  over 
the  entire  time  period  or  range.     In  contrast,  the  fact  that  the  sum 
of  the  squares  of  the  deviations  is  small  indicates  that  the  total 
variation  between  the  two  curves  is  also  small.     It  is  possible  for 
the  total  variation  to  be  ^mall  and  yet  for  the  relative  error* at  a 
single  or  a  few  points  to  be  quite  large.     Consequently, .  the  uniform 
smallness'of  the  relative  error  tiogether  with  a  comparatively  small, 
or  minimum  value,  for  the  sum  of  squares  of ; the  deviations  provides  a 
quite  good  working  criteria  for  testing         closeness  of  the  two  curves. 

Your  author  has  used  this  program  to  determine  the  "best"  value 
for    G    and  detailed  results  are  presented  in    Tablus    3. 4,     3.5,  and 
3.6.     Table    3.4    gives  a  detail  of  a  "typical"  run.     The  column  headed 
I  indicates  the  decade  number  and  the  columns  labeled    P(I)     and  E(lMI^ 
list  the  calculated  population  and  the  observed  population  respectively 
for  each  decade.     The  last  two  columns,  entitled    D    and    E    list  the 
deviation,     (P{I)-E(I))     and  the  relative  error     (P(I)-E{I) )/E{l ' 
respectively.     At  the  bottom  of  the  table  there  is  given  the  value  of 
the  growth  coefficient    G    used  to  calculate  the  populatio;i,     the  value 
of  the  sum  of  the  squares  of  the  deviations,     S,     the  magnitude,     M,  of 
the  largest  deviation,  and  the  decade  in  which  this  deviation  occurred. 
The  values  of    A=0.265    and    Pf0)=3.93  million  were  used  in  this  run 
and  a  graphical  cocq^arison  of  th^  calculated  population  growth  versus 
the  known  or  experimental  growths  is  given  in  figure    3.7.     In  Tables 
3.5    and    3.6,     the  results  appearing  in  the  columns  labeled    S  and 
M    are  rounded  figures  and  the  number  listed  in  the  column  headed  K 
is  the  decade  period  corresponding  to  the.  deviation  of  largest  magni' 
tude.    In  each  of  these  tables,  the  results  of  a  dozen  or  so  runs  are 
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Table  3.4 

Results  of  a  Typical  Run 
Using  Program  in  Fig.  3.3 
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E<I> 

D 

R 

2.  92 

3.  93 

G 

0 

X 
m 

4  97145 

5.  31 

.  23855 

.  ©637571 

W  •     Km  W 

7.  24 

.  951116 

.  13127 

7  95544 

9.  64 

1.  68456 

.  17474? 

Jk.  w  .    V»'  W  W 

12.  87 

2  80637 

.  218055 

12  7305 

17.  07 

4  33951 

.  254218 

16  1041 

5  23.  19 

7.  08593 

.  30556 

7 

r 

£0.  3717 

31.  44 

11  0683 

.  352047 

25  7701 

39  82 

14  0499 

.  352834 

Q 

■^2  5992 

50.  16 

17  5608 

.  350095 

XI? 

41  25S 

62.  95 

21  712 

.  344908 

XX 

wi  <^  ,    JU  o  O  X 

75.  99 

23  6239 

.  313514 

12 

65  9901 

91.  97 

25  9799 

.  282482 

13 

83  4775 

105.  71 

22.  2325 

.  210316 

14 

105  59? 

122  73 

17  131 

.  139583 

15 

133  583 

131  67 

1  91278 

.  0145271 

16 

168  982 

150  7 
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17 

213.  763 
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Run 

G 

(bum  Or  oquares 
of  Devs.) 

/Mav  Man 
\naX  nag 

of  Dev.) 

\  1  ime  r 

for 

1 

.265 

4734.9 

34.44 

17 

2 

.27 

5838.1 

49.27 

17 

3 

.26 

4597.3 

29.04 

12 

4 

.25 

6622.9 

34.78 

12 

5 

.2 

37770.94 

92.13 

17 

6 

.3 

44429.4 

160.64 

17 

7 

.263 

4573.1 

28.77 

17 

8 

.262 

4546.807 

27.83 

12 

9 

.261 

4555.28 

28.44 

12 

10 

.2615 

4546.775 

28.14 

12 

n 

.2613 

4549.16 

28.26 

12 

12 

.2618 

4545.76 

27.96 

12 
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Comparison  of  Results  of  Several  Runs 
(Initial  Population  Equal  to  /.93  Million) 
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P(0) 

Run         (Init.  Pop.) 

1  3.5 

2  3.8 

3  4.5 

4  4.2 

5  4.1 

6  4.0 

7  4.1 

8  4.2 

9  3.8 

10  3.9 

11  3.7 

12  3.7 

13  3.8 

14  3.9 


Comparison  of 
(Different 


S 

(Sum  of  Squares 


u 
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A    79fi  Q 

U.  £LuC 

A  /LQ1  A 

A  AC 
*t>*fc  J.  D3 

0.261 

4,539.4 

0.263 

4,776.37 

0.263 

4,597.5 

0.263 

5,105.5 

0.264 

5,007.1 

0.264 

4,745.46 

07264 

4,637.70 

Table  3.6 

Results  of  Several  Runs 
Initial  Populations) 


(Max  Mag  (TTmeTPerl^i 
of  Dev.)      for  H) 
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i7 
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presented.    Table    3.5    presents  results  obtained  by  usinq  an  initial  4 
population  identical  to  the  experimental  population  of    3.93  million 
persons.    Table    3.6    presents  results  wherein  the  initial  population 
is  varied  slightly  around  the  initial  experimental  value.     By  varying 
the  initial  population,  a  different  Value  for  the  growth  parameter  as  f 
well  as  a  smaller  value  for  the  sum  of  the  squares  of  the  deviations 
is  obtained.    Hence,  we  conclude  that  if  thi  sum  of  the  squares  of 
the  deviations  is  used  for  the  closeness  criteria  that  the  best  re 
suits  are  obtained  by  varying  lx>th  the  growth  coefficient  and  the  ^^ 
initial  population.    Because  of  exterior  constrants,  it  in^y  be  the  case  i 
that  the  initial  population  must  coincide  with  the  observed  value.  In 
this  event,  on  the  basis  of  the  results  ^lown  in  Table    3.5,    the  best 
value  for    G    is    0.2615.     On  the  other  hand^  if  the  investigator  de- 
cides that  it  is  permissable  to  vary  the  initial  population,  the  re- 
sults of  Table  3.6     inply  that  with ^  initial  pc^Julaticm  of   4.1  million, 
the  best  value  for  the  growth  coefficient  is    (^261.   , The  student  should 
understand  that  the  decision  of  whether  or  not  to  permit  the  variation  ^ 
of  the  initial  population  is  not  a  mathematical  decision.     The  deci- 
sion must  be  made  by  the  investigator  and  be  in  accord  with  his  ob- 
jectives.    Further  examination  of  the  results  in  Tables    3.5    and  3.6 
also  reveals  that  small  changes  in  the  parameter  values  did  sometimes 
produce  significant  changes  in  the  value  for  the  sum,     S,     as  well  as 
for  the  numerical  value  of  the  deviation  of  largest  magnitude.  This 
fact  implies  that  the  aforementioned  criteria  for  discontinuing  the 
iteration  must  be  applied  with  sc^e  care. 

Table    3.5    also  illustrates  that,   for  the  runs  shown,  the  minimum 
value  of  the  maximum  deviation  is  obtained  for    G  =  0.262,  whereas 
the  smallest  sum  of  squares  of  the  deviations  is  obtained  for    G  =  0.261 
Table    3.6    reveals  a  similar  behavior.     The  value  of    G    equal  to  0.263 
corresponding  to  an  initial  population  of    3.9      million  results  in  the 
minimum-maximum  deviation.     This  value  is  slightly  different  than  the 
least  squares  value  of    0.261    corresponding  to  an  initial  population 
of    4.1    million.     It  is  usually  the  case  that  different  parameter^ 
values  are  obtained  for  different  criteria  of  closeness. 

The  resolution  of  the  question  of  which  measure  of  closeness  to 
use    is  a  problem  to  be  decided  by  the  investigator  and  is  not  a 
mathematical  one.     Recently,  the  idea  of  selecting  the  parameter  value 


which  results  in  the  minimum  value  for  the  maximum  deviation  has  be- 
come very  popular  in  mathematical  approximation  theory  and  is  being 
used  quite  extensively  in  this  field.    This  is  called  the  rain  max" 
criteria.    As  stated  previously,  there  also  exist  other  closeness 
criteria.     It  is  well  for  the  investigator  to  understand  tUe  limi- 
tations of  each  measure,  because  he  must  substantiate  his  choice, 
interpret  his  results,  and  infer  his  conclusions  accordingly.  We 
will  discuss  all  of  these  problems  again  in  the  next  chapter. 

In  the  previous  example,  the  value  of    G    was  obtained  by  using 
a  hit  and  miss  process  to  find  a  parameter  value  v^ich  would  result 
in  a  minimum  value  for  the  particular  closeness  criteria.    It  is  im- 
portant to  note  that  the  value  of    G    so  obtained  is  not  necessarily 
the  value  that  would  produce  the  absolutely  lowest  sum.    To  find  such 
a  value,  a  prescribed  iterative  process  would  have  to  be  constructed 
and  the  process  proved  to  yield  the  parameter  value  corresponding  to 
the  minimum  value  of  the  chosen  closeness  criteria.    This  analysis 
will  not  be  carried  out  here  and  is  best  left  to  another  more  ad- 
vanced course.    The  value  to  the  investigator  of  such  a  proof  should 
not  be  underestimated  since  it  would  assure  him  that  he  had  indeed 
achieved  the  value  of    G    resulting  in  a  minimum  for  the  chosen  close- 
ness criteria.     In  the  example,  the  sum  of  the  squares  of  the  devia- 
tions was  chosen  as  the  criteria  for  closeness.     The  trial  and  error 
process  was  stopped  after  obtaining  what  seemed  to  be  two  figure 
accuracy  recognizing  that  the  very  restrictive  hypotheses  in  our  model 
probably  made  the  continued  refinement  of  the  parameter  value  unrea- 
listic.    It  is  always  well  to  keep  in  mind  that  the  program  results 
are  obtained  from  hypotheses  which  do  not  completely  and  accurately 
describe  the  phenomena  under  investigation.     Consequently,  there  is  a 
realistic  limit  to  the  accuracy  of  such  a  program  and  to  use  the  pro- 
gram to  determine  the  parameters  to  a  large  number  of  significant  fi- 
gures is  nonsense. r   In  addition,  the  observed  data  contains  experimen- 
tal errors  and  hence,  excessive  accuracy  is  again  unwarranted. 

For  this  simple  exaa^le,  it  is  also  feasible  to  plot  the  two 
curves  and  visually  cranpare,  the  results.     Such  a  procedure  does  not 
appear  to  be  very  scientific  nevertheless,  it  is  a  vei^y  useful  one. 
Visual  observation  and  coiBparison  is  of  great  assistance  in  obtain- 
ing insight.    Con^lex  programs  with  several  tables  of  results  usually 
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pirevent  the  effective  plotting  of  all  results.    Even  a  ^toderately 
complex  computer  program  can  generate  a  vast  aiaount  of  output  and  the  i 
analysis  and  effective  use  of  this  information  can  be  a  staggeriiig 
task.    It  is  also  true  that  far  more  useful  information  than  can  be  ^ 
readily  output  ted  is  generated  by  such  programs.    Thus,  it  is  fre-  -I 
quently  the  case  that  decisions  concerning  which  results  to  display,  | 
as  well  as  the  development  of  methods  of  analysis  of  the  results,  > 
are  at  least  as  difficult  a  task  as  the  development  of  the  original 
program. 

The  previous  work  is  very  heuristic  and  has  been  presented  in  such  | 
a  manner  as  to  provide  the  student  with  an  overall  intuitive  feel  for 
the  problem.    A  rigorous  analysis  of  techniques ' for  deteinmining  the 
closeness  of  two  curves  is  the  subject  of  approximation  theory  and  ' 
is  beyond  the  scope  of  this  work.    We  reiterate,  the  purpose. of  this 
work  is  to  encourage  the  student  to  think  quantitatively  and  to  de- 
velop  a  sense  of  the  power  and  ready  applicability  of  the  digital 
computer.    Consequently,  in  this  introductory  course,  heuristic  methods  : 
and  a  cavalier  (albeit,  hopefully  honest)  attitude  is  encouraged.  The 
serious  student  will  then  recognize  that  a  more  careful  analysis  ot  y/\ 
the  procedures  is  needed  and  he  is  referred  to  texts  in  numerical  i^al- 
ysis,  approximation  theory  and  statistics.    We  will  touch  on  some  of 
these  matters  later,  but  only  very  briefly. 
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CHAPTER  III 


1. 


2. 
3. 
4. 


5. 
6. 


7. 


Using  the  population  data  £or  the  United  States  as  given  in 

Tab3.e  1,  obtain  the  yearly  growth  coefficient,    G,    for  the  

Mai  thus  model  and  the  least  squares  norm  by    (a)    starting  with  ^ 
the  known  population,    and  (b)    by  varying  the  initial  popula- 
tion. 

Using  the  same  data  and  model  as  in  problem  §1,    obtain  the^  ' 
growth  coefficient  for  the  ^in  max  norm. 

Same  as  problem  #2  above,  only  use  the  min  max  norm  applied  to 
the  relative  error. 

With  the  aid  of  a  plotting  or  graphing  routine,  or  by  observing 
the  appropriate  calculated  information,  determine    G    so  that  the 
magnitude  of  the  relative  error  is  as  nearly  constant  as  possible. 
Construct  other  measures  of  closeness.    Write     con^ter  programs 
using  each  and  compare  and  discuss  the  results. 
Find  the  minimum  value  and  the  minimum  point  for 

(a)  +  lOA  +15 

(b)  A*  +  4A^  +  10 


Using  the  Malthus  m<^el  and  the  tabular  data  listed  below,  deter- 
mine the  growth  coefficient    G  using 

(a)  The  least  squares  norm. 

(b)  The  min  max  norm. 
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AUTOMATED  PARAMETER  DETERMINATION 

Introduction 

The  previous  chapter  discussed  and  outlined  a  heuristic  method 
for  the  determination  of  the  parameter  occurring  in  the  constant 
environment  model.    Since  such  constants  occur  in  every  model  and 
it  is  necessary  to  know  such  constants  in  order  to  use  the  model, 
their  determination  is  of  paramount  interest  to  the  investigator. 
Frequently,  because  of  the  inability  to  otl^erwise  determine  the  param- 
eters, they  must  be  determined  with  the  aid  of  the  model  itself,  and 
the  coK^lexity  of  the  model  may  render  the  heuristic  method  the  only 
available  method.    The  previou^y  described  minimization  technique 
can  also  be  applied,  with  very  evident  modifications,  to  the  deter- 
mination of  parameters  when. the  quantity  is  to  be  maximized  rather 
than  minimized.     Finally,  many  important  and  diverse  problems  can 
be  recast  as  minimization  or  maximization  problems,  and  hence  the 
technique  has  wide  applicability.    For  these  reasons,  we  extend  our 
comments  on  the  method  and  discuss  some  of  the  questions  raised  in 
the  previous  chapter.     The  comments  will  be  limited  to  methods  for 
the  determination  of  a  single  parameter.     In  actual  practice  there 
are  very  few  single  parameter  models.     Even  the  constant  environment 
model  should  be  considered  as  having  two  parascaters  because,  as  we 
noted,  the  initial  population  can  assume  the  role  of  a  free  parame- 
ter.   Nevertheless,  further  discussion  of  the  single  parameter  problem 
is  warranted  because  it  will  provide  much  insight  for  the  problem  of 
the  determination  of  more  than  one  parameter.     Two,  or  more,  parameter 
problems  will  be  discussed  in  the  next  chapter. 

Minimization 

The  previous  method  for  the  determination  of  the  parameter  was 
based  upon  the  premise  that  a  unique  value  of  the  parameter  would 
result  in  a  specific  quantity  being  the  minimum  value  for  this  value 
of  the  parameter.     In  our  example,  the  quantity  was  the  sum  of  the 
squares  of  the  deviations,  and  the  previous  statement  means  that  any 


other  value  of  the  paraneter  would  result  in  a  larger  value  for  the 
sum  of  the  squares  of  the  deviations.    In  order  to  avoid  excess  ver* 
bage  it  is  convenient  to  introduce  some  notation.    Let    the  specific 
quantity  to  be  minimized  be  called  the  criteria  function  and  denote 
it  by    M.    The  model  parameter  will  be  denoted  by  A.    The  value  of 
A    that  results  in  the  minimum  value  for.  the  criteria  function  will 
be  called  the  extremum  or  extreme  value.      Finally,  the  problem  of 
determining  the  extreme  value  corresponding  to  a  specified  criteria 
function  will  be  called  the  minimization  problem.    In  the  pre\^ous 
chapter,    M    was  the  sum  of  the  squares  of  the  deviations,    S.  H 
could  also  have  been  the  maximui^  value  of  the  relative  error  or  the 
sum  of  the  absolute  magnitudes  of  the  deviations,  etc.    The  parameter 
A    may  be  identified  with  the  parameter    G    in  our  constant  environ- 
ment model.     Using  this  terminology  our  problem  can  be  restated  as 
one  of  determining  the  value  of    A    which  makes    M    a  minimum  and  the 
only  reqtii ranait   imposed  upon    M    is  that  it  be  calculable.     It  should 
^so  be  noted  that  in  the  exax^le,  the  deviations  were  calculate  at 
equal  increments  of  time,     i.e.     ten  years.      The  equality  of  tii^ 
increments  is  not  necessary  and  unequal  time  increments  are  frequent- 
ly used  because  of  the  inability  to  obtain  experimtmtal  data  at  uni- 
form increments  of  time.    This  stat^ient  does  not  mean  that  the  o^el 
results  are  to  be  obtained  using  unequal  time  increments;  rather,  it 
means  that  the  calculation  of    M    may  use  unequal  in.'reii^ts  of  time. 
Since  equal  time  increments  %^re  used  to  obtain  the  model  results, 
the  obtaining  of  model  results  at  unequal  time  increments  will  neces- 
sitate the  use  of  interpolation  frcxn  the  equal  tis^  incr^s^nt  data. 
This  is  discussed  in  a  later  section  entitled,  "Interpolation". 

The  minimization  problem  has  a  long  mathematical  history  and  its 
study  has  resulted  in  the  creation  of  much  beautiful  iMthematics. 
With  the  advent  of  computing  machines  there  has  appeared  renewed 
interest  on  the  part  of  mathematicians  to  obtain  effective  numerical 
algorithms  for  its  solution.    There  is,  however,  a  fundamental  dif- 
ference between  the  problem  as  we  have  considered  it  and  the  problem 
as  the  mathematician  has  traditionally  viewed  it.     In  the  typical 
mathematically  posed  version  of  the  problem,  a  family  of  functions 
ssA  a  set  of  parameters  is  given  together  with  an  eaqpeession  involving  both  the 
functions  and  the  parameters.    The  problem  is  to  then  determine  the  values 


'  of  the  parameters  so  that  wtien  the  resulting  functioas  are  used  to  f 

evaluate  the  expression,  the  expression  assumes  a  minimum  value.  j 

As  an  examille,  consider  the  problem  of  approximating  the  monomial  2 

X     by  the  expression     aX  +  bX    +  cX     for  a  known  set  of  values  ,  J 

of    X.    In  this  example,  the  family  of  functions  is    Xv    X^,    and  1 

,3  ^ 


X  ;  the  parameters  are  a,  b,  and  c, "  and  the  expression  M, 
to  be  minimized  is 


10 

M  =    I  fx|  -   (aX^  +  bX^  +  cX^) J  ^ 
i=l 


10 

The  symbol       I       indicates  that  the  square  of  the  quantity  in 
i=l 

brackets  is  to  be  evaluated  for  the  prescribed  values    K-^,     Xj*  X^, 
etc.     up  to  and  including    X^q,     and  the  results  totaled.     The  stu- 
dent will  note  that  for  each  triple  of  values,     (a,b,c)r     there  existd 
one  value  for    M.     The  problem  then,  is  to  determine  the  value  of  each* 
of  the  parameters,     a,b,  and  c,    which  render    M    a  minimum.     As  this 
example  shows,  in  the  mathematically  posed  version  of  the  problem,  the 
family  of  functions  was  prescribed  or  given  beforehand,  whereas  in  our 
problem  they  are  not  given.     In  fact,  they  are  not  even  known,  because 
all  that  is  given  is  a  set  of  program  statements  whose  execution  by 
the  computer  result  in  a  set  of  numbers  which  can  be  used  to  evaluate 
the  criteria  function  which  is  to  be  minimized.     This  fundamenta^  dif- 
ference in  the  tvro  problems  means  that  much  of ^  the  previous  mathematical 
work  is  not  readily  applicable  to  our  problem. 

For  those  students  who  have  had  advanced  mathematics,  ^he  problem 
as  posed  using  the  programming  language  BASIC  is  imsre  closely  related 
to  the  mathematical  problem  of  determining  by  least  squares,  or  some 
minimization  technique,  the  parameters  occurring  in  a  differential 
equation  when  it  is  not  possible  to  write  down  an  explicit  form  of  the 
solution  of  the  differential  equation  and  resort  must  be  made  to  nun^r- 
ical  methods  of  solution.    This  problem  is  recent  and  di£^ficult  and 
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has  also  cxame  into  paOTdnence  with  the  advent  of  the  digital  computer. 
For  these  reasons  there  is  a  shortage  of  useful  results  and  thus  we 
cannot  expect  conventional  mathematical  analysis  to  be  of  great  as- 
sistance in  the  solution  of  our  problem.    Nevertheless,  the  problem  as  * 
posed  in  the  BASIC  language  has  a  distinct  advantage  over  the  classi- 
cal mathematical  method  of  analyzing  problems.     In  only  rare  instances 
is  the  investigator  fortunate  enough  to  be  able  to  mathematically 
formulate  the  problem  in  such  a  manner  that  he  can  ** capture  the 
essence  of  the  phenomena"    and  also  solve  the  resultant  ^^el  equa- 
tion, or  equations,  in  closed  form.    Because  of  this  dif f i^ulty  lof 
obtaining,  a  ccMnplete  mathematical  description  of  the  {ihenoia^a,  the 
investigator  frequently  avoids  mathematical  modeling  altogether  and 
resorts  to  straight  curve  fitting  with  polynomials.    He  then  may  ^ 
attempt  to  attach  scHae  kind  of  meaning  to  the  coefficients  of  the 
polynomial.     Such  an  attempt  is  difficult  at  best  because  there  is 
nothing  biological  or  natural  about  the  family  of  moncMBials    1,^  X, 
X^,  X^,  etc.      They  possess  no  inherent  biological  or  natural  charact- 
eristics.    In  contrast,  an  expressipn  of  the  problem  in  a  programming 
language  results  in  a  computer  pSrogram  \^ich  is  a  direct  realisation 
of  the  investigator's  concept  of  the  behavior  of  the  phenomena  and 
consequently  the  parameters  enter  the  probl^  in  a  more  natural  way. 
Because  of  this,  it  is  usually  possible  to  associate  a  biological 
charactei^istic  with  them  and  hence,  the  task  of  gain<.ng  insight  is 
much  easier  using  the  programming  language  formulation  than  using 
the  mathematical  formulation. 

It  is  knowi  that  for  conventional  mathematically  posed  minimi- 
zation problems  that  there  may  exist  two  or  more  relative  minimum 
points.     In  terms  of  our  notation  this  means  that  there  can  exist 
two  or  i^ore  distinct  values  of    A     (called  critical  or  extremum 
points)  for  which    M    is  a  local  minimum.    Thus,  there  can  exist  two 
values  of    A,     say    Al    and    A2,     such  that  the  value  of    M    at  Al 
is  less  than  the  value  of    M    at  local  or  nearby  points  of    Al  and 
also  the  value  of    M    at  the  point    A2    is  less  than  the -value  of 
M    at  points  in  the  near  neighborhood  of    A2.    The  value  of    M  at 
Al    need  not  be  the  same  as  the  value  of    M    at    A2.    The  points  Al 
and    A2    are  called  relative  minimum  points  or  local  minimum  points. 
Figure    4.1    indicates  a  minimization  curve  having  three  local 
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Pig.  4.1 
A  Minimization  Curve 


minimum  points    P^,    Pj*    and    P3.      P^    is  the  true  miniaium  point. 
The  problem  of  determining  the  number  of  relative  minimum  points, 
their  location,  and  the  value  of    M    at  these  points,  is  a  very  dif- 
ficult problem.     At  the  very  least,  it  is  more  difficult  than  the 
original  minimization  problem.    An  effective  and  practical  method  of 
determining  such  points  is  still  in  the  process  of  being  developed. 
In  actual  practice  the  problem  is  resolved  with  the  aid  of  the  in- 
vestigator' s  intuition,  other  knowledge  of  the  phenomena  the  inves- 
tigator may  possess,  or  "brute  force"  c<M«puting.    Thus,  in  our 
formulation  of  the  problem  we  too  will  use  the  insight,  etc.    of  the 
investigator. 

The  success  of  all  minimization  techniques  rests  on  the  assump- 
tion or  hope  that  our  model  sufficiently  well  represents  the  phenomena 
under  investigation  and  that  our  experimental  data  is  sufficiently 
accurate,  so  that  for  the  mfeasure  of  closeness  we  Select,  there 
is.  only  one  minimum  point.     If  there  are  local  minimum  points,  we  are 
further  assuming  that  we  know  enough  about  the  problem  to  "guesstimate" 
the  initial  value  of  the  parameter  so  that  our  search  routine  will 
"find"  the  parameter  value  giving  the  minimum  value  of    M.     The  impli- 
cation of  this  statement  can  be  more  fully  appreciated  by  examining 

^Figure    4.1.    We  see  that    P^^    is  the  minimum  point  and  that  points 
p2    and    P3    are  local  minimum  points.    Thus,  we  are  hoping  to  guess 
a  value  of    A    in  the  neighborhood  of    A  =?  2,     and  to  select  an  initial 
step  size  «nall  enough  so  that  we  do  not  step  over  intj  the  neighbor- 

,  hood  of    A  =  7,     or    A  «  11.     In  this  example  a  step  size  of  one  unit 
or  a  half  unit  would  be  satisfactory.     There  are  techniques  for  de- 
termining an  initial  guess  and  they  are  discussed  in  other  sections 
of  this  chapter. 

The  questi^on  of  ^at  measure  of  closeness,     i.e.  what  norm  or 
criteria  function,  to  use  is  not  a  triJ^ial  question  since,  as  we  have 
seen,  different  norms  may  give  diffeifen^  values  for  the  parameters. 
The  selection. of  the  norm  is  largely  at  the  investigator's  discretion 
and  such  techniques  as  plotting,  comparison,  other  means  of  experi^ 
mental  verification,  etc.  are  used  in  the  final  determination  of  the 
parameters.     It  is  frequently  helpful  to  determine  the  parameters 
using  two  or  more  norms  thus  providing  a  checl^  on  tihe  consistency 
of  the  model  and  the  work.     This  statement  is  based  upon  the  premise 


{not  proven)  that  if    the  iiK5del  and  the  data  are  consistent,  *-.he 
value  of  the  parameter  yielding  the  oinimuiti   M    for  one  norm  should 
be  equal  to  or  very  close  to  the  value  of  the  parameter  yiel^ng  the 
minimum  value  for  a  different  norm.    Thus,  if  two  widely  different 
parameter  values  are  obtained  under  two  different  norms  there  is 
serious  reason  to  question  the  investigation.    In  summary,  the  deter- 
mination "of  parameters  occurring  in  n»st  cbmpleK  mo^el^  i^  stiii-aa-^ 

n 

artf  not  k  science. 


An  Automated,  Iterative  Procedure  or  Algorithm 

It  has  prtJijably  occurred  to  tte  student  that  the  method  de^ibed  in  the 
preceding  chapter  for  determinii^  the- parameters  oould  be  automated  and  that  such 
a  prooeAire  would  be  very  desirable.      This  may  be  done  by  writing  a  computer 
program  that  mimics  the  necessary  decision-making  process  and  then 
carries  out  all  of  the  prescribed  alterations  of  the  initial  parameter 
estimates.     Such  a  progr^  is  called  an  algorithin.    An  algorithm  is  a 
specified  process  or  set  of  instructions  for  achieving  a  prescribed 
goal.     In  contrast,  the  programs  that  were  developed  in  the  first  two 
chapters  are  called  models  because  they  are  analogous  to  the  mathemati- 
cal expressions  (equations)  which  describe  or  govern  a  phenomena.  The 
principle  characteristic  that  distinguishes  an  algorithm  from  a  model 
IS  that  the  objective  of  the  algorithm  is  usually  precisely  specified? 
whereas  the  objective  of  a  model  is  usually  to  obtain  insight  into  the  , 
phenomena.     An  algorithm  may  be  part  of  a  model  since  the  achievement 
of  a  definite  goal,  such  as  the  determination  of  the  value  of  a  func- 
tion, may  be  an  integral  part  of  a  model.     The  subroutine  which  cal- 
culates a  random  number  is  an  example  of  an  algorithm.     There  are 
different  algorithms  to  solve  the  same  problem  or  classes  of  problems. 
The  choice  of  which  algorithm  to  use  can  depend  upon  such  factors  as 
(1)     the  kind  of  computing  facility  available,     (2)     the  accuracy 
desired,  (3)     the  amount  of  computing  permitted,  etc. 

A  .great  deal  of  effort  has  been  devoted  to  attempts  to  derive  suc- 
cessful minimization  algorithms  and  to  more  clearly  delineate  the  con- 
ditions or  hypotheses  which  will  insure  the  success  of  such  procedures. 
This  task  is  not  easy  because  the  conditions  for  their  success  must  not 
be  so  restrictive  that  these  conditions  prevent  the  procedure  from 
being  applied  to  a  significant  problem.    Neverthel  ss,  mathematicians 
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have  been  quite  successful  in  deriving  algorithms  vhich  do  succe^ 
under  very  br^ad  and  general  conditions.    There  also  exist  algorithms 
for  which  no  proof  of  their  general  success  can  be  given,  but  which 
do  succeed  admirably  in  a  large  number  of  cases.    Proven  algorithms 
may  fail  because  one  or  some  of  their  necessary  conditions  have  not 
been  met  by  the  problem  whereas  quite  heuristlcally  based  algorithms 
may  succeed  because  of  something  exceptional  about  the  problem  under 
investigation. 

The  trial  and  error  technique  that  we  have  described  is  an 
example  of  a  frequently  successful  technique  i^igt  is  also  quite  gen- 
eral in  that  it  may  be  readily  adapted  to  a  l^rge  variety  of  problems 
with  an  expected  high  probability  of  success.     However,  there  is  no 
guarantee  that  the  method  will  converge,     i.e.     reach  an  answer,  or 
that  if  it  does  converge,  that  it  has  converged  to  the  correct  solu- 
tion.    For  these  reasons  it  is  mandatory,  not  just  prudent,  that  the 
investigator  check  his  results. 


A  Minimization  Algorithm 

The  problem  is  to  develop  an  algorithm  that  will  determine  the 
value  of      A    that  will  render  the  quantity    M    a  minimum.     This  will 
be  accomplished  by  writing  a  con^suter  program  that  mimics  an  orderly 
human  decision  making  process.     One  possible  orderly  prcK:ess  is  the 
following.     Guess  at  an  initial  value  for    A    and  evaluate    M.  Denote 
this  value  by    hfS    and  let    H    be  a  small  positive  number.  Increase 
A^    slightly  to    A0  +  H    and  again  evaluate    M    using  the  new  value 
of    A.     If  this  latest  value  of    M    is  les^  than  the  original  value, 
we  have  improved  our  initial  guess.     Suppose  this  were  the  case.  In 
this  event  we  should  again  increase    A    slightly,  and  evaluate  M. 
If  ^this  new  value  of    M    is  less  than  the  previous  value,  we  repeat 
the  process  until  we  reach  a  value  of    A    which  no  longer  decreases 
M,    We  denote  this  value  of    A    by    Al.      In  the  event  that  our  initial 
increase  of    A^l    to    A0  +  H    had  not  resulted  in  a  decreased  value  of 
M    we  would  have  ^proceeded  in  the  opposite  direction"    by  decxeasii^ 

-  H   and  then  evaluating  M.    If  this  had  resulted  in  a  value  of 
M    less  than  the  original  value,  we  again  would  have  decreased  * 
AJ0  -  2H;    M    would  have  again  been  evaluated,  compared  with  the 
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previous  value,  and  the  process  repeated  until  we  arrived  at  a 
for    A    which  woiild  no  longer  have  decreased    M.    Just  as  before^ 
this  value  of  A  is  dieted  by  Al.   At  this  point  the  value  of  the  step  size/  M, 
is  reduced  to  say    H/10,    and  the  entire  procedure  repeated  ua^q  the 
point    Al    as  a  starting  point.    Once  the  new  endpoint  is-««^hed, 
the  value  of  the  step  size  is  again  reduced  and  the  entire  process 
is  repeated  using  the  last  determined  end  point  as  the  new  starting  — 
point,     in  this  way,  by  repetition,  the  extreme  value  can  be  deter- 
mined to  as  many  -significant  figures  as  desired.    The  procedure  is 
terminated  when  the  step  size  is  less  than  a  predetermined  value. 

A  program  for  the  determination  of    G,    the  growth  coefficient, 
in  the  constant  environment  iiKjdel  using  the  empirically  determined 
population  data  of  the  United  States  from  1790  to  1960  is  given  in 
Figure    4.2.    The  corresponding  flowchart  is  listed  in  Figures  4.2a 
and    4.2b.    The  criteria  function  has  been  denoted  by    Ml,  rather 
than    M,     and  the  student  should  be  able  to  readily  follow  the  program 
by  comparing  it  with  the  flowchart.    The  flowchart  does  not  depict 
the  evaluation  of    Ml    in  detail  because    Ml    is  arbitrary  and  the 
minimization  program  is  independent  of  the  specific  criteria  function. 
By  simply  changing  the  calculation  of  the  criteria  function,  the  pro- 
gram may  be  used  to  determine  the  value  of    A    which  minimizes  other 
criteria  for  closeness.     The'  calculation  of    Ml    is  accomplished  in 
statements    30O  to  385,     and  in  this  example    Ml    was  chosen  to  be 
the  sum  of  the  squares  of  the  deviations.    We  emphasize  that  the  pro- 
gram may  not  always  be  successful  since  its  success  may  depend  upon 
a  -good"  initial  estimate  of  the  parameter  and  on  the  fact  that  there 
exist  no  local  minimum  points  between  the  initial  estimate  and  the 
extreme  value  of  the  parameter.    A  guarantee  of  the  success  of  a  given 
search  method    would  require  a  careful  statement  of  the  conditions 
necessary  for         success  and  a  proof  of  the  convergence  of  the  search 
method  under  the  specified  conditions.     Such  a  task  is  difficult  at 
best  and  would  require  advanced  mathematics  and  so  will  not  be  dis- 
cussed here.     In  defense  of  our  cavalier  attitude,  it  should  Im  pointed 
out  that  such  convergence  proofs  rely  on  hypotheses  which  are  usually 
very  difficult  to  insure  and  hence,  are'of  little  or  no  use  to  the 
investigator.     In  essence,  one  just  tries  and  hopes  for  the  best. 
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T    ma*        AUTOMATED  OHiJ-DBiMSXbHAL  SEARCH 

5    ^        cS^m.  MODEL,  U.S.  POP.  DAOyi.  OHl  YEAS  flME  ISTERVAL 

10   DIM  P(50).E(50) 
12    DIM  Pl(lOO) 

20  mNT  "Spot  the  nm?.  guess  a  asd  the  hsit.  pop.  ,P{or 

r    2^  INPUT  A,PtOt  "  —  _ 

It  S  "IHPOT  THE  raiT.  STEP  SIZ^  H    AHD  THE  UM.  Sm»  SIZE  Hi" 

35  IHPUT  H,H1 

kO  i^HT  "IHPUT  THE  MAX.  HO.  OF  ALLWfABlJE  SIBPS,  Cr 

li5  IHPOT  CI 

U6  PRIST 

Ut  PRIST  ^  _  -__„ 

U8  PRIST  "THE  VALUES  OF    A,    ML    AHD    a   AHlt?«^,  , 

50  LEJT  C«0 

55  GOSUB  300 

60  LET  M0*M1  ^ 

65  LET  A«A+H 

70  GOSUB  300 

95  IF  MK-MO  GO  TO  no 

-100  LET  A=A-H 

105  GO  TO  200  ' 

110  LET  C»C+1 

115  IF  C<C1  GO  TO  125 

120  GO  TO  UOO 

125  LET  A=A+H:IJS5?  M0«M1  ■ 

130  GOSUB  300 

135  LP  M1<«M0  00  TO  110 

137  LET  A-A-H 

ikO  LET  H-H/10 

'  lli5  IF  H<»H1  GO  TO  U5O 

150  GO  TO  65  ^  ^ 

200  LET  A«AtH 

205  Q€®UB  300 

210  IF  Ml<^  GO  TO  225 

215  LSP  A-A4H 

220  GO  TO  ihi 

225  LEa?  C«^+l 

230  IF  C<-C1  GO  TO  2U0 

235  GO  TO  1»00 

2t»0    LET  M0i«»«l 

GO  TO  200   

295    RH<       IHSTR.    HOS.    300    TO    385    EVALUATE  Ml 
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Figure  h.2 
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300  LSP  Pl(0)-P{0) 

.        301  FOR  1=1  TO  17  J 

302  FOB  J-0  TO  9    ,  ^         ,  ^  I 

303  LET  Pl(J'»>l)=Pl(J)+A»Pl(J) 

30U  HEXT  J  • 

*305  LET  P(l)«PiCJ+l)5LET  Pl(0)eP(I)  '■ 

306  PRINT  P(I),E(I) 

^07  NEXT  I 

355  FOB  I«0  TO  17 

360  LET  D»A^(P(I)-E(P>) 

365  LET  S«S+D»D 

370  IIEXT  I      ■  '  . 

,/    *  3^5  •  LET  mpS 

I        380  PRHST  A,M1»H 

/         385  RERJRH  „  ' 

\  UOO  PRIHT  ''EXCEEDED  MAX.    HO.    OF  STEPS" 

\  U05  PRIHT  "THE  VAUrgS  OF    A    AHD    M0  ARE" 

\         UlO  PRINT  A,  M0  • 

lfl5  STOP 

1*50  PRINT  "SEARCH  COMPLErPE.    THE  VAHJES  OP  A,    M0    AND    C  ARlf 

^  U55  PRINT  A,  J0,C 

U60  STOP 

it95  Ra4         IKSTR.    HOS.    500  TO    525    ESTER  THE  EXPBaiMga«TAL  DATA 

500  DATA  3-93,5. 31.7. 2U,9.6U, 12. 87,17.07,23.19,31.^tU 

505  DATA  39.82,50.16,62.95,75.99.91.97,105.71 

510  DATA  122.73,131.67,150,7,179.^ 

515  FOR  J«0  TO  17 

520  READ  E(J) 

525  NEXT  J 

530  REPURH 

51*0  END 

READY 


Figure    U.2  (contjUiued) 
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statements    20  to  45    relate  to  the  required  input  necessary  to 
use  the  program.    Instructions    20  and  25    are  self  evident.  State- 
ment   30    requires  an  initial  step  or  increment  size    H,    iand  Hi 
designates  the  smallest  or  stopping  step  size.    In  order  to  prevent 
possible  endless  looping  or  searching,  a  saaximuia  number  of  allowable 

-stepe  must  be  entered  ifv- t-he-progranu — This  is  provided  for  ij^  stater.  

roents    40  and  45.      For  the  results  presented  in  this  chapter,  the 
value  of    100    was  used  and  most  runs  were  cc^pleted  in  less  than 
20  to  25  steps. 


Starting  Values 

In  order  to  use  the  program  developed  in  the  previous  section,  it 
was  assumed  that  the  investigator  had  obtained,  by  one  means  or  another, 
a  good  initial  estimate  of  the  parameter.     In  this  section  we  indicate 
some  methods  for  obtaining  such  estimates. 

An  obvious  yet  simple  method  for  obtaining  a  starting  value  is  to 
write  a  program  for  evaluating    Ml    for  an  arbitrary  input  value  of 
the  parameter.    Then  by  examining  the  results  for  various  values  of 
the  input  parameter  it  is  hoped  that  enough  insight  is  gained  to  per- 
mit a  close  estimate  of  the  required  parameter  value.    This  is  the  saa^ 
procedure  that  was  carried  out  in  Chapter  III  to  evaluate    G.    The  pro- 
cess may  seem  simple*  and  naive,  but  it  is  pleaseaitly  quite  successful. 
The  methcxi  also  has  the  valuable  auxilliary  attribute  of  providing  further 
insight  about  the  problem.    The  investigator  may  even  find  that  his 
hypotheses  or  the  program  he  develops!  using  these  hypotheses,  is  in 
error 1 

A  second  method  is  to  guess  at  an  interval  which  you  "feel"  con- 
tains the  true  value  of  the  parameter.    Denote  the  smaller  of  the 
interval  end  points  by    L    and  the  larger  of  the  int^val  end  points 
by    R.    This  interval  is  then  subdivided  into    n    equal  intervals  and 
Ml    evaluated  at  each  of  the  subdivision  points.    The  subdivision  point 
corresponding  to  the  least  value  for    Ml    is  then  taken  to  be  the 
starting  point.    The  method  can  be  used  as  a  basis  for  an  automated 
searching  routine  by  merely  applying  the  same  subdivision  process 
again  to  the  subinterv^l    containing  the  minimum  value  of    Ml  and 
repeating  the  process  until  the  desired  accuracy  is  obtained.  (See 
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problem  4).    This  process  is  called  the  uniform  interval  search  ^ 
methoa.    The  process  will  fail  if  the  interval  points  are  chosen 
incorrectly  and  Figure    4.3    depicts  what  could  happen  if  the  ini- 
tial intervals  were  selected  as  shown.    In  this  case.,  the  uniform 
search  method,  using  an  interval  size  of  one  unit*  would  estimate  that 
a  value  of    A    near    5    or    6    would  be  a  "good"  starting  value  where- 
as  a  value  of — A—  near    3    or    4    would  be  much  better.    In  fact^  « 
value    A    near    5    or    6    will  result  in  the  uniform  interval  search 
technique  converging  a  value  somewhere  near    A  «  5.5    rather  than  in 
the  neighborhood  of  *A  «  3.5. 

A  third  method  of  determining  an  initial  starting  value  is  the 
random  search  method.    This  is  just  a  simple  variant  of  the  uniform 
search  method  wherein  a  point  in  the  interval  fraa    A«L    to  A«R 
is  chosen  at  random  and  the  value  of  'Ml    calculated.    L    and  R 
denote  the  left  and  right  extremities  of  the  interval  which  is  as- 
sumed to  contain    A.    A  second  random  point  in  the  interval  is  then 
selected  and    Ml    again  evaluated.     If  the  second  value  of    Ml  is 
less  than  that  corresponding  to  the  first  random  point,    keep  the 
second  random  point  and  repeat  the  whole  process  with  a  third  random- 
ly selected  p^ij^ty    If  the  second  value  of    Ml    is  not  less  than  the 
first  value  of    Ml,    keep  the  initial    A    value  and  repeat  the  whole 
process  with  a  third  random  point.    As  many  points  are  chosen  as  is 
desired  or  as  one  has  time  for.    The  process  can  fail  in  a  manner 
similar  to  the  way  in  which  the  equal  interval  search  method  fails 
and  for  the  same  reason.     If  it  is  known  that  the  dependence  of  M 
on    A    is  such  that  the  curve  of    M  vs.  A    is  concave  upward  for  all 
values  of    A    in  the  interval,  then  it  is  possible  to  considerably 
shorten  the  random  search  techgique.     A  curve  is  said  to  be  concave 
upward  in  the  interval     (L,R)     if,     as    A    increases  from    L    to  R, 
the  slope  of  the  tangent  line  to  the  curve  always  increases,     A  con- 
cave upward  curve  "holds  water"  providing  its  minimum  point  is  not 
at  an  end  point.     It  also  has  the  property  that  a  line  segment  join- 
ing any  two  points  on  the  curve  is  such  that  all  points*  on  this  line 
segment  lie  above  the  curve,    i.e.     if  the  curve  was     "filled  with, 
water"  all  points  on  a  line  segment  joining  any  two  points  on  the 
water-curve  interface  would  lie  entirely  within  the  water.     It  will 
be  seen  in  the  next  section  that  if  the  criteria  function  is  concave 
upward,  this  property  is  very  useful. 
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Program  Results  '     .  -i 

In  this  section  we  discuss  the  use  of  the  program  as  well  as  pre- 
sent some  irapfications  of  the  results  obtained  from  it.    The  program 
considers  the  Malthus  model  and  is  used  to  determine  the  growth  co« 
efficient  corresponding  to  the  U.  S.  population  data  as  given  in  - 
Table    3.1.      The  criteria  for  closeness  was  chosen  to  be  the  «um  of 
the  squares  of  the  deviations  and  Table    4.4    lists  t}fpjjal  program  ^ 
results.    Runs  numbered    1  to  15    correspond  to  a  variation  of  the 
initial  population  and  in  the  first  run  the  initial  population  was 
chosen  equal  to  that  given  in  Table    3.2.    For  this  run  the  value  of 
0.26175    was  obtained  and  the  value  of  the  criteria  for  closeness. 
Ml    was    4545.714.      This  parameter  value  was  reached  after  eight  ^ 
evaluations  from  an  initial  guess  of    0.262.     In  each  run,  the  ini- 
tial step  size    H    was  taken  to  be  unit  change  in  the  last  significant 
figure  of  the  initial  guess  and  the  minimum  step  size  was  selected  as 
one- thousandth  of  the  initial  step  lize.    The  runs  were  chosen  in  the 
order  they  occurred  to  your  author  at  the  time.^  Hence,  they  are  not 
arranged  in  any  completely  systematic  way  nor  are  they  selected  in  the 
most  efficient  manner.     They  are  presented  in  this  order  to  illus- 
trate how  one  begins  examining  such  results.     Hindsight  always  beats 
foresight.     The  use  of  an  excessive  number  of  digits  in  presenting  our 
results  is  done  for  purposes  of  illustration.     The  comments  made  in  the 
previous  chapter  conce.   ing  the  proper  number  of  significant  digits  to 
use  in  an  actual  investigation  still  apply. 

An  examination  of  runs  2  through  15  of  Tabic?    4.4    reveals  that 
as  the  initial  population  is  increased,  the  value  of    Ml  decreases. 
In  fact,  for  an  initial  population  of  11.0    million  the  value  of  Ml 
is    941.4217;     almost  one-fifth  of  that  obtained  in  the  first  run. 
There  is  a*  corresponding  large  change  in  the  calculated  value  of  A 
which  is    0.18101.     The  small  value  of    Ml    indicates  that  this  latter 
curve  is  much  closer  (in  the  sense  of  least  squares)  to  the  actual 
population  curve  than  is  the  curve  corresponding  to  the  first  run. 
However,  the  difference  between  the  initial  population  of    11.0  million 
as  compared  to  the  actual  ifllt|^l  population  of    3.93    millidli  is  pro- 
bably far  too  large  to  tolerat^  and  consequently  the  growth  parameter 
of    0-18101    is  not  acceptable.    This  is  an  exai^le  of  the  well  known 
fact  that  the  least  squares  closeness  criteria  tends  to  force  the 
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P(0) 
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3.93 
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lU 

13 

0.18 

10.8 

.182UU' 

9U2.OOI9 

10 

K 

lU 

0.18 

10.9 

. 18172 

9l»1.28rU 

7 

15 

O.lJ 

11.1 

.18030 

9i*7.39''> 

3 

16 

0.1 

3.93 

.26175 

1*51*5.71^ 

17 

17 

0.9 

3.93 

.26175 

U5U5.71^ 

23 

•* 

18 

-0.5 

3.93 

.26175 

U5U5.71^ 

23 

19 

-1. 

3.93 

.26175 

U5U5.71^ 

27 

20 

-2. 

3.93 

.26175 

1*5^5.71^ 

37 

• 

2r*' 

-3. 

3.93 

.26175 

hi 

Program  Results  from  Automated  Search  Routine 
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two  curves  closer  together  for  large  ordinate  values  at  the  expense  of 
smaller  ordinate  values.    In  this  example  the  relative  error  for  the 
smallest  ordinate* value  or  population  is  about    173%    whereas  the  rela- 
tive error  for  the  largest  ordinate  value  is  less  than    5%.    Thus,  the 
two  curves  are  much  closer,  in  a  relative  error  sense,  in  that  region 
where  the  ordinate  values  are  the  largest.    We  again  remind  the  student 
that  the  time  increment  in  our  model  was  chosen  to  be  ten  years  to 
correspond  to  the  time  increment  of  Table  1.     Thus,  the  yearly  growth 
coefficient  is  approximately    one-tenth    of  this  or    0.018.  Actually 
this  is  not  quite  correct  since  a  yearly  growth  would  be  compounded 
and  hence,  the  yearly  growth  coefficient  cannot  be  obtained  by  simply 
dividing  the  decade  growth  rate  by  ten.     (See  problems    6  and  7). 

Since  the  value  of    Ml    was  increased  after  increasing  the  initial 
population  beyond    11.0    million  to    12.0    million,  no  further" increase 
of  the  initial  population  was  attempted.     The  student  should  note  that 
such  a  simple  test  is  certainly  not  a  proof  that  the  criteria  function 
will  continue  to  increase  as  the  initial  population  is  increased.  This 
is  merely  an  assumption  on  the.  part  of  your  author.     In  the  absence 
of  such  a  proof,  "some"  confidence  in  the  assertion  that  further  in- 
creases of  the  initial  population  would  not  result  in  a  smaller  value 
for    Ml    could  be  obtained  by  trying  a  few  other  values  of    A  greater 
than    11.0    million  and  noting  that  the  value  of    Ml    is  increased. 
By  varying  the  initial  population  as  well  as  the  value  of    A,  in 
effect,  a  two-parameter  search  was  conducted.     The  parameters  were  A, 
the  growth  coefficient  corresponding  to  a  decade;     and    P(0),  the 
initial  population.     In  the  next  chapter  we  shall  discuss  such  two  or 
more  parameter  search  routines. 

In  runs    16  through  21,     the  initial  population  was  always  chosen 
equal  to  that  of  the  tabulated  initial  population.     The  initial  guess 
at  the  growth  coefficient  was  varied  and  an  examination  of  the  results 
reveals  that  the  same  value  for  the  growth  coefficient  is  always  ob- 
tained.    This  insensitivity  to  an  initial  guess  is  a  very  desirable 
property  for  the  closeness  criteria  to  possess.     Frequently,  one  is 
not  so  fortunate  and  widely  different  initial  guesses  produce  widely 
different  final  values.     The  cycle  count  reveals  that  as  the  initial 
guess  strays  farther  away  from  the  true  value  there  is  a  corresponding 
increase  in  the  number  of  cycles  necessary  to  reach  the  final  value. 
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By  increasing  the  value  of  the  step  size    H,    as  the  initial  guess 
was  chosen  further  away  from    0.26175,    the  cycle  count  could  have 
been  considerably  decreased.     In  all  of  these  prSalems,     H  was 
chosen  to  be    0.1.      The  fact  that  the  process  converged  to  the  same 
final  value  for  such  a  wide  range  of  initial  guesses  indicates  that 
the  graph  of    Ml    versus* A    "holds  water",     i.e.     is  concave  upward. 
In  mathematical  optimization  theory  such  a  property  is  called  con- 
vexity.    Thin  is  a  very  desirable  property  and  nearly  all  search  type 
algorithms  that  have  been  proven  to  be  successful  require  this  proper- 
ty.    (See  Cooper  and  Steinberg) . 

Tables    4.5    and    4.6    display  results  fat  different  criteria  of 
closeness.     In  Table    4.5    the  maximum  of  the  magnitude  of  the  devia- 
tion was  the  closeness  criteria  and  in  Table    4,6    the  criteria  for 
closeness  was  the  maximum  magnitude  of  the  relative  error.     For  an 
initial  population  of     3.93  'million  corresponding  to  the  actual 
population  in  1790,     a  value  of     0.26254    was  obtained  for  the  growth 
parameter  using  the  maximum  of  the  magnitude  of  the  deviation  for  the 
closeness  criteria.     A  value  of     0.27280    was  obtained  for  the  same 
initial  population  using  the  maximum  of  the  magnitude  of  the  relative 
error.     Each  of  these  parameter  values  is  very  cl^i;e  to  the  value  of 
0.26175    obtained  by  using  the  least  squares  measure  of  closeness. 

Table     4.^    also  shows  a  similar  result  when  tie  initial  popula- 
tion is  varied.     However,  such  is  not  the  case  when  the  closeness 
criteria  is  the  maximum  of  the  relative  error.     For  this  criteria, 
the  best  result  is  obtained  for  an  initial  population  of     5.0  million 
not     11 . 0    million.     This  is  due  to  the  fact  £hat  a  large  difference 
between  the  initial  populations  results  in  a  large  initial  relative 
error  which  is  independent  of  the  magnitude  of  the  growth  coefficient. 
In  fact,  as  the , assumed  initial  population  grows  without  bound  the 
initial  relative  error  also  grows  without  bound;   that  is,  becomes 
as  large  as  you  care  to  make  it.     Further  examination  of  Figure  3.7 
reveals  that  there  is  a  break  or  discontinuity  in  the  slope  of  the 
empirical  curve  at  about     1930.  '  The  presence  of  this  discontinuity 
can  manifest  itself  by  making  the  determination  of  the  parameter  much 
more  difficult.     For  a  positive  growth  coefficient,  the  MalthuS 
(model)   results  in  a  computed  curve  of  constantly  increasing  slope 
and  hence,  the  obtaining  of    G    by  a  comparison  with  a  curve  having 
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TABLE  4.5 


Max.  ABS  (beviation) 


Run 


•A  '■ 

<  ■ 

2  \ 


Init,  A 
'  .17 
.17 
.18 
.20 


P{0) 
(roillions) 

11.0 

10.0 

3.93 

7.00 


A 

.18220 
.18949 
.26254 
.21704 


9.9945 
11.741 
27.50347 
18.05097 


TABLE     4 . 6 


Max.  ABS  (Relative  Error) 


1  .20  3,93  .27280  0.325571 

2  .25  7.00  .  .135  .7811705 
3»  .25  4.00  .27116  .2177319 

4  -25  5.00  .25119  .2722646 

5  .25  4.5  .26028  .2809245 

6  .25  3.5  .28361  .3608289 

7  .29  3.2  .29192  .3886122 


Comparison  of  Results 
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a  broken  slope  will  be  difficult.     If  the  experimental  data  is 
"scattered"  or  has  anomalies  which  are  believed  due  to  experimental 
error,  it  may  be  advisable  to  "sihooth  out"  the  data.    The  study  and 
application  of  smoothing  techniques  is  a  matter  for  advanced  mathe- 
matical statistics  courses  and'  will  not  be  considered  here-.  These 
techniques  are  usually  averaging  techniques  and  a  very  common,  but  , 
crude,  technique  is  the  French  Curve  technique.     Your  author  has 
seen  this  used  with  occasional  surprising  success.     The  technique 
consists  in  visually  free-handing  a  curve  through  the  data  with  the 
aid  of  "a  French  Curve.     The  free-hand  curve  is  then  used  as  the 
empirical  curve  and  the  model  parameters  obtained  by  comparison  With 
^t.     The  procedure  is  easy  to  apply  and  can  be  used  as  a  possible 
check  technique. 

Interpolation 

The  parameter  determination  methods  that  we  have  been  discussijag 
require  the  comp'ited  and  experirr.cr.tdl  point6>  to  be  corresponding 
points.     The  student  will  recall  that  two  sets  cf  data  points  are 
sf»ia  Lc  be  corresponding  data  points  if  the  abscirsae  of  pairs  of  v. 
points  coincide.     As  stated  in  the  previous  chapter,   the  actrevement 
of  corresponding  points  may  be  iinpossible  due  to  lir  itations  of 
experimental  technique.     it  is  the  purpose  of  this  section  to  describe 
a  simple  method  of  obtaining  corresponding  e^cpci. imental  and  computed 
points. ^  There  are  other,   far  more  elegant  and  sophisticated,  inter- 
polation methods  and  they  are  presented  in  courses  in  numerical  anal-, 
ysis.     The  method  presented  here  will  be  based  upon  the  elementary 


points  (See  Figui^>  4.7),  we  have  a  choice  of  interpolating  the  experi- 
mental data  to  obtain  experimental  data  points  at  poi'nts  corresponding 
to  the  calculated  points  or  we  have  the  choice  of  obtaining  from  the 
calculated  data,  interpolated  points  corresponding  to  the ^experimental 
*  data  points.  We  choose  the  former  and  the  student  should  realize  that 
the  interpolation  procedure  to  be  described  is  independent  of  such  a 


n  of  proportion,  hnd  is  called  linear  interpolation. 
Since  the  Computational  and  experimental  points  are  interlaced 


choice. 
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In  Figure    4.7    the  points  denoted  by  small  circles  represent 
calculated  points  and  are  equiSistAnton  the    T    axis.    The  abscissae 

are  indicated  by    T^,      I«l#  2,  3,   The  squares  indicate 

experimental  points  and  their  abscissae,    which  are  unequally  spaced, 

are  denoted  by  J«1,  2,3,   It  is  desired  to  pbtain 

an  estimate  for  the  experimental  data  curve  at  the  points  whose  ab- 
scissae are    T^,      l«l,  2,  3,    .      This  can  be  done  by  determining 

two  experimental  points  whose  abscissae  define  an  interval  containing 
a      Tj      point  and  then  estimating  the  value,  for  the  experimental  curve 
at         T J  .      We  will  denote  this  estimated  value  by    Ej.      In  the 
figure,     the  abscissae    T^.j^      and    Tj      of  the  experimental  points 

E,         and      E,      define  an  interval  which  contains  the  abscissae  Tj 
J—  1  J 

of  the  calculated  point         .      A  similar  remark  dbtains  about  the 
abscissae  of  the  experimental  points      ^j^2  ®J+3    ^^^^  regard 

to  the  abscissae  of  the  computed  point  ^Cj^2  '    '^^^  estimation  of 
the  Drdinate  value  of  the  point  on  the^experimental  curve  whose  ab-  . 
scissae  is    Tj      will  be  based  upon  the  assumption  that  the  experimental 
curve  is  a  straight  line  between  the  points    Ejj^^    and    Ej  .  This 
assumption  implies  that  if  the  abscissae  T^    were  the  midpoint  of  the 
interval     (T^  ,   ,     T^)     then  the  value  of  would  be  the  value  of 

Ej    plus  one-half  of  the  difference  of  the  values  of    Ej    and    Ej^j^  . 
This  is  equivalent  to  saying  that    E^    would  be  the  average  value  of 
E      and    E    ,     it    Tl      were  the  midpoint  of  the  int^:rval  (T,  ,»  T^)  • 

J    f*    j^i       I  E        E  %y 

If    Tj     is  only  one-fourth  of  the  Way  from    Tj^j^  to  •  1  j  ,     then  the 

value  of    Ej    is  the  value  of    ^j^i    P^^s  one- fourth  of  the  difference 

bet%#een    E^    anc!    ^j^i  •      Thus,  the  important  relation  is  the  fraction 

of  the  distance  (T^  -  T?^,)  that      T^      is  from    T^^^  , 

C         E  jE  E 

and  this  fraction  is  merely  the    ratio  (Tj  -  Tj_i)/(Tj^j^  -  Tj) .  We 

thus  conclude  that  the  value  of  the  experimental  curve  for  any  point 

-Tj     lying  in  the  interval     (Tj_^  ,  T^)  -is  givefi  by 

=  Vi  ^      -  Vi>  ^^i  -  ^j-1^  /      -  ^j-1^- 

The  same  expression  can  be  derived  by  using  similar  triangles  and  this 
is  commonly  done\ 
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We  reiterate,  the  method  assumes  that  the  experimental  curve  is 
a  straight  line  (or  is  very  close  to  being  a  straight  line)  between 
any  two  experimental  points  whose  abscissae  are  adjacent  points*  «o 
that  the  experimental  value  obtained  by  linear  interpolation  is  e<;ual 
to  or  close  to  the  actual,  experimental  value.    This  assumption  is 
actually  quite  good  if  the  points  are  close  enough  together  and  the 
data  is  not  scattered  or  noisy.    Because  of  experimental  difficulties 
\it  is  frequently  the  case  that  there  is  considerable  scatter  or  noise 
i>?  the  experimentally  determined  data  and  for  this  reason  it  may  be 
better  to  interpolate  on  the  calculated  data  since  they  are  usually 
not  so  scattered.    The  term  scattered  or  noisy  data  refers  to  the 
location  of  the  experimental  points  relative  to  a  "reasonably  smooth" 
and  "simple"  curve  dra%m  through  them.     If  the  distances  of  the  ex- 
perimental points  from  this  curve  are  random  and  widely  fluctuating 
the  scatter  is  said  to  be  large  whereas  if  the  simple  smooth  curve 
passes  through  or  is  very  close  to  each  experimental  £K>int  the  scatter 
is  said  to  be  small.     Your  author  realizes  that  this  is  a  very  heu- 
ristic definition  and  that  it  contains  fuzzy  terms,  but  he  hopes  that 
you,  the  student,  get  the  general  idea.     The  phenomena  of  scattering 
is  usually  dealt  with  by  smoothing  procedures  which,  as  we  stated 
previously,  are  best  left  to  another  course. 

A  ocn^Mter  subroutine  to  carry  out  the  interpolation  will  consist  of 
two  parts.     The  first  part  will  be  a  search  routine  to  determine  the 
pairs  of  experimental  points  whose  abscissae  contain  the  abscissae 
of  a  computed  point.     The  second  part  will  consist  of  the  interpola- 
tion calculation.     The  required  input  will  be  the  coordinates  of  the 
set  of  experimental  points  and  the  abscissae,  of  the  ccnsputed  points. 
The  set  of  experimental  points  shot\3-d  be  arranged  and  labeled  in 
order  of  increasing  abscissae  for  ease  of  determining  the  ordinate 
pairs.     If  this^  is  not  the  case,  an  ordering  routine  would  be. first 
used  to  label  the  set  of  experimental  points  each  in  the  order  of 
increasing  abscissae.     It  is  assumed  that,  as  a  resuli  of  calculation, 
the  abscissae  of  the  calculated  points  are  so  ordered.     The  flowchart 
in  Figure    4.8,     depicts  the  procedure  and  assumes  that  the  labels- 
I    and    J    are  such  that  increasing  integral  values  of    I  and  J 
correspond  to  increasing  values  of  the  abscissae  of  the  respective 
computed  and  experimental  points.      Since  the  interpolation  subroutine 
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requires  the  existence  of  both  the  enperisaental  bM  the  cmlc^mM 
set  of  points,  it  is  assumed. that  thes^  data  sets  are  available 
upon  entry  to  the  subroutine.    «ie  Subroutine  is  call^l  whenever 
the  continuance  of  the  main  program  requires  interpolated  values, 
consequently,  the  subroutine  may  be  us^  many  times  in  a  single  | 
program.    The  flowchart  was  constructed  assuming  that  | 

»  ,'  i* 

£  and  that     1^  >  where   M   and   N  ^ 

are  the  number  of  expprimOTtal  ai^  computed  points  res|»ectively.  B 
Taken  together,  these  two  inequalities  insure  that  tlie  span  of  the 
abscissae  of  the  computed  points  lies  entirely  within  the  span  of  the  ^ 
abscissae  of  the  experimental  |K>int8-    The  process  of  determining  a 
function  at  points  between  where  the  function  is  defined  is  called 
interpolation  and  the  process  of  determining  the  function  at  points 
outside  the  span  of  the  abscissae  points  where  it  is  defined  is  cali^ 
extrapolation.    The  methods  for  extending  or  extrapolating  A  function  5 
to  points  exterior  to  the  domain  over  %^ich  it  is  known  are  vefy  simi- 
lar to  interpolation  i^thods.    However,  experience  has  proven  that  the 
results  are  much  less  reliable  and  extrapolation  should  be  avoided  if 
reasonably  possible.  ^ 


^^8 
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Evaluate    fi    by  iwjdifying        program  given  in    Ficfure    4.2  to 

(a)  Minimize  the  inaxiiaura  ^gnitude  of  the  aeviations. 

(b)  Minimize  the  maximuin  lakgnitud©  of  the  relative  error. 

(c)  Minimize  the  sum  of  the  squares  of  the  J^elative  error. 

By  varying  the  initial  population  determine  the  value  of    G  for 
Ml    equal  to 

(a)  The  sum  of  the  squares  of  the  deviations. 

(b)  The  sum  of  the  scfuares  of  the  relative  error. 

(c)  The  maximum  of  the  magnitude  of  the  deviation. 

(d)  The  maximum  of  the  magnitude  of  the  relative  error. 

For  each  of  the  four  norms  listed  in  problem  2  above,  modify  and 
use  the  program  to  find  the  ]pinimum  of 
Ca)         +  A  -  10 

(b)     A^  +  A^  -  100 

What  are  the  differences  in  the  results  when  the  different  norms 
are  used? 

(a)     Modi£y  the  program  given  in  Figure    4.2    to  use  an  initial 
guess  calculated  gy  one  application  of  th equal  search 
ntethod.    Using  the  data  as  given  in    Table    3.2  calculate 
an  initial  estimate  to  the  Malthusian  growth  parameter  with 
L«0.05    and    R=a0.95    and  n=20. 

(ia)    Write  a  uniform  search  program  and  make  up  your  own  examples. 
Discuss  the  results.. 

(a)  Draw  a  flowchart  of  the  random  search  method. 

(b)  Write  a  computer  program  using  the  random  search  method  to 
find  the  minimum  of 

A^  +  A  -  10         and         A^  +       -  100  . 

Modify  the  program  of    Figure    4.2    to  calculate  the  population 
yearly  for    1800  to  1960.      By  comparing  the  calculated  population 
each  decade  with  the  populations  given  in    Table  1    determine  the 
growth  coefficient. 

* 
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Repeat  problexs  6  using 

(d)    Max.  magnitude  ot  deviation  norm. 

(b)  Max.  relative  error  norm, 

(c)  Sum  of  squares  of  relative  error  norm*. 

The  following  record  of  the  %forld*8  population  growth  from 
1800  A.D.    to    1968  A.D.    is  listed  in  the  table  below. 
(Enaael,  1973). 


Year 

1800 

1850 

1900 

1910  1 

1  1950 

1960 

1968 

Pop.  (Billions) 

0.«5 

1.1 

1.5 

2.0  1 

1  2,5, 

3.0 

3,5 

Calculate  the  growth  coefficient  using  the  least  squares  close- 
ness criteria  and  a  time  period  of  one  year,    soamel  estimates 
the  population  of  the  world  to  be  4.5  billion  people  in  1980 
and  7.4  billion  in  the  year  2000.    Do  you  agree? 
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CHAPTER  V  ;  S 

—————  '  -i 

MULTIVARIABLE  SEARCH  METHODS  ,  ^ 


Introduction  ,* 

■III  » II  111  1 1  I    ■    I  ■    I  ^ 

Chapters  III  and  IV  considered  the  deveXopaent  of  single  variable  g 
search  techniques  for  minimizing  a  criteria  function  that  depended  upcMi| 
^single  parameter.    The  methods  were  described  by  using  as  an  exaa^le  i 
the  determination  of  the  growth  coefficient    G    in  the  l^lthup  n»del  ta4 
obtain  a  correspondence  wit|i  the  United  States  census  data  of  1790  to  | 
1960.      The  criteria  function  was  the  least  squares  criteria  and  the  ^ 
initial  population  .in  the  aK>del  was  held  constant  and  equal  to  the 
actual  population  in  1790.    Later,  in  another  sequence  of  runs,  the 
initial  population  was  also  varied  and  for  these  cases  it  was  found 
that  the  numerical  value  of  the  criteria  function  could  be  considerably 
reduced  and  that  the  value  of    G    also  changed  accordingly.    Since  both 
P(0)     and    G    were  simultaneously  varied,  the  minimization  of  the  cri^j 
teria  function  was,  in  effect,  accomplished  with  the  aid  of  a  two  vari- 
able search. 

In  this  chapter  %*e  will  investigate  the  development  of    two  or 
more  variable  search  methods  with  particular  application  to  parameter 
determination  methods.     As  ^as  the  case  with  single  variable  search 
methods,  the  techniques  have  very  wide  applicability  since  a  great  many 
diverse  problems  can  be  recast  as^minimization  problems.  Consequently, 
by  developing  the  programs  in  such  a  way  that  the  evaluation  oi"  the 
criteria  function  is  done  in  a  subroutine  the  ^programs  may  be  applied 
to  a  broad  range  of  problems.    By  constructing  this  subroutine  to  cor- 
respond to  the  criteria  function  appropriate  to  the  particular  minimi- 
zation problem,  the  search  routine  program  can  be  used  as  a  method  of 
solution  to  the  problem.  , 


An  Example  ^ 

To  illustrate  the  development  of  a  two  parameter  search  program, 
we  will  consider  the  problem  of  determining    G    and    Gl    in  a  finite 
resource  model  of  the  United  States  population  growth.    The  parameters 
will  be  determined  by  ccaaparing  the  B«3del  results  to  the  United  States 
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pppulation  data  from  X790  to  1960.    The  procedure  will  be  a  direct 
extension  of  the  single  parameter  method  and  both    G    and    Gl  will 
be  obtained  using  the  sum  of  the  squares       the  deviation  as  the 
closeness  criteria.     Hence,  we  will  modify  the  finite  resource  model 
computer  program  to  calculate  the  sum  of  the  squares  of  the  differ- 
ences of  the  corresponding  points  of  experimental  and  calculated  pop- 
ulations.   Furthermore,  the  time  period  in  the  model  will  be  assumed 
to  be  one  decade  to  coincide  with  the  time  period  in  the  census  data. 
Again,  the  procedure  will  be  very  heuristic  and  will  consist  in  using 
th6  program  to  evaluate  the  sum  of  the  squares  of  the  deviations  of 
the  corresponding  computational  and  experimental  points  for  different 
pairs  of  values  of    G    and  ^  Gl.      The  values  of    G    and    Gl  resulting 
in  the  smallest  sum  will  be  assumed  to  be  the  true  values.     This  is  a 
pure  trial  and  error  procedure,  and  as  in  the  cast^  of  the  guessing 
method  for  the  determination  of  a  single  parameter,  we  hope  that  our 
intuition  will  be,  increased  as  the  number  of  trials  increases.  Fur- 
thermore, for  this  simple  model  we  are  also  hoping  that  only  a  small 
number  of  guesses  should  be  required.  i 

The  alterations  necessary  to  the  finite  resource  program  are  very 
straight  forward  and  very  similar  to  the  modificaMons  made  to  the 
Halthus  model.     The  program  is  listed  in  figure    5.1    and  it  should 
be  self-explanatory. 


• 


Starting  Values  and  Results 

In  the  finite  resource  model  the  term    G*P(I) ,     for  small  popula-'  * 
tions,  is  very  much  less  than    G.     Thus,  for  small  starting  populations, 
'   it  is  expected^that  the  model  will  predict  Malthus  or  exponential- like 
growth  during  the  initial  growth  period.     Furthermore,  an  examination 
of  the  graph  of  the  actual  United  States  population  data  also  reveals 
'that  the  initial  growth  is  exponential.     These  facts  intimate  that 
using  the  value  of    0.26    for  the  initial  guess  of    G    may  be  a  good 
starting  value  for  this  parameter.     The  obtaining  of  a  reasonable  first 
guess  for  the  auxialliary  growth  coefficient    Gl     is  more  difficult. 
However,   it  will  be  recalled  that  the  derivation  of  the  finite  resource 
model  was  based  upon  the  assumption  th^t    Gl    was  very  much  smaller  in 
magnitude  than    G.     Hence,  a  value  of    0.00026    or    0.0026    might  be  a 
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R6FR 

1  REM         TUO  VaRZaaiE  FINITE  RESOURCE  K^imiSTIC  SERRCK 

2  REN  ' 

3  REH  U.  S.    POP.    {>f»TB#  ONE  DECf^  TIME  PERIOD 

4  REN 

5  REN 

6  OIN  P<5e>.E<50> 

7  PRINT  "INPUT  Q,  Ql  fiNO  P<0>" 

10  INPUT  O/Qi.P<0> 

11  PRINT 

12  PRINT 

14  REN 

15  REN  LINES  20-5©  ENTER  U.  S.  POP  mm 

16  REN 

20  DRTR  1.  93,  5.  2t,  ?.  24.  9  64, 12.  &?*  17.  &T,  21.  %9,  31.  44#  39.  02#  50.  16  ^  # 

25  ORTR  62.  95*  75.  99*  91.  97*  105.  71*  122.  78*  131.  67*  150.  7*  179.  31  % 
30  FOR  J"0  TO  17 
40  READ  E<J> 
50  NEXT  J 
57  MEH 

50%EN  LINES  60-80  CRLCULRTE  TNE  POPULATIONS 

59  REN 

60  FOR  1*0  TO  17 
70  P<I*1>«P<I^*<0-Q1*P<X>>*P<I> 
00  NEXT  I 

82  PRINT  "DECftDE  CRLC.   POP  EXP.   POP.  DEV.  REL 

ERROR" 

84  PRINl 

85  REN  ^ 

86  REN  LINES  90-150  CRLC    SUN  OF  SQUARES*   S*   AND  PRINT  RESULTS 

87  REN 
90  LET  S-0 
100  FOR  1-0  TO  "17 
110  LET  D"P<I>-E<I> 
120  LET  S-S+D*D 
130  LET  F-D/ECI) 
140  PRINT  Z*.P<I>*E<I>.D,F 
145  PRINT 

150  NEXT  I  .  -  • 

155  PRINT 
160  PRINT 

165  PRINT  "     G  Gl  P<0>  S" 

170  PRINT 

175  PRINT  Q.  Gl,  P<e>/S 
180  END 
190  END 

READV 


Program  to  Calculate  G  and  Gl  in  the  Finite  Resource  Model 

Fig.  5.1 
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good  starting  value  for  the  second  parameter.     If  the  limiting  popu- 
lation, or  carrying  capacity,  C,     of  the  United  States  were  known, 
the  relation    G/Gl  -  C    would  provide  an  initial  estimate  for  Gl. 
This  discussion  on  the  obtaining  of  starting  values  was  specific  to 
the  finite  resource  model  and  quite  heuri^ic  in  nature.     The  student 
must  remember  that  if  very  accurate  initial  guesses  could  be  made,  we 
would  effectively  have  the  answers  to  our  problem  and  then  presumably 
would  have  no  need  to  use  a  search  program  in  the  first  place.  Other 
techniques  for  obtaining  starting  values  are  discussed  later  in  this 
chapter. 

A  possible  check  on  the  accuracy  of  the  program  results  can  be  ob- 
tained by  noting  that  if  the  finite  resource  model  does  produce  early 
time  results  which  agree  closely  with  the  tabulated  data,  it  rs  to  be 
expected  that  the  value  of  the  growth  coefficient  obtained  from  the 
mod'^1  would  closely  approximate  the  value  obtained  in  the  Malthus  model 
The  checking  of  computer  results  in  this  manner  is  an  example  of  using 
the  results  of  a  simpler  program,   the  Malthus  program,   to  check  the 
results  of  a  more  corapliqated  progra^m,   the  finite  resource  program. 
It  is  not  expected  that  the  results  should  be  identical  because  the 
programs  and  the  hypotheses  upon  which  they  were  bjilt  are  not  iden- 
tical; however,  any  expected  similarities  in  their  results  should  be 
exploited  for  purposes  of  checking  the  correctness  cf  the  programs. 

Tables     5.2a,     5.2b    and     5.2c     list  results  otr^ined  from  the 
program.     The  detailed  results  of  a  typical  run  are  shDwn  in  Table 
5.2a    wherein  G     and     Gl     were  chosen  equal  to     0.345     and  0.0017 
respectively  and  the  initial  population,     P  (0) ,     was  chosen  as  3.93 
million.     The  value  obtained  for    S    was  300.836.    Column  2  lists  the 
calculated  population  and  column     3     lists  the  actual  population  cor- 
responding to  each  decade.     The  deviation,  or  difference  of  these  two 
populations  ror  each. decade,   is  listed  in  column    4     and  the  fifth 
column  lists  the  relative  error  of  this  (Elation.      It  is  seen  that  the 
deviation  of  maximum  amplitude  occurs  in  the  last  decade  whereas  the 
relative  error  of  largest  amplitude  occurs  in  the  seventh  decade. 
Thus,   the  deviat  ion  of  maximum  amplitude  occurs  where  the  population 
is  the  largest  whereas  the  maximum  amplitude  of  the  relative  error 
occurs  at  a  middle  decade  and  for  a  quite  small  population.     This  in- 
dicates that  different  closeness  criteria  may  produce  model  curves- 


which  compare  differently  with  the  experimental  data.    The  results 
listed  in    Table    5.2b    also  confirm  this  fact.    Table    5.2b  illus- 
trates the  results  of 'several  computer  runs  corresponding  to  different 
values  of    G    and    Gl.      In:each  run  the  initial^population  was  id^n- 
ti^l  to  that  recorded  in  1790.    Columns  6  and  7  of  this  table,  list  * 
the  deviation  of  makimum  amplitude  and  the  reJl^ive  error  of  maximum 
amplitude  respectively.    The  numbers  appearing  «i  parenthesis  in    '  ^ 
columns    6  and  7    indicate  the  decade  in  which  the  respective  maximum 
deviation  and  the  maximum  relative  error  occurred.    The  student  will 
note  that  small  changes  in    G    and    Gl    produce  large  changes  in.  all 
three  measures  of  closeness;  that  is,  in  the  sums  of  the  squares  of 
the  deviations,  the  maximum  deviation  and  the  maximum  relative  ^rroi 
The- various  criteria  functions  are  thus  quite  sensitive  to  the 
eters    G    and    Gl.    A  comparison  of  the  finite  resource  mod^jk^esults 
with  the  Nalthus  model    results  in  table    3.5    shows  thBp^he  least 
value  for  the  sum  of  the  squares  of  the  deviations  w^^e   -4545    for  the 
Malthus  model  .and  only    301    for  the  finite  resojx^  model.  This 
indicates  that  the  finite  resource  model  giv^^^esults  that  mor^ 
closely  fit  the  growth  of  the  United  Staj;;^^  population  from  1790  to 
1960  than  does  the  Malthus  model.     Jj^^s  to  be  emphasized  that  these 
results  confirm  this  conclusion^,^ly  when  the  sum  of  th^  squares  of 
the  deviations  closeness  criteria  is  used  as  a  basis  fot'  the  corapari- 
son  of  the  two  models*     If  a  similar  analysis  is  carried  out  to  ascer- 
tain  the  relative  merits  of  the  two       lels  using  a  different  closeness 
criteria  such  as  the  maximum  deviation  or  the  maximum  relative  error# 
a  different  conclusion  might  be  reached • 

Table    5- 2b    further  reveals  that  the  least  value  for  the  sum  of 
the  squares  of  the  deviations  is  obtained  for    G  =  0.345  and  Gl  =  0.0017 
In  contrast^  the  minimum  m^imum  deviation  is  obtained  for  a  value  of 
G  -  0.33  and  a  value  of    Gl  -  0.00145^     whereas  a  minimum  value  for  the 
maximum  relative  error  criteria  is  obtained  for    G  -  0.35  and 
Gl  =  0.0018.      All  three  of  these  sets  of  values  for  both  the  growth 
coefficient  and  the  auxilliary  growth  coefficient  are  fairly  closp. 
Con>Huquently,  it  is  safe  to  conclude  that  a  reasonable  value  for  G 
is    0.34    with  an  error  of  approximately    -0.01.       Similarly,  a  rea- 
sonable value  for    Gl    is    0.001-7    with  an  error  of  approximately  ^ 
•G,0002.  \ 
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Gl  AND  P<0> 

0  001?*       3.  93 


CRLC.  POP. 

3.  9:; 
5.  25959 
7.  02?12 
9.  36r  54 
12  4502 
le.  482 
21.  7064 
28.  2941 
36.  8195 
4?  2176 
59.  7175 
74  2576 
90.  5023 
107.  802 
125  237 
141.  78 
156.  522 
168.  873 


exp.  POP. 

3.  93 
5.  31 
7.  24 
9.  64 
12.  87 
17.  07 
23  19 

,  31.  44 
39  82 
50.  16 

'  62.  9S5 
75  99 
91.  97 
105.  71 
122,  78 
131.  67 
isfe.  7 
179.  31 


DEM. 

0 

0504065 
-  212874 
272463 
41984 

-.  58S045 
-1.  48356 
-3.  84585 
-3  00046 
-2.  94238 
-3.  23245 
-1.  73241 
-1.  46765 
2.  89151 
2.  45705 
10.  1105 
5.  82185 
-18.  4366 


REL.  ERROR 
0 

-9.  49274E-03 
-  0294025 
0282638 
-.  0326216  ^ 
034449 
0639751 
0968783 
0753506 
0586598 
-.  0513495 
0227978 
0159579 
. 0197853 
.  0200118 
.  0767866 
.  0386321 
058204 


Gl 


r 


P<0> 


1.  70000E-03       3  93 


S 

300.  836 


Detail  Printout  of  Fin.  Res.  Model 

'07 


Table  3.^. 


G 

Gl 

P(0) 

s 

tHax.  Dev. 

Max  Rel  Error- 

.265 

0.001 

3.93 

12561.95 

-50.81(17^ 

-.Undo)  A 

0.30 

0.001 

3.93 

153U.52 

-17.61(12) 

-.256(7)  "J 

0.33 

0.001 

3.93 

5690. 329 

+UU. 75(16) 

-.297(16)"^^ 

0.33 

0.002 

3.93 

37^3,266 

.  -I*1.9i»(l7) 

( 

-.23^(17)  ; 

.33 

0.0015 

3.93 

Ulc*  7755 

-  9.1UU7) 

-.153(7)  ■ 

.33 

.0016 

3.93 

yf36.98 

-16.81»(17) 

-.158(7) 

.33 

.0013 

3.93 

892.0851* 

18.U9(16) 

-.1UU(7)  . 

.33 

.OOlU 

3.93 

U61.3196 

11.61»(15) 

-.lU9(7) 

.33 

.OOIU5 

3.93 

397.36U7 

8.99(15) 

-.151(7) 

.3h 

.0016 

3.93 

315.8525 

10.77(15) 

-.llU(7) 

.35 

.0018 

3.93 

325.1555 

-13.67(17) 

-.0793(7) 

.35 

.0017 

3.93 

U50.T575 

1^.56(15) 

.111(15) 

.35 

.0016 

• 

3.93 

91*1. 3U2 

• 

20.19(15) 

.153(15) 

.3U5 

.0017 

3.93 

301.  oW 

-10.1*5{17) 

-.0969(7) 

.31*5 

. 00165 

3.93 

356.3005  ' 

12.lkil5) 

.0967(15) 

.3^25 

.00165 

3.93 

303.5757  . 

10.U6(15) 

-.106^7) 

Comparison  of  Results,  Fin.  Resource  Model,  U.S.  Pop. 

'(Same  Initial  Population) 
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G 

Gl 

S 

*l«ax.  Dev. 

Rel.  Err. 

.3 

.0015 

5.0 

I619.U2 

-27.95(17) 

.27i2(0) 

.3 

.0012 

5.0 

282. 

7.91(15) 

.272(0) 

.33 

.00ll» 

5.0 

2361. 

27.61(15) 

.272(0) 

.33 

.0015 

1  5.0 

1222. 

21.08(15) 

.272(0) 

.33 

.0017 

5.0 

U22 

-1U.97(17) 

.272(0) 

.33 

.0016 

5.0 

612 

15.03(15) 

.272(Q) 

.25 

.0015 

8.0 

66U1 

-5U.76{17) 

1.035(0) 

.25 

.001 

8.0 

735 

-18.38(17) 

1.035(0) 

.25 

.009 

^^8.0 

366 

.      -  8.57(17) 

1.035(0) 

.25 

.008 

^.0 

506 

11.52(16) 

1.035(0) 

.28' 

.001 

8.0 

5212 

31*. 20(15) 

1.035(0) 

.28 

.0012 

8.0 

1T37 

18.57(15) 

1.035(0) 

i 
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Table    5.2c    lists  results  for  different  pairs  of  values  of    G  H 
and    Gl    corresponding  to  different  initial  populations.    Using  only  | 
•  these  results  as  a  basis  we  conclude  that  a  variety  of  values  aay  be ' 
dbtained  for  the  two  growth  coefficients  by  varying  both  'U>e  closeness 
criteria  and  the  ipitial  population.    The  student  will  reSkll  that 
varying  the  initial  population  as  well  as  the  criteria  function  in 
the  Malthus  model,  also  resulted  in  different  values  for  the  growth 
coefficient.    We  again  anphasize  that  the  decision  concerning  the 
final  choice  of  values  for    G    and    SI    must  remain  with  the  inves- 
tigator since  he  alone  must  decide  irtiich  closeness  criteria  he  will 
accept.    Frequently,  a  graphical  portrayal  of  the  results  correspond- 
ing to  the  various  best  fits  is  an  excellent  aid  in  this  decision. 
In  addition,  outside  constraints,,  ^r  example,  the  maxiimjm  pOTdtted  dnig 
tolerance  in  a  drug  dosage  nKKiel,  can  be  an  overriding  consideration 
in  the  choice  of  a  criteria  function.    We  remark,  in  passing,  that  by 
varying  the  initial  population,  as  well  as  both  growth  coefficients, 
.  we  are  in  effect  conducting  a  three  variable  search. 


General  Comments 

In  the  course  of  the  t.ial  and  error  effort  required  to  obtain 
estimates  for  the  two  parameters,  it  was  noted  that  small  changes  in 
Gl    produced  much  larger  changes  in  the  value  of  the  criteria  function 
than  did  small  changes  in    G.     Thus,  the  criteria  function  was  found 
to  be  more  sensitive  to    Gl    than  to    G.      It  is  frequently  the  case 
that  the  criteria  function  is  more  sensitive  to  some  parameters  than 
to  others.     It  is.  also  the  case  that  there  can  be  a  great  range  in 
the  magnitudes  of  the  final  valuers  of  the  parameters;  that  is,  the 
extremal  values  of  some  of  the  parameters  may  be  very  much  larger 
than  the  extremal  values  of  other  parameters.     Both  of  these  facts 
suggest  that  during  the  search  process,  differeat  parameters  may  re- 
quire different  search  step  sizes,  or  equivalenUy,    the  same  search 
step  size  may  not  be  appropriate  for  all  parameters.     If  the  criteria 
function  is  found  to  be  insensitive  to  large  changes  in  a  parameter, 
it  is  appropriate  to  use  a  large  step  size  when  "searching  on  this 
parameter";     on  the  other  hand  if  the  criteria  function  is  sensitive 
to  small  changes  in  a  cjiven  parameter,  it  is  appropriate  to  use  a 
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small  search  step  size  when  minimizing  with  respect  to  this  variable. 
Thus,  in  the  auto«ated  two  variable  search  routine  that  we  will 
describe,  we  will  make  provision  to  permit  a  different  search  ^ep  • 
size  for  each  variable.    A  measure  of  the  sensitivity  can  be  ob- 
tained by  making  some  trial  runs  with  the  previously  described  program 

In  the  next  section,  the  development  of  a  two  variable  sfarch 
routine  is  presented.     Your  author  wants  to  emphasize  that  the  routine 
presented  is  just  one  of  many  different  possible  search  routines. 
The  existence  of  different  search  routines  is  due  to  the  fact 

•  that  in  roultivariable  parameter  minimization  problems  there  are 
several  ways  to  determine  the  many  different  possible  paths  which 
can  be  used  in  the  conduct  of  the  search.    For  example,  it  is 
possible  to  vary  only  one  parameter  until  no  furt;her  improve-  / 
ment  is  obtained  and  to  then  vary  another  parameter  until  no  ^ 
further  improvement  is  obtained.    This  process  is  repeated  until 

the  effect  of  all  of  the  parameters  has  been  examined.  The 
procedure  is  then  started  all  over  with  the  first  parameter  and 
the  entire  process  is  repeated  until  there  is  no  further 
improvement  in  the  criteria  function  for  any  parameter  variation. 
This  is  the  technique  described  in  the  next  section.    A  different 
search  routine  consists  in  varying  each  parameter  in  turn  by  a 
specified  small  amount  and  then  proceeded  to  the  point  yielding  the 
most  improven^  in  the  criteria  function.     Using  this  point,  the 
process  is  agai?i  repeated  and  a  new  neighboring  poinr  is  found. 
The  process  is  terminated  when  no  neighboring  point  results  in  an 
improvement  of  the  criteria  function  and  the  point  at  which  this 
occurs  is  taken  to  be  the  extremum  point.     If  more  accuracy  is 
desired,  a  smaller  Jtll^^i§g,4is  selected  and  the  entire  process 
is  again  repeated.     Th^Taxe  many  other  search  routines  and 
they  are  more  or  less  Independent  of  the  criteria  for  closeness. 

Because  of  the  inherent  difficulties  associated  with  multi- 
variable  search  problanJ,  it  is  wise  to  use  at  least  two  different 
routines  to  see  if  the  ^e^  parameter  values  are  obtairsd.  If 
each  routine  produces  a  significantly  different  set  of  parametei 
values,  the  results  should  be  regarded  as  highly  suspect,  to  si 
the  least.     As  in  the  single  variable  case,  a  principle jcausej 
such  a  divergence  of  answers  is  the  presence  of  local  relativ^ 
minimum  points-     Such  points  occur  far  more  frequently  in'tw^  or 

•  more  parameter  minimization  problems  than  in  single  parameter 
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The  discussion  of  relative  minimum  points  for  criteria  functions 
of  more  than  .one  parameter  is  fascilitated  by  the  introductiSSf  of  the 
notation  of    A,    9«    C,    etc.  for  the  parameters  and  the  letter    N  for.t 
the  critei^ia  function.    For  example #  the  parameters    A    and    B    may  f'^ 
identified  with  the  parameters    G    and    Gl    in  the  fiuite  resource 
model  or  they  may  be  identified  with    P(0)    and    G    in  the  Malthus 
model.    Our  discussion  will  be  restricted  to  the  consideration  of  two  J 
parameter  problems.    The  student  should  have  no  difficulty  extending 
the  ideas  to  three  or  more  variable  problems.    As  stated  above »  it  is  i 
known  that  there  may  exist  two  or  more  relative  minimum  points.  ^In 
terms  of  our  notation,  this  means  that  there  can  exist  two  or  more  disr*  , 
tinct  pairs  of  values  for  A    and  called  critical  points^  for  which 

M    is  a  local  minimum.      Thus,  there  can  exist  two  distinct  values  of 
A    and  of    B,     say    ^1,  Bl)     and     {A2,  B2)  such  that  the  value  of  M 
at     (Al,  Bl)     is  less  than  the  value  of    M    at  local  or  nearby  points 
of     {Al,  Bl)     and    also  the  value  of    M    at  the  point     (A2,  B2}     is  less 
than  the  value  of    M    at  points  in  the  near  neighborhood  of     (H,  B2) . 
The  value  of    M    at  (Al,  Bl)     need  not  be  the  same#as  the  value  of  M 
at     (A2,  B2) .     The  points     (Al,  Bl)     and     (A2,  B2)     are  called  relative 
minimum  points. 
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The  existence  of  relative  minimum  points  in  multiparameter  mini- 
mizat;ion  problems  is  more  serious  than  the  existence  of  such  points 
in  single  parameter  problems.    Some  of  the  reasons  for  this  ares  (1) 
such  points  usually  occur  with  much  greater  frequency  in  multiparameter 
problems,     (2)     the  determination  of  the  number  and  location  of  these 
points  is  more  difficult  because  the  dimension  of  the  search. space  is 
higher,     and     (3)     the  fact  that  the  sensitivity  of  each  parameter  to 
a  given  step  size  may  vary  tremendously  with  each  parameter  frequently 
results  in  local  minimum  points  having  an  inordinate  affect  on  the 
search  path. 

In  the  section  entitled    Minimization    in  Chapter  IV,  several 
comments  were  made  concerning  difficulties  associated  with  the  appli- 
cation of  search  programs  to  single  parameter  problems.     These  comments 
apply  even  more  forcefully  to  multiparameter  problems  and  the  student 
can  rest  assured  that  the  greater  the  number  of  parameters  to  be  deter- 
mined the  greater  will  be  the  difficulty  of  their  determination.  This 
is  reflected  in  a  greater  increase  in  conceptualization  time,  program- 
ming time,  and  especially  computing  time.     This  latter  increase  is  due 
to  the  accelerated  expansion  of  the  search  space  as  the  number  of 
variabV>s  increases.       R.  Bellman  speaks  of  this        "the  curse  of 
dimensionality"     and  the  difficulty  is  well  illustrated  in  the  text  by 
Cooper  and  Steinberg.     In  fact,  as  the  number  of  variables  increases 
the  increase  in  the  required  computing  time  is  so  rapid  that  it  is 
rare  that  search  problems  involving  more  than  five  or  so  parameters 
are  attempted.     Vigorous  research  efforts  are  presently  being  devoted 
to  this  problem  by  computer  scientists  and  applied  mathematicians. 


A  Minimization  Algorithm 

In  this  section  we  develop  an  algorithm  to  determine  the  values  of 
the  parameters  A  and  B  that  will  render  the  quantity  M  a  minimum. 
This  will  be  accomplished  by  writing  a  computer  program  that  mimics  an 
orderly  human  decision  making  process.  One  possible  orderly  process  is 
the  following.  Select  an  initial  value  for  A  and  B  and  evaluate  M. 
Denote  these .values  by  A0  and  B0  respectively,  and  let  H  and  K  be 
small  positive  numbers.  H  and  K  are  the  step  sizes  in  the  A  and  B 
directions  respectively.     Increase    A0    slightly  to    A^+H    and  again 
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evaluate    M    using  the  new  value  of    A    together  with    B^.    If  this 
value  of    M    is  less  than  the  original  value,  we  have  in^roved  our 
initial  guess.    Suppose  this  were  the  case.    In  this  event  we  should 
increase    A    slightly  to    A^+2H,    and  again  evaluate    M    using  the 
original  value    B0    for    B.     If  this  new  value  of    M    is  less  than 
the  previous  value,    we  repeat  the  process  until  we  reach  a  value  of 
A,    i^ich  when  combined  with  no  longer  decreases    M.    We  denote 

this  value  of    A    by    Al.     In  the  event  that  our  initial  increase  of 
AjJ    to    A04-H    had  not  resulted  in  a  decreased  value  of    M    we  would 
have    "proceeded  in  the  opposite  direction"    and  decreased    A  to 
A0-H    and  again  evaluated    M    using  the  value  of    B0    for    B.  If 
this  had  resulted  in  a  value  of    M    less  than  the  original  value,  we 
would  have  further  decrea^d    A    to    A0-2H.      M  would  have  again  been 
evaluated,  compared  with  the  previous  value,  and  if  it  were  less  the 
process  would  have  been  repeated  until  we  arrived  at  a  value  for  A 
which  when  combined  with    B0    would  no  longer  have  decreased    H.  As 
above,  this  value  of    A    is  denoted  by    Al.    We  are  now  at  the  point 
(Al,  B0)     and,  using  the  same  procedures,  will  improve  our  guess  on 
Bjg    by  increasing   B  slightly  from  mto  Bm  and  oanparing  the  values  of  M  at 
the  points  (Al,Pj0)  and  (A1,^K).    As  befca^,  if  the  value  of  M  correspondii^  to  the 
point     (Al,  B^r+K)     is  less,  we  repeat  the  process  until    M    is  no 
longer  decreased.     This  new  point  is  denoted  by     (Al,  Bl) .     If  the 
point     (Al,  BJ2r+K)     had  resulted  in  an  increased    M,     as  compared  to 
the  value  of    M    obtained  at     (Al,  B0) ,     we  would  have  decreased  B 
from    B0    to    B0-K    and  evaluated    M.     If  the  value  of    M    were  less, 
we  would  further  decrease    B    from    B0-K    to    B0-2K,     compare  the 
respective  values  of    M,     and  repeat  the  process  until    M    is  no 
longer  decreased.     We  denote  this  point  by     (Al,  Bl) .     This  point  can 
be  thought  of  as  our  new  starting  point,     (A0,  B0) ,     and  the  entire 
process  repeated  arriving  at  a  new  ending  point     (Al,  Bl).     Usinq  the 
last  ending  point  as  a  new  startintf  point,  the  process  is  repeated 
cigain  and  again  until  there  is  no  change  in  €?ither    A0    or  B0. 
These  values  can  be  accepted  as  the  desired  values  for    A    and    B  or 
more  refined  values  can  be  obtained  by  decreasing  the  size  of  the 
search  steps    H    and    K,     to  H/10    and    K/10,     usinq  the  final  values 
of    A    and    B,     Al    and    Bl,     as  the  new  starting  points  and  then  re- 
peating the  entire  process.     By  a  repetition  of  these  procedures  still 
more  refined  values  for    A    and    B    may  be  obtained. 
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The  minimization  problem  for  two  parameters  can  be  likened  to 
the  problem  of  finding  the  point  on  the  ground  closest  to  the  bott<HB 
part  of  a  motionless  irregularly  shaped  balloon  which  is  floating 
above  the  flat  ground.    The  student  may  visualize  the  search  process 
as  a  process  of  walking /in  the     (A,  B)    plane     (the  ground)    along  a 
path  which  is  alternately  parallel  to  the    A    axis  and  then  parallel 
to  the    B    axis  until  the  desired  point  is  located.     Figure  5.3  ^icts 
this  process  and  the  bottom  portice  of  the  balloon  surface  is  the  M  anrface. 

The  conditions  necessary  for  the  success  of  the  search  routine 
can  be  inferred  by  an  examination  of    Figure    5.3.      It  is  intuitively 
evident  that  the  surface  must  be  convex  and  concave  upward,  that  is 
"hold  water",     in  a  region  containing  the  minimum  point.    Now  the 
vertical  projection  onto  the    AB    plane  of  the  portion  of  the  M 
surface  containing  the  minimiun  point  and  which  holds  water  is  a  sec- 
tion of  the    AB    plane  which  we  will  call  the  "successful  search  space". 
It  is  so  called  because  no  matter  which  point  in  the  spate  is  selected 
for  an  initial  point,  the  search  routine  will  succeed. 

The  actual  determination  of  the  successful  search  space  is  a  task 
more  difficult  than  the  original  problem  of  determining  the  minimum 
point.     Consequentiy,  we  will  not  continue  this  discussion  except  to 
say  that  the  techniques  for  easily  delineating  the  successful  search 
space  are  under  intensive  investigation. 

A  flowchart  of  the  entire  search  routine  is  she  /ri  in  Figures  5.4a 
to    5.4e.      The  comments  appearing  on  the  flowcharts  are  to  clarify  the 
procedure  and  the  number  appearing  above  the  symbols  refer  to  the  cor- 
responding statement  numbers  in  the  program  listed  in  Figure  5.5. 
Figure    5.4a    depicts  the  increasing  of    A    and  the  possible  conse- 
quences of  such  an  action,  and    Figure    5.4b    depicts  the  consequences 
of  decreasing    A.      Figures    5.4c  and  5.4d    illustrate  similar  actions 
and  the  possible  results  for  the  second  parameter    B.     Finally,  Figure 
5.4e    illustrates  the  decisions  necessary  for  changing  the  step  size 
and  for  concluding  the  program.     In  this  latter  figiire,  the  left-hand 
portion  of  the  figure  depicts  the  procedure  necessary  to  reduce  the 
search  step  sizes.    There  are  two  step  sizes    H    and    K,     called  the 
A    step  size  and  the    B    step  size  respectively,     and  both  step  sizes 
must  simultaneously  become  smaller  than  their  respective  preassigned 
limiting  step  sizes    El    and    E2.      Since  it  is  possible  for  one  step 
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si.e  to  be  less  than  its  limiting  step  size  while  the  other  step,  size  . 
is  si»altaneously  larger  than  its  limiting  step  size,  provision  must 
be  made  to  recognize  this  fl.ct  and  to  act  accordingly.    Thus,  mstruc- 
tion    652    determines  if  the    A    step  size  is  less  than  the  liiaxt.ng 
step  size  of    A    and  if  it  is  not.  a  similar  determination  is  made  for  , 
the    B    step  size  in  instruction    653.     If  the    B    step  size  is  less  . 
than  its  limiting  value,     the    B    step  size  is  multplied  by    10    making  ; 
it  larger  than  its  limiting  step  size.     The  search  then  proceeds  wxth 
these  step  sizes,     analogous  remarks  can  be  made  if  the    A    step  sxze  _  . 
is  less  than  its  Waiting  step  size.     This  procedure  insures  that  all  . 
search  steps  will  be  taKen>«*h  step  sizes  not  less  than  the  P"""^ned 
limiting  step  sizes.    The  calculation  of  the  closeness  criteria  and  the 
determination  of  whether  or  not  thT preassigned  maximum  number  f 
steps  has  been  exceeded  is  depicted  in  the  right-hand  portxon  of  Figure 

^*^^*  A  program  listing  appears  in  Figure  5.5.    We  again  remind  : 
the  student  that  the  program,  as  listed,  is  for  the  determination 
of  the  growth  coefficient  G  and  the  auxiliary  growth  coefficient 
Gl  xn  the  finite  resource  model  of  the  population  growth  of  the  ^ 
united  States  from  1790  to  1960.     The  closeness  criteria  is  the 
sun,  of  the  sauares  of  the  deviations  between  the  experimental 
.nd  the  calculated  populations.     By  suitably  changing  the  sub- 
routine for  the  evaluation  of  the  crxteria  function,   lines  700-716, 
other  closeness  criteria  may  be  used.     In  addition,  by  suitably 
altering  the  experimental  data  statements,   lines  48-80,  together 
with  the  determination  of  the  closeness  criteria  in  lines  700-716, 
the  program  may  be  used  to  degermine  the  parameters  occurring^  two 
other  parameter  models.     Thus,  the  program  is  quite  flexible. 

The  program  requires  as  input,   an  initial  population  P(0), 
an  initial  starting  point  {A,B);  the  respective  step  sizes  m 
the'A  and  B  direction,  H  and  K  and  the  limiting  or  Smallest 
permitted  step  sizes  El  and  E2.     There  are  two  "safety  checks- 
built  into  the  program.  ,^The  first  check  insures  that  the  search  ^ 
path  will  not  proceed  without  bound  in  either  the  A  or  the  B 
direction.     The  second  check  insures  that  the  search  path  does  not 
loop  back  onto  itself  .and  thus  result  in  an  endless  search,  i.e. 
a  loop. 
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The  program  assumes  that  the  investigator  is  i^amijyi^  enough  with 
his  problem  so  that  he  can  initially  specify  a  region  in Jthe    AB  plane 
in  which  the  search  should  take  place.     It  is  assiaaed  that  this  region 
is  a, rectangle  whose  sides  are  parallel  to  the    A    and    B    axis.  The 
location  of  the  sides  of  the  rectangle  must  be  specified  as  input  and 
are  accomniodated  in  the  program  via  statements    42    and    43,  Statement 
42    requires  as  input  the  minimum  and  maximum  limiting  search  values  in 
the    A    direction.    These  values  are  designated  by   Al    and    A2  respec 
tively.    Statement    43    requires  as  input  similar  limiting  values  with 
respect  to  the    k    direction' and  they  are  denoted  by    Bl  and  B2.^  If 
any  of  these  limits  are  exceeded  by  either  an    A    or    a    B    value  in 
the  search,  the  program  stops  and  prints  out  tlia  fact  that  the  search 
path  has  "wandered  out"  of  the  permitted  ^arch  region.    The  specifica- 
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425  LET  A-ASLET  B^BSLET  f10=Mi 

428  PRINT -"EXCEEDED  ALLOWED  MAX.    VALUE  OF  B" 

439  PRINT  "THE  VALUES  OF     A,     B     AND    M0  ARE" 

440  PRINT  ft. B. M0 

444  STOP 

445  LET  A=A\l'^T  B=B-»-KSLET  M0=M1 
450  GOSUB  700 
465  IF  WKM0GO  TO  42© 
470  LET  "a^ASLET  B»=B-K 
472  GO  TO  100 
475  PRINT 

500  LET  A=ASLET  B=B-K 
505  GOSUB  700 

520  IF  MiCMOQO  TO  528  4 

525  GO  TO  b80 
528  IF  B>B1Q0  TO  ,540 

5J0  LET  A=ASLEf  B==E\LET  ri@=Mi 

535  PRINT  "EXCEEDED  ALLOWED  MIN..  VALUE  OF  B" 

526  PRINT  "THE  VALUES  OF     f\,      B     AND     MO  ARE" 

527  PRINT  A.  B..  MO     ,  '  • 
538  STOP                            ,  ^  ^ 
540  LET  fl=A\LET  B=B-KNLET  M0=M1 

545  GOSUB  700  / 
5b9   IF  MlvMOGO  TO  528 
5fa5  LET  A=R\LET  B=B-^K 
567  GO  TO  100 
570  PRINT 
620  PRINT 
645  PRINT 
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€59 

652 

655 
654 
655 
656 
658 
659 
663 
662 
663 
664 
665 
6o? 
668 
669 
670 
6?S 
6?? 
6S0 
682 
684 
685 
6SG 
6B9 
69& 

700 

701 
702 
705 
704 
705 
706 
70? 
70S 
710 
712 
714 
715 
716 
719 
720 

•y  O 


BN^    C  RRE' 


i 

724 
727 
728 
729 
720 
732 
825 


LET  H«H^i«SLET  K«IO'10 
IF  H<E1G0  TO  656 

IF  K<E2Q0  TO  655 
GO  TO  100      .  •» 
LET  K=i0'^K 
do  TO  100 
IF  KCE2G0  TO  662 
LET  H=10*H 
GO  TO  100 
PRINT 
PRINT 
PRINT 

PRINT  "THE  FIRfiL  VftLUES  OF     ft.      B,  H0 
PRINT  R,  B.  MO.  C  . 
PRINT  • 

PRINT  "THE  FINRL  VRLUES  OF     H    RNC'    K  RRE" 

PRINT  H.  K  • 

STOP 

PRINT 

LET  R=flSLET  B=&+K\LET  Me«H0 

PRINT  "THE  INTEPMEt'IRTE  VRLUES  *0F  fl,    B.    110  ARE" 
PRINT  R,  B.  fie  . 
PRINT  .  \ 
GO  TO" 650 

PRINT  V 
REM  INST     UOS     700  TP  716  EVRLURTE  M 
FOP   1=0  TO  25 

LET  P I  +1  '  -P'  I  :>  +  '  R-E;«»:p<  I  >  > I  > 
IF  pt.\I+i:.'<=0GO  TO  7£i5 
NE^sT  I 
GO  TO  707 

PRINT  "THE  POPULHTID!^  IS  LESS  THRN  OR  EOURL  TO  ; 
STOP 
LET  S==0 
FOR  1=0  TO  17 
LET  D=P';i  <-Ea> 
LET  S=S-e-D*C.' 
NEKT  I 
LET  Mi=S 
PRINT  R.  B.  HI, C 

REM   INST.    NOS.    721  TQ  7;0  PREVENT  ENC'LESS 
LET  €=0+1 
IF  CCTGO  TO  732 

PRINT   "THE  LOST  VRLUES  OF     h,      &.  MO 
PRINT  R.  e  M1,C 

PRINT  "THE  VRLUES  OF     H  "  fiUb     K  RRE"* 
PRINT  H,  K 

PRINT-  "EXCESSIVE  N  "IBFR  OF  STEPS" 
STOh 

RETURN  . 
EMO 


:ero" 
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tion  of  the  search  region  may  be  difficulti  nevertheless,  there  is 
some  validity  to  ±hc  statement  that,     "if  the  investigator  knows  so 
little  about  his  problem  that  he  cannot  even  vaguely  specify  the 
search  domain,  he  certainly  cannot  specify  reasonable  starting  values, 
and  consequently,  shoull  not  be  attempting  to  solve  the  problem". 
Frequently,  assistance  in  determining  the  boundaries  of  the  search 
domain  may  be  obtained  by  using  the  trial  and  error  program  pre- 
vious Jy^escri  bed.     In  addition,   it  is  occasionally  possible  to  set 
the  boundaries  by  using  one  of  the  routines  for  obtaining  starting 
values.     {jSee  the  section  entitled    Modifications) . 

Po3s:tfble  endless  looping  is  prevented  by  counting  the  nuiSbTer 
search  steps  and  checking  this  number  against  the  m^imum  number  of 
allowable  steps,     C,     which  has  been  initially  specified  as  input  in 
statement     38.     Since  no  search  step  may  be'  taken  without  an  evalua- 
tion of  the  criteria  function, 'the  search  step  count  is  accomplished 
by  counting  the  number  of  times  that  the  criteria  function  is  evalua- 
ted.    The  counting  and  comparing  is  accomplished  by  statements  7^0 
and'  722.     It  is  cert^^inly  true  that  in  a  well  designed  program  this 
latter  check  should  not  be  required.     Never -»less,  your  author,  in 
recognition  of  Murphy's  law,  has  develop  <:  habit  of  including 

such  a  step  counting  routine  in  seaichi*  ^^rugrams. 

The  student  will  recall  that  the  purpose  of  thf  program  was  to 
estimate  .the  value  of  the  two  growth  coefficients  G  and  Gl  whicl^ 
occur  in  the  finite  resource  model.  However,  the  search  routine  was 
designed  to  be  independent  of  a  particular  problem  and  so  the  search 
variables  were  designated  as  A  and  B.  Consequently,  in  order  to 
use  the  routine  for  the  determination  of  the  growth  coefficients  .ithe 
fundamental  finite  resource  model  growth  equation  was  written  as 

LET  P{3-m-  =  P(I)   +  (A-B*P(I)}*P(I) 

and  this  is  statement    70.1.       The  variable    A    is  to  be  identified 
wi^h  the  growth  coefficient     G    and  the  variable    B    is  to  be  iden- 
tified with  the  auxilliary  growth  coefficient  Gl. 
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Modifications       •  T  ' 

The  two  parameter  search  routine  just  described  coits^ructt  a 
search  path  that  proceeds  along  a  parameter  until  there  is  no  further  •  ; 
decrease  In  the  criteria  function  and  then  the  path' is  changed  to  pro- 
ceed along  the  other  parameter.    A  different  search  rout ineJsaX led 
the  local  search  method,  may  be  obtained  by  evaluating  the  criteria 
function  at  the  three  new  neighboring  points  of  the  present  point.- 
The  fourth  neighboring  point  is  the  point  from  whence  we  have  .just 
come  and  by  saving  the  value  of  the  criteria  function  at  this  point  | 
we  avoid  the  necessity  of  reevaluating  the  criteria  fuiiction.    The  ..J 
direction  corresponding  to  the  parameter  step  which  resulted  in  the  | 
least  value  for  the  criteria  function  is  the  direction  taken  for  the  | 
next  step.  Vhe  procedure  is  repgsated  using  the  new  point  as  the        *  | 
stctrting  point.     If  there  is  ncj  further  decreas.e  in  the  criteria  .  :| 

f'.:r.ction  in  any  direction,  the  step  sizes  are  decreased  and  the  , 
nrocGss  repeated  using* the  lastj  point  as  the  new  starting  point. 
Tbo' procedure  is  stopped  when  a!  prcdesignated  step  size  is  reached. 

It  is  possible  to  refine  the  method  by  using  the  magnitudes  oJ 
•  '  differ .^ices  between  the  value  of  M  at  the  point  and  its  value 
jt  fhe  neighboring  points  to  provide  a  best  direction  in  which  to 
-rcc-Gd.  This  direction  will  not  necessarily  be  parallel  to  either 
.  ^^  the  parameter  lines.  For  those  students  who  have  had  the  calcu- 
li-, this  process  is  a  finite  difference,  or  secant  equivalent,  of  a 
gradient  technique  for  minimizing  a  function  of  two  variables.     This  _ 

frequGMtly      more  efficient  method,  esj^ecially  if  the  number  of 
parameters  is  large.     Tecimques  for  speeding  up  the  search  are 
vrown.     However,  since  our  purpos^e  is  to  introduce  the  student  to 
search  methodg  and  to  illustrate  their  capabilities  and  limitations 
VP  will  not  discuss  such  refinements.     Some  of  the  problems  will 
hint. of  these. 

A  still  different  search  routine  may  be  obtainei^.by  merely  re- 
/  rsing  the  order  of  the  variation  of  the  parameters."    Thus,  the  pro- 
gram is  modified  to  first  search  on    B  ,  and' to  then  search  on   'A.  ^  -.y^^,.^'- 
This  simple  variation  can  serve  as  an  effective  check  on  the  accuraeS^'; 
of  the  first  routine.     In  particular,  your  author  has  found  that  the  . 
simple  reverse  order  search  has  b^oved  very  useful  in  ascertaining 
whethei;  or  nbc  the  former  search  has  set^tled  on  a  local  miniffium  point. 
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starting  Values 

The  obtainment  of  good  starting  values  for  multiparameter  search 
routines  is      necessary  for  their  success.      Such  values  may  be 
obtained  from  several  sources.    The  heuristic  search  program  described 
at  the  beginning  of  this  chapter  may  be  the  easiest  way  to  obtain  a 
"feel"  for  the  situation  and  to  thus  permit  a  guess  at  reasonable 
starting  values.    Another  way  to  determine  starting  values  is  to  place 
a  course  grid  over  the    AB    plane  and  to  then  evaluate  the  criteria 
function  at  each  of  the  grid  points.    The  grid  point  corresponding  to 
the  minimum  value  of  the  criteria  function  is  then  used  as  the  start- 
ing point.    By  applying  this  method  again  and  again,  each  time  with 
a  smaller  grid  size  and  each  time  using  the  last  determined  extremal 
point  as  the  origin    of  the  grid  for  the  next  finer  grid  evaluation, 
the  method  can  be  used  to  determine  the  parameters.    This  is  the  two- 
diitisisional  equivalent  of  the  uniform  interval  search  method.    By  making  the  suc- 
cessive grid  sizes  smller  and  smaller,  ti^  desired  aocur^  can  be  obtaiiwd.  Tije 
existence  of  a  local  minimum  point  near  a  grid  point  can  result  in  a 
great  deal  of  computational  effort  to  accurately  determine  the  loca- 
tion of  the  local  minimum  point.     If  the  size  of  the  grid  mesh  is 
small,*  and  the  initial  search  space  large,  the  method  requires  a  large 
amount  of  computer  time.     A  large  mesh  size  reduces  the  calculational 
effort  but  increases  the  probability  of  "zeroing  in"  o^  a  local  mini- 
.  mum  point.     For  these  reasons  the  method  must  be  used  with  care. 
For  some  simple  models  a  preliminary  analysis  of  the  BASIC 
equations  may  reveal  relatione  among  the  variables  which  can  be  of 
assistance  in  the  obtaining  of  starting  values.    The  single  popula- 
tion finite  resource  model  is  an  example  of  such  a  model.     In  this 
model,  preliminary  analysis  showed  that  the  limiting  population  or 
carrying  capacity,     C,    was  related  to  the  two  growth  parameters  xn 
a  simple  way.    Thus  for  this  model,  if  the  empriical  data  .indicates 
a  limiting  population,  it  is  only  necessary  to  estimate  a  starting 
value  for  one  of  the  parameters,  since  the  starting  value  for  the 
remaining  parameter  is  readily  obtained  ifrom  the  equation. 
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Mumerical  Results 

Figure    5.6    lists  the  detailed  results  obtained  from  a  typical^  < 
program  run  and  a  tabul*ar  listing  o^  the  results  of  several  runs  is 
presented  in  table    5.7.    In  all  of  these  runs  the  initial  population 
was  chosen  to  be  identical  to  the  actual  population  and  the  runs  were 

m 

terminated  when  the  search  step  size  became  less  than  the  minimum  per-  • 
mitted  step  size.    For  runs    9,  10  and  15    the  minimum  permitted  step 
sizes  for    A    and    B    were  set  at    0.000,01    and    0.000,000,1  re- 
spectively and  for  all  of  the  other  runs  they  were  set  at  0.000,1  and 
0.000,01  re^sectively.    ^adh  escc^sive  accuracy  is  imwarranted  from  the  data; 
hoMever,  this  accuracy  was  used  for  purposes  of  illustration  and  occfarisan  of 
rfeailts.    T!hB  results  listed  in  runs  11  throu^  16  were  obtaii^  fran  reverse 
order  searching,  i.e.  B  was  first  varied  and  then  A       varied.    In  all  runs, 
the  caistraints  on  A  and  on  B  were  each  selected  to  be  0  and  2.   The  ^arch 
path  on  the  16^  run  violated  th^  constraints  so  the  search  was  oanclxided 
before  reachii^  tenninal  extremal  values.  ^' 

Most  of  these  runs  terminated  in  a  small  numbeif^of  steps  because  . 
the  minimum  permitted  step  size  was  fairly  large.     The  number  of  'steps 
necessary  to  arrive  at  a  minimum  point  depends  upon  such  factors  as 
the  accuracy  of  the  starting  values,  the  lengths  of  the  initial  and 
minimum  permitted  search  step  sizes,  the  criteria  function;  and  the 
scatter  in  the  experimental  data.  .  Some  comments  on  the  results  are: 


1,       From  the  results  of  the  first  and  seocKid  nms,  as  displayed  in  Tstbie  5.7,  it  is 

seen  that  a  12%  change  in  the  initial  value  of  B  results  in  a  19%  change  in  the 
value  of  the  criteria  function.    If  however,  the  mininum  permitted  step 
size  in  the  second  run  is  reduced  by  one-hundredth,  the  search 
yields  extremal  values  almost  equal  to  those  obtained  in  the  first 
run.     Thus,  it  is  r^en  that  the  finaJ  result  can  be  very  dependent 
upon  the  minimum  permitted  step  sizes.     A  comparison  of  the  re- 
sults of  run    3    with  run    4    and  the  results  of  run    5  with 
run    6    shows  that  a^6%    change  in  the  initial  value  of    A  pro- 
duces no  significant  change  in  the  value  of  the  criteria  functions 
An  examination  of  the, first  six  runs  reveals  that  is  is  the  ini- 
tial value  of    B    which  is  the  more  critical  to  the  successful 
determination  of  the  extremal  values  resulting  in  a  minimum  value 
of  the  criteria  function. . 
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fl  AND  B  ARE  THE  INITIAL  GUESSES 
P<0>  IS  THE  INITIAL  POPULATION 
INPUT  A.    B»  P<&> 
7.  34,    .  ©01?,   3.  $13 


H    AND    K    ARE  THE  INITIAL  STEP  SIZES 
El    AND    E2    ARE  THE  LIMITING  STEP  SI2ES 
INPUT    H.     K>     El,  E2 
?.  01,   .  .  0001,   .  00001 


T.  IS  THE  MAXIMUM  ALLOWABLE  NO. 

INPUT  T 

?100 


OF  SEARCH  STEPS 


Al     AND     A2    ARE  THE  MIN.    AND  MAX. 

01    AND    B2    «RE  THE  MIN.    AND  MAX. 

INPUT  Al,   A2,    Bl  AND  B2 

?0,   2,    0,  2 


PTS. 
P^TS, 


OF 
OF 


A 
B 


INTERVAL 
INTERVAL 


THE  VALUES  OF 
.  34 

.  35  , 
.  33 

34 

34 


A,     B,     M0    AND    C  ARE 


1. 
1. 
1. 
2. 
? 


70000E-02 

70000E-03 
70000E-03 
70000E~03 
O0000E-04 


381.  094 
450.  757 
1199.  07 
9606.  25 
32604.  3 


THE  FINAL  VRLUES  OF     H  AND 

1.  00008E-e4      1.  00000E-05 
STOP  AT  LINE  675 


K  ARE 


0 
1 
2 
3 
4 


THE  INTERMEDIATE 

VALUES  OF 

A,    09    M0  ARE 

.  34 

1. 

70000E-03 

381.  094 

34 

1. 

70000E-03 

381.  094  * 

5 

341 

1. 

7000OE-03 

^47.  069 

6 

.  342 

1. 

70000E-03 

.321.  $8? 

7 

.  343 

1. 

7@000E-03 

'305.  917 

e 

344 

1. 

70000E-03 

298,  915 

9 

.  345 

70000E-03 

301.  044 

10 

.  344 

1. 

80000E-03 

461.  952 

.  344 

1. 

60000E-03 

442.  398 

12 

THE  INTERMEDIATE 

VALUES  OF 

A,    B,    M0  ARE 

.  344 

1. 

7e000E-03 

298.  915 

THE  FINAL 

VALUES 

OF    A,  B, 

H0    AND  C 

ARE 

.  344 

1. 

70000E-e3 

298.  915 

13 

.R^ults  of  a  Typical  Run  of  the  Program  Listed  in  Fiq.  5.5 

Pig.  5.6  Ijl 
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t>rtM 
KUn 

VALUES 

FINAL  VALUES 

NO. 

A 

B 

k 

K 

A 

B 

C 

1 

.34 

.0017 

.01 

.001 

.344 

.  0017 

298.9 

13 

2 

.34 

.0015 

.01 

.001 

.333 

.  0015 

357.7 

13 

3 

.35 

.0017 

.01 

.001 

.344 

.  0017 

298.  9 

13 

4 

ife33 

.0017 

.  .01 

.001 

.344 

.  0017 

298.  9 

la 

5 

.35 

.0015 

.01 

.001 

.333 

.  0015 

357.  7 
357.  7 

14 

6 

.  33 

.0015 

.01 

.001 

.333  • 

0015 

12 

7 

.34 

.0017 

.  1 

.001 

.339 

0016 

309.  3 

22 

8 

.34 

.0017 

.1 

.0001 

.34 

. 001628 

■   WW  ^  w  mm  Vf 

303. 1 

3f 

9 

.6 

.002 

.01 

.001 

.3431 

. 001687 

•    WW  WW* 

297.8  - 

40«; 

10 

.1 

.  005 

.01 

.001 

- 

.3436 

. 001686 

297.  8 

61f 

11 

.34 

.0017 

.01 

.001 

.339 

.  0016 

309.  3 

17 

12 

.34 

.0015 

.01 

.001 

.333 

.  0015 

•   WW  «k 

357.  7 

23 

13 

.35 

.  0017 

.  01 

.  001 

.339 

0016 

■  W  w  ^  U 

309.  3 

2: 

14 

.33 

.  0017 

.  001 

.339 

.0016 

309.3 

22 

15 

.  6 

.  002 

.01 

.  001 

.3433 

. 00X683 

257.7 

64  f 

16 

.1 

.  00  5 

.  01 

.  001 

VIOI 

ATED  CON! 

JTRAINT 
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Sunanary  of  Results  of  Several  Runs  of '  Programs  Listed  in  Fig.  5.5 
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2. 
3. 


4. 


5. 


6. 


7. 


Runs    1,    7    and    8    indicate  the  effect  of  different. step  sizes. 
Runs    9    and    10    are  illustrative  of  the  effectiveness  of  the 
program  if  the  initial  values  of  the  parameters  are  quite  different 
than  the  extrenal  values.    In  each  of  these  runs  the  search  path 
wandered  considerably  in  the    A-B    plane  and  several  steps  were 
required  to  arrive  at  the  final  minimum  value.- 
,The  results  listed  in  runs    11  through  15,    which  were  o)>tained 
by  revei^sing  the  order  of  ^€he  search,  show  that  virtually  the 
same  values  are  obtained  and  hence  the  order  of  the  search  i^ 

immaterial.  •  « 

For  those  runs  in  which  the  indicated  final  value  of  the  criteria 
functibn  was  considerably  different  than  298,  it  was  found  that  a 
decrease  of  the  minHwm  permitted  step  si«e  would  allow  the  search 
ton  continue  until  a  value  of  approximately    298.  was  obtained. 
This  further  illustrates  the  sensitivity  of  the  extremal  values 
to  the  minimum  permitted  step  size. 

In  this  example,  the.  minimum  value  of  the  criteria  function  was  ^ 
usually  obtained  for  each  run.    This  was  due  to  the  snKjothness 
•  and  shape  of  the  criteria  function.     If  the  maximum  deviation 
had  been  chosen  as  the  Criteria  function,  such  uniformly  close 
agreement  would  not  have  been  obtained. 

There  was  considerable  variation  in  the  number  of  steps  necessary 
to  arrive  at  the  extremal  values.    This  variat-on  increas^  as 
the  magnitude  of  the  minimum  permitted  step  size  decreased.  Such 
l^havior  should  not  be  unexpected  since  the  traversing  of  even  a 
relatively  short  distance  will  require  many  search  steps  if  the 
.  magnitude  of  the  search  step,  size  is  sufficiently  small. . 


The  values  obtained  from  a  successful  search  must  be  checked  to- 
assure  that  a  local  extreme  point  has  not  be  obtained.     Some  methods  ^ 
for  checking  the  values  arei 

1.  Rerun  the  program  with  different  initial  starting  values  for  the 
search  variables.     If  a  different  set  of  final  value?  is  obtained, 
the  first  set  of  variables  may  define  a  local  minimum  point. 

2.  compare  the  values  with  other  results  obtained  on  similar  problems. 
'3/     C«npare  the  values  with  any  known  empirical  results. 
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Do  the  results  seem  "unreasonable"?    that  is*  do  they  appear 
implausible,  in^robable,  unrealistic,  un0cp|!Cted,  etc.?  If 
the  answer  to  any  of  these  criteria  is  yes/  then  the  results 
are  to  be  viewed  as  suspect.    They  may  not  be  wrongi  however, 
further  checking  and  analysis  is  called  for. 
Conduct  a  reverse  order  search  .^nd  ccsapare  the  final  results. 
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CHAPTER  V 
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3 


Pearl  (J.927)  obtained  a  population  gro«rth  cur^e  for  a  yeast  cul- 
ture.   Il^is  given  in  Table    5.8,    and  is  graphically  displayed. in 
Figure  The    S    or  logistic  shape  of  the  curve  is  very 

evident  and  there  is  little  scatter  or  noise  in  the  data. 

(a)  Modify  the  program  of  figure    S-S'  to  determine  the  growth  .4 
coefficients  using  one  hour  as  the  time  period. 

(b)  Find  the  growth  coefficients  using  for  the  closeness  criteria 

i.    the  maximum  deviation  '    ^  | 

ii.    the  maximum  relative  error 
iii.    the  sum  of  the  squares  of  the  relative  error. 

(c)  Find  the  growth  coefficients  assuming  the  time  period  is 
15  minutes  and  the  criteria  function  is  the  sum  of  the  -e 
squares  of  the  deviation. 

(d)  How  dc  the  growth  coefficients  of  part     (c)    coa^pe  with 
those  obtained  in  part     (a)?  '  / 

Modify  the  programs  given  in  Figure    5.5    to  calculate    A    and  B 

using 

-  (a)     The  maximum  deviation.  .  , 

(b)  The  maximum  relative  error. 

(c)  The  sum  of  the  squares  of  the  relative  erro-r. 
Find .the- yearly  growth  coefficients  for 

(a)  -  2a  ,  ' 

(b)  2b 

(c)  2c        .  * 
For  part  fa)  of  problem  2  investigate  the  effect  of 

(a)  The  accuracy  of  starting  values.  ^ 

(b)  The  magnitude  of  initial  search  steps. 

(c)  The  reversing  of  the  order  of  the  search. 

(d)  The  magnitude  of  the  minimum  permitted  search  step. 
Same  as  problem    3    only  for  part  Cb)    of  probl^  2. 
Same  as  problem    3    only  for  part  (c)  of  problem  2. 
Using  the  program  given  in  Figure  5.5    and  the  maximum  deviation 
as  the  closeness  criteria,  calculate  the  yearly  growth  coeif icients.. 
Compare  them  with  the  yearly  gro^h  coefficients  obtained  in  3a. 
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Same  as  problem  7  using  the  maxiimini  relative  error  As  the 
measure  of  closeness.    Compare  to  results  of    3b.  - 
Same  as  problem  7  using  the  sum  of  the  squares  of  the  relative 
errors  as  the  increase  of  closeness.    Compare'  to  results  of  3c. 
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CHAPTER  VI 
LIFE- TABLES 

•  J 

Introduction  Ix 
The  role  of  computer  models  in  the  management  of  natural  ^ 
resources  is  becoming  more  recognized.    The  principle  task  of 
a  wildlife  manager  is  the  establishment  of  objectives  and  the  ^ 
determination  of  policies  which  will  insure  the  achievement  4 
of  those  objectives.    The  simultaneous  accomplishn^nt  of  both 
of  these  tasks  is  very  difficult  since  inanagement  objectives  \ 
are  often  established  as  a*^  result  of  compromise,  and  policies 
designed  to  achieve  one  set  of  goals  usually  preclude  the 
achievement  of  another  set  of  goals.    As  a  result,  the  wild- 
life manager  must  be  able  to  successfully  analyze  the  expected 
•  outcome  of  implementing  different  policies  prior  to  the  actual  ^ 
enforcing  of  a  prescribed  policy.    It  is  becomimj  increasingly 
apparent  that  computer  simulation  may  be  the  tool  which ^provides 
the  wildlif    manager  with  the  capability  of  "pre- testing"  his 
policies. 

The  management  of  wildlife  populations  subject  to  hunting 
\      harvfst  requires  an  estimation  or  prediction  of  the  number  of 
animals  available  for  harvest.    Such  populations  are  usually 
distinguished  by  their  sex  as  fawns  or  does,  and  by  age 
classes  as  1-year-old  bucks,  2  to  5-year-old  bucks,  bucks  over^ 
6  years,  etc.    Consequently,  the  manager  of  a  herd  subject %o 
harvest  requires  a  model  which  will*  predic^the  time  evolution 
of  the  population  by  sex  specific  age  clasfea. 

This  chapter  will  consider  the  developmient  of  iK^els  whose 
objective  is  the  prediction  of  the  year  by  year  evolution  of 
the  populations  of  the  separate  age  classes  in  a  population. 

student  will  note  that  such  s^els  are  based  upon  simple 
and  direct  extensions  of  previous  work. 

6.1        ^  in 


Pg^Iopmeiit  of  the  Model" 

The  first  model  describing  the  time  evolution  of  a  popu- 
lation was  the  Malthus  or  exponential  growth  model.  The  fun- 
damental equation  of  this  model  was 

P(I+1)  «  P(I)+B*P(I)-M*P(I) 

whfere    B  and  M   were  the  respective  proportions  of  birth  and 
deaths  in  a  given  period  of  time.    These  proportions  were 
assumed  to  be  constant  over  the  entire  time  of  evolution  of  the 
population.    The  equation  expresses  the  fact  that  the  population 
of  the  next  generation  is  equal  to  the  population  of  the  pre- 
ceding generation  plus  the  number  of  births  minus  the  number 
of  deaths  in  that  generation.     It  should  be  recalled  that  this 
Malthus  n»del  postulated  an  average  birth  rate  and  an  average 
mortality  rate  and  that,  therefore,  these  rates  are  understood' 
to  be  averages  over  all  age  classes  in  the  |»pulation.  The 
model  thus  ignored  specific  age  class  distinctions.    In  addi- 
tion, the  model  made  no  allowance  for  differences  in  sex.  The 
very  young  and  the  very  old  in  a  population  are  known  to  have  a 
higher  mortality  rate  than  the  middle  aged  and  since  it  is 
further'  known  that  the  birth  rate  varies  with.agei  it  seems 
reasonable  to  attempt  to  account  for  such  effects  in  our  model. 
This  suggests  dividing  the  i^^pulation  into  age  classes  and 
then  applying  the  fundamental  law  of  change  to  each  age  group' 
to  enable  the  prediction  of  the  population  of  each  age  class 

in  succetsive  years. 

The  classification  of  a  population  by  age  groups  is  called 
a  Life  Table.    Since  it  is  desired  to  describe  the  time  evolu- 
tion of  an  age  class,  an  application  of.  the  fundamental  law  of 
change  to  the  population  in  an  age  group  gives 

p(K+i)  »  p(k)-k:(k). 

6.2  2^0 


If  the  time  period  is  chosen  to  be  one  year,  this  equation 
states  that  the  population  of  the    K+1    year  olds  nextVqrear  is 
equal  to  the  population  of  the    K  year  olds  this  year  pitas  the 
change  in  population  of  the.   K  year  olds  dxiring  this  year. 
If  the  population  of  each  age  group  is  described  in  this  manner, 
and  if  provision  is  made  for  estimating  the  newborn,  it  is  seen 
that  the  initial  life  table  population  cin  be  "upgraded"  each 
year  to  produce  a  yearly  succession  of  life  tables  which  would 
describe  the  time  history  of  the  age  groups  in  the  population. 
With  this  background,  the  student  should  be  able  to  readily  follow 
the  subsequent  development. 

For  the  description  of  herds  consisting  of  large  animal^Ji 
such  as  deer,  elk,  bear,  etc.,  which  reproduce  annually,  it  is 
convenient  to  choose  the  unit  of  time  of  the  age  group  t^  be 
one  year.     Similarly,  the  unit  of  time  during  which  the  life 
table  is  upgraded  will  also  be  a  year.    Neither  of  these 
restrictions  is  essential.    Since  the  fertility  rat#s  and  the 
mortality  rates  of  the  separate  age  groups  are  aor  dependent, 
it  is  realistic  to  further  separate  the  populations  into  age 
groups  by  sex.    We  begin  the  development  of  the  program  by 
letting    M(K)    denote  the  male  population  whose  age  is  K 
years  and    F(K)    will  denote  the  female  population  of  the  same 

age.    Dl(K)     and    D2CK)    will  denote  the  respective  mortality 

til 

rates  of  the  male  and  female  populations  of  the    K       age  group. 

_   We  will  also  assume  that  there  is  no  emigration  nor  immi- 
gration and  consequently  the  sole  cause  of  the  change  in  popu- 
lation of  an  age  group  is  mortality.    Thus,  an  application  of 
the  above  equation  to  each  age  group  gives 

M(K+1)  «  M(K)-D1(K)*M(K) 

and 

F(K+1)  »  F(K>-D2{K)*F(K) 
for    K      1,  2,  3,  ,,,    where    N    denotes  the  number  of  age  classes. 


If  the  mortality  rates  ure  fivallable  in  the  memory  of  the 
computer  f  and  if  these  equations  ere  inserted  into  a  loop 
with  index  K,    it  is  evident  that  one  sweep  through  the  loop 
would  produce  the  population  of  each  age  group  for  the  next 
year.    Another  sweep  through  the  loop  would  produce  the 
population  of  the  various  age  groups  for  the  next  successive 
year^  etc.    This  process  would  enable  us  to  calculate  the 
time  evolution  of  a  life  table.    However,  at  th^  end  of  the 
calculation,  the  only  populations  available  in  the  computer 
memory  would  be  those  contained  in  the  life  table  of  the  last 
year  of  the  calculation.    Conseiiuently,  it  would  not  be  possi- 
ble to  examine  the  yearly  change  of  a  particular  age*group 
unless  provision  were  made  for  printing  out  the  y,te  table  each 
successive  year.    In  addition,  because  past  lifQ  tables  are 
not  available  in  the  memory,  it  would  be  impossible  to  perform 
many  useful  calculations  involving  them.    For  these  and  other  . 
reasons,  it  is  highly  desirable  to  develop  the  pr<^ram  in  such 
a  way  that  all  of  the  calculated  information  of  interest  is 
available  at  any  time.    Thus,  we  reformulate  our  program  uti- 
lizing variables  which  have  two  subscripts;  one  subscript  will 
specify  the  age  group  and  the  other  subscript  will  specify  the 
age  of  the  life  table.    This  different  notation  will  permit  the 
storing  of  intermediate  results.    The  basic  hypothesis  will  not 
be  altered,  just  the  program  stat^ieiits  will  bm  altered.  The 
notion  of  altering  the  notation  to  fit  the  situation  is  a 
frequently  occurring  pr<^ess  when  performing  a  mathematical  . 
analysis  of  a  phenoama.    In  the  latter  ev«it,  it  da  often 
the  case  that  a  new  mathematical  notation  is  introduced  or  the 
existing  matheiMtical  notation  is  altered  because  it  will 
enable  the  investigator  to  more  readily  analyze  his  problem. 
In  so  doing,  the  investigator  does  not  change  the  basic  biologi- 
cal or  physical  hypothesis  or  assui^tions,  rather  he  changes  the 
mathematical  notation  to  enable  an  easier  analysis  of  the  conse- 
quences of  the  basic  hypotheses. 


Consequently,  we  st^rt  anew  to  develop  the  computer  program 

Let    H(K#I)    denote  the  male  population .  in  th^  age  group 

after    I    time  periods.  '  X    represents  the  age  in 'time  pericKls 

of  the  life  table.    Similarly,    F(K,I)    will  denote  the  female 

th 

population  of  the    K       age  group  in  the  life  table  whose  age 
is    1    time  periods.    For  example,  if  the  length  of  each  age 
group  is  a  single  year  and  the' time  period  is  also  one  year, 
M(6,4)    denotes  the  number  of  males  who  are  6  years  of  age  after 
4  years.    THe  statement    F(7, 5) «lia    states  that  there  are 
112  7-year~old  females  alive  after  f .^ears. 

In  this  new  notation,  the  fundamiptal  age  group  calcula-  - 
tions  appear  as  <  -       '  , 

100  LET  M(K+1,I+1)  =  M(K,I)-D1(K)*M(K,I) 

and 

4 

110  1-ET  P(K-H,I^1)  «  F(K,I)-D2(K)*P(K,i:  . 

If    K«9  and  1*5,   ^he  first  of  these  statements  says  that  the 
nim^er  of  9-year-old  males  alive  after  6  years  is  e  /.'al  to  the 
number  of  8-year-old  males  alive  after  5  years,  minus  the  number 
of  8  year  olds  who  die  during  the  fifth  year.    This  latter 
number  is  equal  to  the  product  of  the  mortality  rate  for  8-year- 
old  males  and  the  number  of  8-year-old  males  alive  after  5 
years.    Similar  remarks  apply  to  the  female  age  group  calcula- 
tion.   It  is  convenient  to  introduce  the  notation 

Sl(K)-l-Dl(K)     and    S2 (K)«l-D2 (K) i 

The  terms  S1(K)  and  S2(K)  can  be  interpreted  as  the  survival 
rates  of  the  male  and  female  age  classed'  respectively. 


Specifically,    S1{K)    and    S2{K)    are 'the  proportion  of  males 
and  females  that  were    K    years  of  age  at  the  beginning  of  the 

time  period  and  who  survived  to  bficome    K+1    years  of 
age  at  the  beginnirjg  .of  the    (I+l)    time  period.    Since  both 
D1(K)    and    D2(K)    are  mortality  rates,  they  are  each  less  than 
or  equal  to  uifity  and  lience,  each' of  the  survival  rs^tes  is 
positive  and  .less  than  or  equal  to  unity,  or  »ero.  Ecologists 
frequently  speak  of  the  two  sets  of  values,    Sl{K)    and  S2(K) 
as  the  set  of  9ge-:specific  survival  rates.    It  is  important  to 
note,  that  these  rates  are  measured  in  units  per  ler'^th  of  time 
period.     If  the  length  of  the  time  period  is  c^e  year^^they  are 
proportions  per  year,     i.e,     they  are  the  proportion  of  the 
population  of  the  age'class  that  survives  each  year.    The  sur- 
vival rates  have* the  dimension  of  reciprocal  time  units.  It 

  / 

is  hot  essential  to  assume  that  both  the  survival  rj^tes  and  X" 
th%  fecundity  rates  as  well  as  the  sex  ratio^^or  the  newborn 
remain  constant  during  the  entire  time  of  Evolution  of  the 
population.    Year  to  year  variations  in*^he  weather,  a  variable 
food  supply,  size  of  the  total  population,  the  presence  or 
absence  of  predators,  etc.  can  all  result  in  considerable  yearly 
variations  of  the  rates.    The  prooer  accounting  for  such  varia- 
tions is  not  easy  because  the  obtaining  of  valid  experimental 
data  i^^ifficult.    Nevertheless,  the  inclusion  in  the  model 
of  variable  fecundity  and  survival  rates  is  readily  acc<^plishc|^ 
with  the  aid  of  a  subroutine  or  a  stored  firray. 

Statements  100  and  110  may  b^written  in  terms  of  the 
survival  rates  as 

100  LET  M{K-H,I-fl)  »  S1(K)*M(K,1) 


and 


110  LET  F (K+1, I+l)  -  S2(K)*P(K,1) 


This  iS' the  form  of  the  age  group  calculations  that  we  shall 
use  .and  is  thie  form  mos^  frequently  encountered  in  the  litera- 
ture, ^  ' 

The  total  number  of  offspring  present  at  the  beginning  of* 
the  next  time  period  is  the  sum  oi^the  newborn  produced  by  each 
^female  age  cldsa  during  the  present  time  period.    It  is  knoim 
that  the  fecundity  or  reproductive  rate  varies  with  the  age 
class  and  provision  for  such  variation  is  made  by  denoting  the 

« 

rates  by    ft2 (K)    where    K  ,  is  the  index  counting  the  age  class. 

th 

The  number  of  newborn  produced  by  the    K       finale  age  group 
'is  equal  to  the  number  of  females  in  that  age  group  times  tAe 
'  fecundity  fate  for  that  group,  or    F (K, I) *R2 (K) .   .The  total 
number  of  newborn  produced  in  a  single  period  is  . 

F(0,I)*R2{0)+F(l,I)*R2(l)+F<2,I)*R2(2)  +  .%-  ..•»-FCN,X)*R2(N). 

th 

If  we  denote  the  number  of  ne%rtx>rn  in  the  I  peric^t  by  C(I), 
a  possible  computer  program  for  calculating    C(I)  is: 


LET  C(I)=0 
FOR  K«0  TO  N 

LET  C(I)=C(I)  +  F(K,I)*R2(K) 
BIEXT  K 


Usually    R2(0)=»0,     i.e.  no  first  age  group  animals  give  birth. 
For  ease  of  coding,  it  is  sometimes  convenient  to  carry  the 
extra  term.    Since  reproductive  rates  are  the  highest  during  th^ 
years  immediately  following  the  onset  of  adulthood,  it  follows 
that  as  ^    increases j    R2{K)    will  increase  rapidly  to  a  maxi- 
mum, le^el  off,  and  then  gradually  decrease.    The  obtainiiig  of 
such  fertility  data  is  quite  difficult  and  it  is  known  that 


fertility  data  estafcflished  for  a  given  herd  in  a  specific 
habitat  probably  will  not. correspond  to  that  established  for 
the  same  herd  existing  in  a  different  habitatr  'It  is  also 
assumed  that  there  is  always  a  sufficient  numl^er  of  males 
present  in  the  population  to  service  all  of  the  females. 
•To  obtain  the  number  of  newborn "males  and  females  in  a 
single  yeaij.  it  is  convenient  to  assume;  that  the  sex  tj^o  of 
the  newborn  is  independent  of  the  age  class.    Hence,  if  PI 
,  denotes  the  fraction  of  the  newborn  that  are  males,  the  number 
\jf  newborn  males  and  females  respectively  id  ^iven  by 

-         -c  ; 

M..(1,I+1)  -  F1*C(I)  ^ 

and  •  ' 

F (1,1+1)  =  {1-F1)*C{I). 

The  determination  of  the  mortality  rates    D1(K)    and  ^^(K) 
may  >lso  be  a  difficult,  time-consuming  and  expensive  task, 
lis  is  somejtimes  possible  to  use  the  model  as  a  means  of  obtaiij- 
ing  these  values.    This  may  be  accomplished  if  an  accurate  set 
•of  life  tables  is  available  for  a  succession  of -years.  An 
assumption  of  what  are  thought  to  be  "reasqnable"  mortality 
rates  is  used  as  ^nput  and  the  program  is,  run.     If  the  computer 
results  ar^  in  agreement  with  thes^vailable  life  table  popula- 
tions fpr  a  sequence  of  successive  years,  then  it  is  reasonable 
to  assume  that  the  mortality  rates  are  correct.    If  the  program 
results  do  not  agr^e  with  the  tabulated  data,  another  set  of 
mortality  rates  is  tried  and  results  again  compar®J.  This 
trial  a»i  error  process  iTs  quite  inefficient,  iRit  the  problem 
is  difficult.    Eroien  presents  a  detailed  discussion  of 

the  develoj^aent  of  life  taljle  data.    We  also  assume  that  both 
the  survivability  rates  and  the  birth  rates  do  not  change  from 
one  time  period  to  the  next. 

'6.8  2ufi 


Leslie  (1945),  using  matrix  algebra,  put  forward  a  vleter- 
ministic  model  for  the  prediction  of  life  tables  amd  hence, 
many  ecology  texts  use  matrix  algebra  when  discussing  life 
tables.    Our  use'  of  BASIC  provided  a  direct  formulation  of  the 
problem  in  the  programming  language.    It  is  interesting  to  note 
that  if  the  matrix  model  of  the  problem  were  programmed  for 
A  computer  using  BASIC,  the  ability  of  the  BASIC  language 
to  perform  matrix  operations  would  simplify  the  programming. 
Howler,  since  most  of  the  i&atrix  elements  are  zeroes,  such  a 
BASIC  expression  of  the  problem  would  be  very  wasteful  of  * 
computer  time.    Our  direct  expression  is  much  more  economical 
of  computational  time,  and  as  we  shall  see  later,  pexrmits  a 
ready  modification  of  the  program  model. 

Because  the  survival  rates  are  all  positive  and  less 
than  unity,  they  also  may  be  regarded  as  probabilities.  Usher 
(1972)  considers  the'  sets    Sl(K)    and    S2 (K)    as  transition 
probabilities  from  onettime  to  another  and  in  this  way  brings 
to  bear  many  of  the  mathematical  results  of  probability  theory. 
All  of  these  interpretations  appear  in  t^e  literature. 


An  Example  /  -  i 

In  the  previous  section,  it  was/ assumed  that  the  sex  ratio 
of  the*  ne!f born  Was  independent  of  t^e  age ''class.    For  ^example  r 
if    45%    of  the  newborn  from  the  third  age  <slass  is  male,  it 
was  assumed  that    45%    of  the  newbdrn  from  all  of  the  other 
age  classes  Wjsre  also  male.    The  empirical  data  of  Lowe  (1969) 
for  the  red  deer  population  on  the  Island  cf  Rhum  has  been 
analyzed  by  Usher  (1972)  and  result^  in  fecundity  rates 
which  indicate  a  variation  from  age  class  to  age  class  of  the 
sex  ratios  of  the  newborn.    Thus,  it  is  necessary  to  modify 
the  ne^rtborn  calculation  to  account  for  this  variation.    It  is 
assumed  that,  for  each  age  class,  the  birth  rate  for  male  and 
female  offspring  is  known.    This  data  can  be  obtained  from  a  ^ 
knowledge  of  the  newborn  sex  ratios  from  each  age  class.  Denote 
the  birth  rates  for. the  male  and  female  offspring  respectively 
by    Y1(K)    and    Y2(K)*  where    R    is  the  in^ex  counting  the  ageT 
class.    Because  the  fraction  of  newborn  males  plus  the  fraction 
of  newborn  females  must  equal  the  fraction  of  newborn  of  each 
age  class,  it  is  evident  that 

«  1 

YKK)   +  y2(K)  =  R2{K)     for  all  K-  ^ 

Now,  the  number  of  newlx>rn  males  for  the    K       age,  class  is 
Y1(K)*F (I^  I) ,    and  thus,  the  total. number  of  newborn  males 
is  given  by 

M(1,I+1)  »  Yl{l)*F(l,I)+yi(2)*F(2,I)  +  +Yl{ig)*F(N,I). 

The  number  of  ne^rt>orn  females  is  given  by  a  similar  expression. 

4P 
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As  an  example,  we  consider  the  application  of  our  life 
table  model  to  the  red  deer  population  on  the  Island  of  Rhum 
using  the  data  as  presented  by  Osher  (1972).    Table    6.1  gives 
the  siurvivability  and  fertility  rate  data  by  sex  for  each  age 
class.    Figure    6.2    lists  the  program  and  the  following  para- 
graph describes  the  program.    Because  of  the  simplicity  of  the 
program,  a  flowchart  is  not  presented.  ^  ^ 

In  order  that  the  student  may  more  easily  follow  the  pro- 
gram, we  again  emphasize  that  the  index    K    coiuits  the  age 
classes  and  the  index    1    counts  the  time  periods,    ^n  this  * 
program, ' both  the  time  period  and  the  time  span  of  each  age 
class  are  assumed  to  be  one  year.    Stat^aents  40  to  100  provide 
for  the  inputting  of  the  survivability  rates  j^r  age  class.*  The 
fecundity  rate  data  is  entered  in  statements  110  to  165.  By 
changing*  these  rate  data,  bther  populations  may  be  studied. 
For  the  initial  population  distributioh,  your  author  for  no  good 
reason,  chose  a  population  of  100  deer  for  each  age  class,  both 
male  and  finale.    These  starting  populations  are  entered  in 
lines  170  to  2^5.    The  actual  calculation  begins  at  line  405 
and  is  continued  through  line  490.    In  this  calculation,  the 
index    I    counts  the  generations.    At  the  start  of  each  genera- 
tion, lines  410  and  411  initialiase  the  number  of  n^born  counters, 
and  the  calculation  of  the  number  of  newborn  for  each  generation 
is  accomrlished  by  instructions  450  and  460.    Lines  430  and 
440  calculate  the  number  of  male  and  female  deer  in  the  next 
age  group  for  the  next  period.    The  total  population,  P(I),  is  calcu- 
iated  each  period  and  this  is  accomplished  by  instructions  472 
to  475.    Each  year  the  number  of  newborn,  as  well  as  the  tot«il 
population,  is  printed ^out  by  statement  480.    Finally,  statements 
510  to  530  print  the  population  of  each  age  class  fo^  the  last 
time  period. 
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fiu^ivaMlitv  «nd  I>tirth  r«te«  by  Sex  for  Each  me  Class 

■    •  .  ■         ,     -.          /    •■                    :  ■■ 

(Prom  Ushei,  1972) 
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RfiLTl 


5  REM    .   RHUn  IStflNO  DEER  LIFE  rR8tE  PROGRf^M 

6  REM 

7  REM 

23  Din  H<16.  26>.FC16#  26>#S1<16>*S2C16>«  ViC16'>.  V2C16> 
39  REM 

48  REM  THESE  DRTR  ARE  MRLE  SURVIVRBIZTV  RATES 

41  REM 

45  DflTfl  .         ,  9B* .  99,  .  99. .  99* .  991. .  734,  .  496 
56  DATA  .  37, .  848, .  821, .  781, .  72, .  611, .  364,  8 
68  FOR  J-1  TO  16 

65  READ  S1<J>  ■         ■  ^ 

78  NEXT  J 

74  REM 

75  REM    .  THESE  DflTfl  ARE  FEMALE  SURVIVftfilLITV  RATES 

76  REM  # 
68  "bflTfl  .  863, .  982, .  882,  .  679, .  862, .  84. .  888, .  587 

85  DflTfl  .  326, .  864, .  825.  .  81, .  735, .  68, .  529.  8 
98  FOR  J-1  TO  16 

95  READ  S2<J>  '   

t88-NEXT  ^  

109  ^  < 

118  REM  THIS  FECUNDXTV  DflTfl  IS  FOR  MALE  NEM80RN 

111  REM 

115  DATA  8. .  282, .  419, .  434, .  362.  .  363. .  355, .  376 
128  DATA  .  422. .  417, .  464, .  464,  .  464. .  464, .  464, .  464 
125  FOR  J«l  TO  16 

138  READ  V1<J> 
135  NEXT  J 

139  REM 

146  REM  THIS  FECUND I TV  DflTfl  IS  FOR  FEMflLE  NEUBQRN 

141  REN 

145  DATfl  8. .  214. .  444, .  459,  .  589,  .  589, .  576. .  612 
158  DATfl  .  353, .  348, .  386, .  366, .  388, .  388, .  388, .  388 
155  FOR  J-1  TO  16 
166  READ  y2<:J> 
165  NEXT  J 
169  REM 
178  «EN 
171  REM 

175  FOfe  K=l  TO  16 
188  LET  M<K.  8>sl88 
185  NEXT  K 
199  REN 
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INITIAL  MALE  POPULATION 


Fig.  6.2 
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PROQRRM  RESULTS" 
NEUBORM  HRLES       HEMBORH -FEM. 
I  COUNTS  THE  TIME  PERIODS 


TOT.  POP. 


200  REM  IMITIRt  F£HftL£  POPULATION 

201  REH  i 
205  FOR  K8l  TO  16 
210  F<K. 0>-100 
215  NEXT  K 

230  PRINT  "N«NO.    OF  VRS.    EVOLUTION.    N  MUST  NOT  EXCEED  25" 
235  INPUT  N 

240  PRINT 

241  PRINT 

242  PRINT  ' 
245  PRINT  " 
250  PRINT 
255  PRINT  • 

395  PRINT  "PERIOD 

396  PRINT 

399  REM 

400  REM 

401  REM 

405  FOR  I«0  TO  N 

410  M<1,  I+1>=0 

411  F<1,  I+1>«0 

414  REM 

415  REM 

416  REM  . 

420  FOR  K«l  TO  15 
430  M<K+1.  I+1>-S1<K>*M<K,  I> 
440  F<K+i,  I-H>aS2<K>*F<K/ I> 
450  «<1,  I+1>=I1C1*  I-H>+V1<K>*FCK,  I> 
460  F<1,  I+1>«F<1, I+1>+V2<K>*F<K,  I> 
470  NEXT  K 

472  LET  P»0 

473  FOR  S«l  TO  16 

474  LET  P»P+M<S,  I+1>+FXS,  I+l> 

475  NIEXT  S 

490  PRINT  I+l,  M<lJ  I-fl>.  F<1,  I*l>,  P 
490  NEXT  I 

495  PRINT 

496  PRINT 

497  PRINT  "POPULflflON        AGE  CLRSS  FOR  THE  LBST  TIME  PERIOD" 

500  PRINT  -ROE  €LRSS.   NQ.   OF  MRLES«   NO.   OF  FEMALES" 

501  PRINT 

510  FOR  K«l  TO  16 
520  PRINT      H<K,  N>.  F<K.  H>  \ 
530  NEXT  K  ^ 
990  END 


J  COUNTS  THE  RGE  CLASSES 


Fig.  €.2  (Cont. ) 
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The  number  of  generations  or  tlroe  periods  that  the  program 
should  run  is  entered  by  statement  235.    Because  of  storage 
limitations,  the  maximum  number  of  generations  was  set  at  25. 
On  computers  with  a  larger  memory  this  number  could  easily  be 
raised.     By  developing  the  program  in  a  manner  similar  to  that 
indicated  at  the  beginning  of  this  chapter,  the  use  of  double 
subscripts  would  have  been  avoided.    This  would  have  greatly 
reduced  the  storage  requirements  and  such  a  procedure  may  be 
necessary  when  using  computers  with  very  limited  storage 
capacity.    This  is  an  example  of  how  the  hardware,  or  computer 
capability,  may  dictate  the  problem  formulation.    As  computer 
modgls  become  more  complex  and  increase  in  size,  such  limitations 
upon  problem  formulation  become  more  severe. 

The  program  was  run  for  25  time  periods,  and  as  stated 
above*,  assumed  an  initial  population  of  100  deer  in  each  age 
class,  iMth  male  and  female.    Figure  6.3a  is  a  print  out  of 
the  results.    These  results  agree  with  those  of  Usher  (1972) 
given  in  his  table  3.    The  c<Hnparison  is  made  by  "normalizing" 
our  results  at  the    25*^^    time  period  so  that  the  number  of 
males  in  the  first  age  class  is  1000.    The  normalizing  is  done 
by  dividing  each  of- the  male  and  female  age  class  populations 
by  11217.8,  and  then  multiplying  the  quotients  by  1000.  The 
number    11217.8    is  the  number  of  males  in  the  first  age  class 
at  the  last  time  period  as  is  shown  by  the  listing  of  the  popu- 
lation by  age  class  for  the  last  time  period  in  figure  6.3a. 
The  normalized  populations  are  listed  in  columns  3  and  5  of 
figure  6.3b  and  the  "unnormalized"  populations  are  listed  in 
columns  2  and  4  of  the  same  figure.    The  normalized  populations 
have  been  rounded  to  the  nearest  integer. 

Since  the  population  growth  of  the  Rhum  Island  deer  popula- 
tion appears  to  steady  down  to  a  constant  rate  of  growth  independ- 
ent of  the  initial  starting  population  distribution,  it  is  of 
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N»NO.  OF  VRS,  EVOLUTION.  N  MUST  NOT  EXCEED  25 
?25 


PROQRftM  RESULTS 


PERIOD 

NENeORN  MRLES 

NEWBORN  FEM. 

TOT.  P 

1  * 

§67 

612.  4 

3452 

2 

433.  416 

480.  484 

3548.  04 

3 

432.  84 

484.  932  > 

3705.  35 

4 

'     513.  328 

573.  444 

4232.  5 

5 

578.  659 

643.  622 

4805.  91 

6 

637.  191 

770.  464 

5539.  68 

7 

727.  274 

905.  307 

6458.  41 

8 

*  846.  39 

1062.  82 

7504.  78 

9 

996.  362 

1261."05 

8647.  92 

10 

1157.-  61 

1432.  17 

9925.  71 

11 

1340.  19 

1656.  51 

11484  £ 

12 

1565.  91 

1936.  76 

13334  9 

13 

1821.  84 

2255  13 

15497  2 

14 

2118.  4 

2629  08 

16028  1 

IS 

2466.  46 

3060.  12 

20978.  4 

16 

2871.  16 

3559.  68 

24406.  7 

17 

3339.  49 

4139.  76 

28385.  6 

18 

3885.  15 

4813,  53 

33020.  7 

19 

4520.  24 

5601.  65 

38422 

20 

5260.  03 

6520.  01 

44708.  8 

21 

6120.  3 

7586.  79 

52022.  6 

22 

7121.  17 

8827.  63 

60531.  6 

23 

8286.  03 

10270.  9 

70431 

24 

9641.  19 

11950.  2 

81948.  5 

25 

11217.  8 

13904.  3  . 

95350 

26 

13052.  4 

16178.  5  # 

110949 

.  .•\. 


POPULATION  BV  flOE  CLftSS  FOR  THE  LAST  TINE  PERIOD 
ROE  CLftSS.    NO.    OF  MftLES.   NO.    OF  FEMALES 


1 

11217.  8 

13904.  3 

2 

6922.  37 

10313 

3 

5889,  88' 

7995.  14 

4 

5011.  25 

6060.  8 

5 

4263.  86 

4578.  6 

€ 

3627.  88 

3391.  8 

7 

30891  58 

2447.  81 

8 

1949.  14. 

1699.  56 

9 

830.  99fe* 

741.  064 

18 

264.  348 

207.  734 

11 

iM2.  57 

154.  294 

12 

135  .-789^  ~ 

109.  363 

13 

91.  2048 

75,  984 

14 

56.  4427 

47.  9637 

19 

29.  5153 

27.  89S9 

16 

9.  27994 

12.  7584 

Rhum  Island  Deer  Reeults 
Pig.  6.3a 
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A  Comparison  of  Normalized  and  Uhnormalised  Results 

N  »  25  years 


No.  of  Males 

No.  Of  Females 

K 

From  Run 

Normalized  to 
M(1,N)»1000 

From  Rtin 

Normalized  to 
MU,N)»1000 

1 

11219 

1000 

13904 

X240 

2 

6922 

617 

10313 

920 

3 

5890 

525 

7995 

713 

4 

5011 

447 

6061 

540 

5 

426^ 

380 

4579 

408    «  - 

6 

3628 

323 

3392 

302 

7 

3090 

275 

2448 

218 

8 

1949 

174 

1700 

lb2 

9 

831 

74 

741 

66 

10 

264 

24 

208 

mf  %r  W 

19 

IX 

1 7 

154 

^  14 

12 

136 

12 

109 

10 

13 

91 

•  8  . 

76 

7 

14 

56 

5 

48 

4 

1  5 

30 

28 

2 

16 

9 

I 

13 

1 

Fig.  6.3b  2  l5 
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interest  to  c^xamine  the  growth  rat^  of  the  poiul^^tiona  of 
individual  age  groups.    We  choose  to  examine  the  increase  or 
decrease  each  time  period  of  the  number  of  newborn.    This  may 
be  done  by  comparing  the  ratio  of  the  number  of  male  newborn 
for  two  successive  tin»  generations  at  several  consecutive 
generations.    For  example,  the  ratio  of  the  number  of  male 
'newborn  in  the    25^*^    time  period  to  the  number  of  male  nevriborn 
in  the    24^^    time  period  is    1.16.    This  indicates  that  the 
male  population  has  gained    16%    fr«n  the    24^**    to  the  25^ 
generation.     If  the  corresponding  ratio  for  the  female  newborn 
is  calculated,  the  value    1.16    is  again  obtained.    The  equality 
of  the  two  rat^ios  suggests  that  the  population  change  "has 
settled  down"  to  a  constant  change  in  population  for  each 
period  and  that  the  magnitude  of  this  change  is  equal  to  16% 
per  time  period.    To  check  the  assertion  that  the  rates  were 
appro*aching  a*  limiting  value  as  the  number  of*  generations 
increase,  we  calculated  these  same  male  and  female  newborn 
ratios  for  earlier  generations.    They  are  listed  in  the  table 
below. 


N  (Generation) 


M(1,N)/M(1,N-1) 


F(1,N)/F{1,N-1) 


5 


1.100 


1.196 


10 


1.158 
1.1638 


1.157 


25 


20 


15 


1.1636 


1.1635 


1.1634 

1.16371. 

1.1636 
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This  table  indicates  that,  indeed  the  change  in  population  is 
approaching  a  constant  value  of    16%    per  period.   .In  fact,' 
this  value  is  almost  achieved  after  only  ten.  generations. 

'Further  evidence  that,  as  the  number  of  generations  increases, 
the  population  is  settling  down  or  converging  to  a  constant 
change  in  population  per  period  «ay  be  gairre^  by  examining 
the  change  in  population  per  period  for  each  age  class.  Your 
author  did  this  by  choosing  the  number  of  time  periods,  N, 
in  the  program  to  be    24    and    25    t^pectively  and  coloring 
the  resultant  age  class  populations.    %t  vas  noted  that  the 
percentage  increase  for  each  age  class  was  a  cons  {rant  and 
equal  to    16.36    pefcent.    These  results  indicate  that  the 
change  in  population  appears*  to  have  converged  to  a  value 
approximately  equ^  to    16-36    percent  and  that,  this  change  is 
the  same  for  each  age  group.    We  will  denote  this  value  by  V. 

A  precise  discussion  of  convergence  is  the  subject  of 
advanced  nmthematics.    Nevertheless,  it  is  useful  to  present 
a  short  and  very  heuristic  discussion  of  convergence  as  it  ^ 
effects  our  work.     In  brief,  the  mathematician  would  say  that 
by  making  the  number  of  time  periods  large  enough,  it  is 
possible  to  insure  that  the  change  in  population  from  one  time 
period  to  the  next  becxines  as  clc^  as  d^ired  to  a  constant  value.  Of 
couri^,  in  a  conputer  it  is  not  possible  to  run  the  program  fc»r  an  in- 
finite or  indefinitely  large  number  of  time  periods  and  thus, 
we  must  arrive  at  an  approximate  result  by  running  for  a  stiff i 
ciently  large  n\imber  of  time  periods.    We  can  obtain  a  good 
estimate  for  this  number  by  comparing  the'  population  change  as 
the  number  of  periods  increases.    This. comparison  is  done  with 

'  the  finite  digit  arithmetic  of  the  computer.    Consequently,  if 
the  change  in  the  population  from  one  generation  to  the  next 
appears  constant  for  several  generations  to  within  the  number 
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of  digits  of  the  arithmetic  used  in  the  computer,  we  will  say 
that  the  corresponding  value  for  the  population  change  is 
the  'desired  value  for  V. 

In  an  attempt  to  determine  what  effect  different  distri- 
butions of  starting  populations  might  have  on  the  growth  rate, 
three  more  runs  were  made.    The  first  run  assumed  an  initial 
population  distribution  of  160  deer  in  the  first  age  group, 
150  deer  in  the  second  age  group  and  so  on  down  to  the  16th 
age  group  which  began  with  only  10  daer.    In  the  second  run, 
the  distribution  of  the  starting  populations  was  reversed, 
T-'ius,  the  first  age  group  contained  10  deer,  and  the  16th  age 
group  contained  160  deer.     In  the  last  run,  the  beginning  popu- 
lation distribution  consisted  of  400  deer  in  the  sixth  through 
and  including  the  tenth  age  gropus  and  no  deer  in  the  other 
age  groups.     The  program  was  modified  to  calculate  the  quotients 
P(I+1)/P(I)     where  the  index    I    counts  the  time  periods, 
only  these  quotients  were  printed  out.     Figure    6.3c    lists  a 
summary  of  the  results  obtained  by  running  the  program  for  25f 
time  periods.    The  order  of  the  columns  corresponds  to  the 
order  of  the  specified  initial  population  distributions  as 
described  above.     The  fourth  column  lists    he  same  results  for 
the  run  of  the  program  in  which  the  initial  population  consisted 
of  100  deer  in  each  age  class. 

As  noted  previously,  the  population  of  each  age  group,  as 
well  as  the  total  population,  always  settled  down  to  a  constant 
rate- of  gro%fth.    Thus,  the  relative  numbers  of  individuals  of 
different  ages  remain  constant  from  one  time  period  to  the  next. 
A  population  which  has  these  characteristics  is  said  to  be  a 
population  which  has  a  stable  age  distribution. 

It  is  nearly  always  the  case  that  survivability  and  fecun- 
dity data  obtained  from  populations  which  have  inhabited  an 
area  for  a  long  period  of  time,  characterize  a  stable  age  group 
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Growth  Rates  Corresponding  to  Different 

Initial 

- 

-^Pttlation  Distributions 
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GR.  RATE 

GR,*  RATE 

1.16348 
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1.07875 

1.0904 

- ,95457 

• 
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1.10336 

1.01812 
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1.06689 
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1. 13041 

1.11813 

1.14012 

X.  12855 

^. 16912 
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1.15099 

1.15523 

1. 1/279 
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1.16584 

1.16271 

1.16099 

1. 16447 

1.16202 

1.15795 

1.14394 

1.15013 

1.15232 

1.15419 

1. 13806 

1. 14181 

l.i4776 

1.15929  ' 

1.15363 

1.15466 

1.15705 

1.16176 

1.16012 

1. 16067 

1.16111 

1.16246 

1. 16169 

1. 1613 

1.16216 

1.1633 

1.16331 

1. 16254 

1.1633 

1.16362 

1.1637 

1632 

1.16366 

1.16352 

1.16327 

1« 1632 

1.16342 

1.16323, 

X • XOaO  i 

1.16302 

1.16336 

1.16317 

1,16315 

1.16329 

1.16355 
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1.16357 

1. 16359 

1.16368 

1.1637 

1.16363 

1. 16357 

1.16361 

1.16359 

!• 16359 

^1.16357 

1.16354 

1.16356 

1.16355 

1.16353 

1.16352 

1.16354 

1.16352 

1.163S2 

1.16353 

1.16354 

1.16353 

1.16353 

1.16353 

1.16355 

1.16356 

1.16356 

1.16355 
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population.    This  is  becaiise  the  population  has  become 
"adjusted"  to  its  environment  which  is  assumed  not  to  have 
changed.    Most  large  herd  populations  tiave  a  stseady  age 
distribution  and  this  fact  is  very  helpful  in  obtaining  sur- 
vivability and  fecuj^ty  data. 

By  increasing  the  number  of  age  groups  and  altering  the 
fecundity  and  survivability  rates,  the  program  can  be  used  to 
stu^  changes  in  human  populations.    Since  human  populations 
evolve  over  a  long  period  of  time,  it  will  be  necessary  to 
require  a  much  lar^  computer  raenpry  or  to  redesign  the  program 
to. minimize  the  storage  requirements.    Provision  must  also  be 
nade  to  alter  the  rate  data  during  the  course  of  the  run.  For 
exan^jle,  it  is  quita  evident  that  in  many  highly  industrialized 
populations,  the  fecundity  rate  is  4ecreasing  and  the  mortality 
rate  by  age  group  is  slowly  changing.    The  program  must  have 
the  capability  to  accept  these  changing  rate  data.  Because 
their  rate  data  is  not  constant  over  time,  such  populations 
do  not  have  stable  age  structure  population  distributions . 

It  is  evident  that  a  constant  increase  in  the  population 
each  time  period  will  result  in  an  increasingly  large  population 
for  each  age  class  as  the  number  of  time  periods  increases.  The 
accumulation  of  large  numbers  of  individuals  per  age  group  can 
be  prevented  by  "normalizing-  the  age  group  populations  before 
beginning  the  life  table  calculation  for  the  next  time  period. 
This  is  accoii?»lished  by  setting  the  population  of  sor»  reference 
age  group  equal  to  a  constant,  say  1000,  and  then  "scaling"  all 
of  the  other  populations  In  accord  with  this  population.  For 
the  Rhuro  Island  deer  program,  it  is  convenient  to  choose  the 
number  of  newborn  males  as  the  reference  age  class.    If  Ml(K,I> 
and    F1(K,I)    denote  the  quotients    M{K,I)/M(1,I)  and  F (K, I)/M(l, I) 
respectively,  then  by  choosing  the  values    1000*M1(K,I)  and 
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1000*P1 (K, I) ,    K«l  to  N,    for  the  initial  populations  each  time 
period,  we  have  normalized  our  population.    An  estimate  of  the 
value  of  V  is  made  by  calculating  the  change  in  population  of 
the  smallest  age  class  each  period.    The  student  should  c#rry 
out  the  program  modifications  necessary  to  effect  this  normali- 
zation. 

When  the  population  growth  has  achieved  a  stable  value, 
the  change  in  the  total  population  can  be  demrribed  by  a  single  , 
equation: 

T(I+1)  =  T(I)   +  V  *  T(I). 

In  this  equation,     T(I)     denotes  the  total  population  and  V 
denotes  the  growth  coefficient  corresponding  to  a  stabilized 
growth.    Thus,    V  is  analogous  to  G  in  the  Mai  thus  problem  and. 
the  assumed  constancy  of  the  survival  and  birth  rates  of  the 
life  table  model  corresponds  to  the  assumed  constancy  of  the 
birth  and  mortality  rates  of  the  Malthus  model.     It  should  be 
noted  that  there  do  exist  sets  of  values  for  the    Sl(Ky  and 
S2(K),  and  for  the    Yl (K)  and  Y2{K),     such  that  it  is  not 
possible  to  reach  a  stable  age  distribution.     See  Poole  (1974). 
With  the  aid  of  equations  (7)"  or  (8)  in  the  appendix  of  the  first 
chapter,  it  is  possible  to  relate  V  to  the  intrinsic  growth 
rate    r.    This  is  usually  done  in  math^natically  oriented 
texts  on  population  biology.    We  will  not  do  so  since  it  is 
more  meaningful  to  speak  of  the  change  in  the  population  over 
a  specified  time  period,  such  as  a  year  or  a  generation,  rather 
than  as  an  instantaneous  time  rate  of  change. 

The  fact  that  the  change  in  population  from  one  generation 
to  the  next  approaches  a  constant  value  independent  of  the 
starting  population  suggests  that  the  primary  quantities  of 
interest  in  describing  the  time  evolution  of  a  population  are 
the  survivability  coefficients,    S1(K)    and    S2(K),    and  the 
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fertility  coefficients,    Yi(K)    and    Y2 (K) .     It  is  frequently 
assumed  that  the  survival  rates  of  the  males  and  the  females 
are  identical  and  al.«o  that  the  fertility  coefficients  ate 
equal.    Under  these  assumptions  the  evolution  of  the  population 
can  be  completely  characterized  by  a  consideration  of  only  the^ 
changes  in  the  female  population.    Thus,  the  sets  of  parameters 
S2(K)  and  Y2{K)  are  sufficient  to  describe  the  population  growth. 

In  the  literature,  these  sets  of  coefficients^ are  fre- 
quently referred  to  as  and  jresj^tively,  and  are 
interpreted  in  a  probabilistic  sense,  e-g-  Poole  (1974).  OSius, 
denotes  theNprobability  that  a  female  alive  at  time    t,  and 
in  the  age  grou^  from    x  to    x+1,    will  still  be  alive  at 
time    t+1    and  hence,  in  the  age  group  from    x+1    to  x+2. 
Here  the  variable    x    counts  the  time  periods  which  may  be 
measured  in  generations,  years,  etc.    The  variable    t    is  the 
elaps^a  time  and  is  measured  in  the  same  units  as  is  the  variable 
x'.    The  symbol          denotes  the  number  of  feaale  offspring  bom 
at  time    t,  that  will  still  be  alive  at  time    t+1,    of  a  female 
in  the  age  group    x  to  x+1.    Hence,  the  BASIC  variables  I  and  K 
correspond  to  the  traditional  variables    t  and  x  respectively. 

Let  the  initial  female  jx>pulation  of  the  cohort  be  denoted 
by    P^O) .    Since  only    S2(0)    of  these  will  be  alive  at  the  end 
of  the  first  time  period,  the  actual  number  alive  at  the  end  of 
this  period  is    S2(0}*P(0).    Similarly,  since    S2<1)  denotes 
the  proportion  surviving  the  second  time  period,  the  number 
alive  at  the  end  of  the  second  time  period  is    S2 (0) •S2 (1)*P(0) . 
Continuing  in  this  way,  it  is  seen  that  the  number  of  females 
from  the  original  cohort  that  are  alive  at  the  end  of    N  time 
periods  is 

S2(0)*S{1)*S2(2)*      *      *  *S2(N-1)«P(0). 
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\ 

Thus,  the  proportion  o{  the  original  cohort  populatim  still 
alive  after^  N  time  jieriods  is,  _  .  „    

*  '  •  • 

S2(0)*S2(1)*      *      *  *S2(N-1). 

In  the  literature,  this  proportion  is  usually  denoted  1»y  1^, 
1    is  the  proportion  of  the  original  population  alive  kt  tiate 
t  and  of  age  x.    It  is  also  helpful  to  introduce  another  variable'^ 
denoted  by    m^,    which  denotes  the  average  number  of  offspring 
-produced  per  female  whose  age  is  in  the  interval    x  to  x+1. 
Rence,  the  quantity,    l-,m  P(0),    is  the  total  number  of  births 
from  females,  of  .age    x.     If  this  quantity  is  suimited  over  all  x, 
that  is  summed  over  all  age  groups,  the  total  numt^r  of  births 
is  obtained.    Consequently,    1  m     is  a  measure  of  the  reproduc- 
tive  capacity  of  the  f^oales  of  age    x,  and  the    Ij^m^  vs..  x 
curve  is  a  measure  of  the  reprcKiuctive  capacity  of  the  entire 
population. 

Since  the  proportion 

S2(0)*S2(1)*      ♦      *  *S2(N-1) 

V.  .  ' 

f's    1  ,    it  is  possible  to  evaluate  this  quantity  for  all  values 

of    Mr.   and  then  graph  it  as  a  function  of    N,     In  this  way, 
the  measure  *of  the  Reproductive- capacity  of  the  Rhum  Island  deer 
popuJj^tion  could  be  displayed. 

The  preceding  comments  %^re  made  to  enable  the  student  to 
more  easily  relate  t^  programming  notation  to  that  used  in  the 
literature.    There  is  a  wide  diversity  of  notation  and  terminology 
in  the  population  dynamics  literature  and  so  the  subject  will  not 
be  pursued  here.    Camnents  on  the  notation  can  be  found  in  Mertz 
(1971). 
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,A  Pictorial  RepresentaCticm 

IV  tiseful  technique  for  displaying  the  age  group  population 
structure  at  any  given  time  period  ia  a  form  of  horizontal  bar 
graph.    The  following  example  will  seinre  to  indicate  the  method 
of  construction  of  such  a  graph.    Suppose  there  are  only  5  age 
groups  in  the  population  and  the  male  population  of  eaqJi  age 
group  is  500,  400,  300,  200  and  100  respectively,    tiet  the  female 
population  of  each  age  group  be  300,  400,  500,  200  and  100 
respectively.    The  male  population  distribution  is  represented 
by  a  horizontal  histogram  on  the  right  of  the  vertical  axis 
and  the  female  population  distribution  is " represented  by  a  hori- 
zontal bar  graph  on  the  left  side  of  the  vertical  axis-  In 
both  representations,  the  base  of  the  bar  ^raph  Is  the  vertical 
axis.    Pictorially  the  population  structure  appears  as  shown 
in  figure    6.4.  ^ 
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Since  the  ^rnall  age  groups  are  on  the  bottom  and  the 
older  age  groups  are  on  the  top,  the  figure  clearly  demonstrates 
that  most  of  the  male  population  is  young,  whereas  most  of  the 
female  population  is  middle  aged.    If  the  figure  were  top 
heavy,  the  population  would  consist  largely  of  older  s^mbers* 
To  enable  the  ready  analysis  of  the  effect  of  varying  survivability, 
fecundity  rates  and  initial  populations,  the  program  shown  in 
figure- 6. 2  was  modified  to  describe ^a  population  of  only  5  age 
groups,     ^'igure  6.5  is  a  listing  of  the  program. 

Line  20  provides  for  the  necessary  storage.    The  surviva- 
Bility  rates  are  entered  as  input  in  lines  80  to  120  and  lines 
115  to  150  provide  for  the  inputting  of  the  fecundity  data. 
The  initial  population  of  each  age  class  is  entered  in  lines 
1Z5  to  210.    By  providing  the  ability  to  directly  enter  such 
data  as  input,  the  evolution  of  populations  with  very  different 
conditions  may  be  easily  examined.    The  number  of  generations, 
N,  the  program  is  to  be  run  is  entered  by  lines  230  and  235. 
The  index  •  I  counts  the  generations  and  the  index  K  counts  the 
age  groups.    The  actual  generation  by  generation  calculation 
begins  at  line  405  and  continues  through  line  490.    Lines  410 
and  411  initialize  the  counters  Mil, I)  and  P(1,I) ,  %rtiich 
count  the  number  of  male  and  female  newborn  respectively. 
This  initialization  is  done  at  the  beginning  of  each  generation. 
The  numbers  of  males  and  females  in  the  next  age  group,  for  the 
next  time  period,  are  calculated  in  staten^nts  430  and  440, 
while  lines  450  and  460  calculate  the  number  of  newborn  during 
the  time  period.    Finally,  the  results  are  printed  out  in 

lines  505  to  590.    A  print  out  of  a  typical  run  is  shown  in 
figure    .6.6    and  figure    6.7    is  a  pictorial  representation  of 
the  growth  of  the  population  for  the  first  5  generations. 
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5  REH  .5  flpE  GROUP  LIFE  TRBLE  PRCWSRftH 

6  REH  '  # 
?  REM 

e  .REM  , 

10  PRINT  "        -  H  5  ftOE  GROUP  LIFE  TftSLE  PROGRflM" 

11'  PRINT 

IMPRINT  * 

IS  PRINT        ■  ♦  ' ' 

20  DIM  M<e>24>^F<6.  £€>  ^ 

2?  REM,,,     ■     '    :      Vh       :  ^ 

40  REM       .  INPUT  T1ftt±::5U?^VlVflBILITV  RATES 

41  REM      '      ^  .        x-;j*V'.o       ,  .    ,  . 
4j5''P(?INT  -TyPE  5-MflLE  S^vIVRBILITV  RATES" 

S0  INPUT  Sia>.  Sl<23^r5f <3>.  SK4V  Sl<5> 
53  PRINT  . ,  • 

74.;RiM.....: 

75  te|M     ^^NPUT  FgMflLE  SURVIVflBILITV  RATES 
?€  REM 

60  PRir^T  "TVPE  5  FEMALE  SURVIVABILITV  RATES" 
85  INf*UT  S2<1>*  S2<2>/  S2C3>*  S2<4>,  S2<5> 

30  PRINT  ,  ^  < 

109  RtM  • 

110  REM  INPUT  FECUND I TV  DATA  FOR  MALE  NEWBORN 

111  REM 

115  PRINT  "TVPE  5  MALE  BIRTH  RATES" 
120  INPUT  V1<1>,  Vl<2>, Vl<3>, Vl<4>^  Vl<5> 
125  PRINT 

139  REM 

140  REM  INPUT  FECUNDITV  DATA  FOR  FEMALE  NEWBORN 

141  REM 

145  PRINT  "TVPE  5  FEMALE  BIRTH  RAT€S" 
150  INPUT  V2<1>.  V2<2>, V2<2>/ V2<4>,  V2<5> 
155  PRINT 

169  REM 

170  REM  INPUT  INITIAL  MALE  POPULATIONS 

171  REM 

175  PRINT  "TVPE  5  STARTING  MALE  POPULATIOHS" 
160  INPUT  M<1,  0>»  M<2i  0>,  MC3*  0>/  M<4,  0>/  M<5*  0> 
185  PRINT 

199  REM 

200  REM  INPUT  INITIAL  FEMALE  POPULATIONS 

201  REH 

205  PRINT  "TVPE  5  STARTING  FEMALE  POPULATIONS", 
210  INPUT  Ftl.  0>*  F<2.  0>*  F<3.  0>.  F<4*  ©>#  F<5/ 0> 
215  PRINT 


Fig.  6.5 
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230  PRINT  "TVPE  N«NO.  OF  VRS.  EVOLUTION.  N  MUST  NOT  EXCEED  25« 
23S  INPUT  N  t^'>w«.tif  «3 

240  PRINT 
24S  PRINT 
250  PRINT 

255  PRINT  "  PROGRAM  RESULTS" 

260  PRINT 
265  PRINT 

295  PRINT  "TIME  PERIOD.   NEMBORN  MRLES,   NENBORN  FEMRLES" 
396  PRINT 

399  REN 

400  REH  I  COUNTS  THE  TIME  PERIODS 

401  REH      *  « 

405  FOR  1=0  TO  N 

410  M<1, I+l>«0 

411  F<li  I'»'1><=0 

414  REN 

415  REN  K  COUNTS  THE  RQE  CLASSES 

416  REN 

420  FOR  K«i  TO  4 

430  N<K*1. I+1>»S1€K>*W<K,  I> 

440  F<K+1, I+1>»S2<K>*F<K/  I> 

450  N<1*  I+1>«N<1*  I*'1>4.V1CK>««F<:K,  I> 

460  F<1, I+1>«F<1,  I+l>*V2<K>*F<k* I> 

4?0  NEXT  K 

480  PRINT  I-M,  M<1>  I-H>,  FCl, 
^90  NEXT  I 
495  PRINT 
500  PRINT 
505  FOR  I«0  TO  N 

507  PRINT  "THE  QENERRTION  NUMBER  IS  I 

510  PRINT  "RQE  CLASS.   NO.    OF  NRLES*  NO.    OF  FEMALES" 

520  PRINT 

550  FOR  K«l  TO  5 

560  PRINT  K,  M<K*  I>.  F<K,  I>  *V 
570  NEXT  K  ^ 
580  PRINT 
585  PRINT 
590  NEXT  I 
990  END 


Fig.  6.5  (Cont.) 
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RBITS  ^  ' 

5  AGE  GROlTF  LlfE  TRBLE  PROGRflH 


TVPE  5  MALE  SURVlVflBILITV  RRTES 
7,  Bs  .2*   ,4*   .6*  0 

TVPE  5  FEMRLE  SURVIVflBILrTV  RATES 

7.  9*   .  2#   .  5#   .  6#  0 

TVPE -5  MALE  BIRTH  RATES 
?0#   1.   2s   2s  1 


TVPE  5  FEMALE  BIRTH  RATES  * 
?0,   1.   3*   2,  li. 

TVPE  5  STARTING  MALE  POPULATIONS 
?i00.   100.   100^   Xm*  100 

TVPE  5  STARTING  FEMALE  POPULA^ONS 
?0.   0.    100.    0.  0 

TVPE  N«NO.  OF  VRS.  EVOLUTION.  N  MUST  NOT  EKCEED  2S 
76 


PROGRAM  RESULTS 


TIME  PERIO&.   NEMBORN  MALES.   NEUBORN  FEMALES 

1  200  300 

2  100  100 

3  270  270 

4  190  252 

5  333  351 

6  342  390.  6 

7  455.  22  500.  50 


THE  GENERATION  NUMBER  IS  0 
.    AGE  CLASS.   NO.    OF  MALES.   NO.    OF  FEMALES 


1  100  0 

2  100  e 

3  100  100 

4  100  0 

5  100  0 


Pig.  6.6  2 
6.30 


THE  OENERRTXON  NUMBER  IS  1 

ftQE  CLASS,  NO.    OF  Mm.ES,   NO.   Qf  FEMALES 

2  88  0 

3  26  0 

4  40  50 

5  60  0 

THE  QENERRTION  NUMBER  IS  2 

ROE  CLASS,  NO.    OF  MALES,   NO.    OF  FEMALES 

1  100  100  ^ 

2  160  2?@ 

3  16  0 

4  8    •  0  : 

5  24    ^  30 

THE  GENERATION  NUMBER  IS  3 

AGE  CLASS,  NO.    OF  MALES,   NO.    OF  FEMALES 

1  2?e  270 

2  80  90 

3  32  54 

4  6.  4  0 
^  4,  8  0 

THE  GENERATION  NUMBER  IS  4 

AGE  CLASS,  NO.    OF  MALES,   NO.    OF  FEMf^ES 

1  198  252 

2  216  243 

3  16  18 

4  12.  8  27 

5  .3.  84  0 


THE  GENERATION  NUMBER  IS  5 

AGE  CLASS,  NO.    OF  MALES,    NO    OF  FEMALES 

1  333  351 

2  158  4  226.  8 

3  43.  2  48  6 

4  6  4  9 

5  7.  68  16.  2 

THE  GENERATION  NUMBER  IS  6 

AGE  CLASS.  NO    OF  MALES,    NO.    OF  FEMALES 

1  342  390.  6 

2  266.  4  315.  9  ^ 

3  31.  68  4S.  36  ^ 

4  17  28  24.  3 

5  3  84  5.  4 
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Harvest 

The  previous  discussion  concerning  the  fihum  Island  deer 
herd  population  suggests  that  it  shou3.4,      possible  to  harvest 
a.  proportion  of  the  population  and  yet  permit  the  population 
to  retain  constant  or  even  increase.    There  are  several  wa^s 
to  harvest  a  population^  and  the  simplei&t  method,  which  %re 
will  call  ^e  equal  harvest  method,  is  to  harvest  the  same 
propdrtion,       from  each  age  class.    The  inclusion  of  an 
equal  harvest  in  our  program  is  accomplished  by  noting  that 
during  each  generation  the  nuifiber  of  males  amd^emales  harvest- 
ed  frcsQ  each  age  class  is    H*H(R,I)    and    H*F<K,£).  ^is 
number  of  males  and  females  must  be  removed  from  our  population 
each  time  period  and  so  thefage  group  equations  become 

430  LET  M(K+1,I+1) «Sl (K) •M(K, I) -H*M{K,I) 

...  I 

and 

m 

440  LET  F{K+1,I+1)-S2(K)*F(K,I)-H*F(K,I) . 

The  calculation  of  the  number  of  newborn  is  not  changed  since 
it  is  assumed  that  they  are  not  harvested.  Provision  must  be 
made  for  "inputting"  tlje-^iarvest  proportion,  H- 

The  allowable  r^mige  of  values  for  H  is^  restricted  by  the 
minimxun  value  of  th4  male  and  finale  survivability  coefficients 
The  harvest  proportion  must  be  less  than  this  minimum  value  to 
insure  the  survivability  of  the  succeeding  age  classes.    H  must 
also  be  greater  than  or  equal  to  zero  since  H»0  corresponds  to 
no  harvest.    We  also  assume  that  survivability  and  fecundity 
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rates  are  not  affected  by  harvesting.    Figure    6.8  illustrates 
results  obtained  from  the  harvest  program.    The  results  were 
obtained  for  harvest  rates  of    0.1,    0.163,    0.2  and  0.5 
respectively.    In  each  case  the  program  was  rUn  for  ten  years 
and  the  initial  population  was  that  listed  in  figure  6.3a, 
columns  3  and  5.    By  choosing  the  initial  population  in  this  way, 
we  are  assuming  that  the  population  growth  of  the  herd  has 
"settled  down"  to  a  constant  rate  of  change.    Thus,  we  are 
mimicing  the  harvesting  of  a  herd  that  is  accustomed  and  ad-  >^ 
justed  to  its  habitat.    By  comparison  with  the  initial  popula- 
tion, it  is  seen  that  a  harvest  rate  of    0.1    permitted  an 
increase  in  the  population  for  all  age  classes  whereas  a 
harvest  rate  of    0.163    resulted  in  almost  no  change  in  the 
age  cliss  population.    The  harvest  rates  of    0.2    and  0.5 
respectively  resulted  in  moderate  and  severe  decreases  in  the 
population.    All  of  the  final  numerical  results  aj>pearing  in 
the  tables  have  been  rounded  to  the  nearest  integer  because 
integer  arithmetic  was  not  used  in  the  program.     By  using  dif- 
ferent harvest  ratios  for  each  age  class,  several  harvest 
policies  can  be  explore. 

It  is  of  interest  to  discuss  the  implications  of  harvest- 
ing with  a  harvest  proportion  equal  to  V,  the  limiting  value 
of  the  population  change.  'We  assume  that  harvest  takes  place 
after  the  emergence  of  the  ne^daorn  and  that  no  newborn  are 
harvested.    Under  these  conditions,  the  population  will  remain 
stable,  that  is,  there  will  be  no  change  in  the  total  population 
from  one  period  to  the  next.    The  student  should  verify  this 
assertion  by  altering  the  life  table  program  to  include  har- 
vesting! setting  H«V,  and  using  as  initial  population  the  nor- 
malized age  group  populations  corresponding  to  V.    Since  both  V 
and  the  normalized  populations  have  been  determined  nun^rically. 
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POPULATION  BY  AGE  CLASS  AFTER  HARVESTING 
WITH  DIFFERENT  RATES  FOR     10  YEARS. 

THE  INITIAL  POPULATION  IS  GI^VEN   IN  COLUMNS   3  AND  5    (FIG.  6.3a) 
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and  because  of  the  subsequent  finite  digit  arithmetic,  there 
will  be  a  slight  drift  in  the  results.     However,  the  popula- 
tion will,  remain  relatively  unchanged  for  several  time  periods. 
By  varying  H  and  noting  the  change  in  the  population  distribu- 
tion by  age  class  over  several  time  periods,   it  is  possible  to 
A     estimate  the  value  of  H  which  produces  a  prescribed,  but  constant, 
change  in  the  population.     If  the  value  of  H  is  such  that  no 
change  is  produced  over  several  generations,   then  H=V.     Such  a 
scheme  can  actua-lly  serve  as  an  effective  iteration  scheme  for 
the  determination  of  V.  ^ 

V  is  related  in  a  simple  manner  to  the  value  of  the  latent 
value,      X    '  mentioned  by  Usher  in  his  article.     The  relation 
is 

X=  1+v 


wnere       ~        denotes  approximate  equality.     If     N^^    denotes  the 
population  in  the    K^^    age  class  corresponding  to  V,  then  the 
exact  relation  between       X     and  V  is 


(6.1) 
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Here  M  denotes  the  maximum  number  of  age  classes,  and  male  and 
female  age  classes  are  considered  as  distinct.    The  term 


M 


K=l 


denotes  the  sum  of  the  normalized  age  gr&_p  populations.  The 
correction  term 


is  quite  small.     Using  the  Rhum  Island  deer  herd  data,  taking 
M=32,     and    V=0.1636,     the  value  of  the  correction  term  is 
found  to  be    1.9x1.0"^.     Thus,  the  relation       A    =  1+V  then 
is  quite  accurate.     If  the  newborn  had  also  been  harvested  in 
the  same  proportion,   the  relation         X    =  1+V  would  have  been 
exact. 

We  purposely  did  not  derive  this  result  since  the  derivation 
uses  linear  algebra.     The  result  is  mentioned  to  indicate  the 
connection  between  our  elementary  approach  and  the  more  mathe- 
matically sophisticated  approach  of  Leslie  and  Usher.  The 
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student  who  is  familiar  with  linear  algebra  will  find  it 
instructive  to  derive  the  result.    The  effectiveness  of  the 
matrix  formulation  of  the  problem  is  due  to  the  fact  that  the 
elements  in  the  matrix  are  assumed  to  be  cronstant.  Since 
many  of  the  useful  results  of  matrix  algebra  rely  on  the  fact 
that  the  elements  of  the  matrix  are  constant,  this  formula- 
tion is  somewhat  limited  in  its  applicability.     In  contrast, 
the  structure  of  the  BASIC  language  age  group  equations  per- 
mits them  to  include  survival  and  fecundity  rates  which  can 
vary  from  one  time  period  to  the  next.     Such  alterations  can 
be  easily  effected  in  the  program.    Other  typical  alterations 
might  include  the  effect  of  finite  resources,  the  effect  of 
contamination,  prey-predator  interactions,  the  effect  of  com- 
ipetition,  the  effect  of  time  lags,  etc. 
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Discussion 

Integer  arithmetic  was  not  used  in  the  calculation  because 
your  author  felt  that  the  consequent  increase  in  computer  time 
was  not  worth  the  possible  benefit.    On  the  other  hand,  the 
use  of  integer  arithmetic  when  outputting  data  would  have 
resulted  in  a  more  realistic  appediring  population  and  probably 
should  have  been  included  in  the  program. 

An  Examination  of  the  table  of  newborn  males  and  females  * 
shows  that  as  the  number  of  time  periods  increases,  the  number 
of  newborn  continues  to  increase.    This  suggests  that  the  deer 
population  would  become  arbitrarily  large  after  a  sufficient 
number  of  time  periods.    Since  this  is  an  iB?K>ssibility,  it 
must  be  the  case  that  th-Bre  exists  a  factor  in  their  environ- 
ment that  results  in  survivability  and  fecundity  rates  which 
imply  an  increasing  population.     It  is  probably  the  case  that 
this  factor  is  harvesting,  i.e.  hunting  pressure.  Thus, 
assuming  equal  harvest,  we  determined  that  approximately  16% 
of  the  herd  was  harvested  each  year.    Your  author  has  not 
checked  the  validity  of  this  assertion  with  the  actual  hunting 
harvest.    Nevertheless,  he  suspects  that  this  is  the  case.  It 
is  certainly  the  case  that  if  no  plausible  reason  can  be  dis- 
covered  for  the  continued  growth  of  the  herd  then  the  experi- 
mental data  is  in  error.     The  purpose  of  the  atove  discussion 
was  to  illustrate  another  way  in  which  theory  can  assist 
experiment. 

In  order  to  make  the  development  easy  to  follow,  the  com- 
puter programs  developed  in  this  section  did  not  contain  any 
safety  checks.     If  the  programs  were  to  be  actually  used,  they 
should  contain  safety  checks.     For  example,  it  is  possible  that 
the  population  of  an  age  class  may  drop  below  a  single  individual. 
In  this  event  the  population  for  that  age  class  has  effectively 
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vanished  and  provision  should  be  a^de  for  setting  it  equal  to 
zero.       If  population  effects  are  jjicluded  (see  next  section), 
and  the  modification  parameters  are  chosen  too  large,  the  popu- 

.Aationa  -q£^  an  age-^lass  may  evea  lie£oil^  negative,  Provision  

must  be  made  in  the  program  to  test  for  such  an  occurrence. 
The  existence  of  negative  populations  or  abnormal  population 
changes  are  signs  of  possible  errors  in  the  data  or  in  the 
program.    For  these  and  similar  reasons,  it  is  imperative  that 
the  progranroer  analyst  give  reasonable  effort  to  ascertaining - 
the  possible  existence  of  physically  unrealizable  results.  He 
then  must  make  provision  in  the  program  for  testing  for  their 
occurrence,  and  in  the  event  such  results  do  occur^  the  program 
must  have  tl^e  proper  instructions  to  enable  it  to  take  the 
correct  action. 
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Population  Effects  (Effect  of  a  Finite  Resource) 

It  is  known  tjiat  fecundity  rates  as  well  as  survivability 
rates  are  decreased  by  an  increasing  |K>pulation  living  in  a 
finite  environment.     In  this  section,  we  discuss  the  inclusion 
of  such  an  effect  which  is  sometimes  called  the  population 
effect.    As  an  aid  in  this  discussion,  it  is  helpful  to  note 
the  analogy  of  the  life  table  development  with  the  previous 
development  of  the  exponential  .growth  model.     In  each  model, 
the  growth  rates  were  assumed  to  he  constant  and  independent 
of  populat^ion.     Now,  it  should  be  recalled  that  the  necessary 
modification  of  the  exponential  growth  model  to  include  the 
effect  of  a  finite  environment  was  accomplished  by  modifying 
the  average  growth  rate  by  an  amount  proportional  to  the  pre- 
sent population.     This  suggests  modifying  the  life  table  develop 
ment  in  a  similar  manner. 

We  will  assume  that  the  survivability  rates,  as  well  as  the 
fecundity  rates,  for  each  age  class,  are  reduced  by  an  aunount 
proportional  to  the  total  population.     Thus,  if    P(I)  denotes 
the  total  population  at  the  beginning  of  the    X        time  period, 
the  survivability  rates  must  be  written  as 

S1(K)^S3 (K)*P(I)       and      S2 (K) -S4 (K) *P (I ) . 

The  sets  of  values    S3 (K)     and    S4 (K) ,     K=l,2,   ,,,   ,N  are 
constants  of  proportionality  relating  the  reduction  in  the 
survivability  rates  to  the  present  population.     They  are  called 
the  survivability  modification  parameters  and  are  positive  and 
very  much  smaller  than  each  of  the     S1(K)     and    S2 (K) . 

The  accounting  for  the  effect  pf  the  fi'nite  environment 
on  the  fecundity  rates  is  accomplished  in  a  like  manner.  Thus, 
the  birth  rates  are  written  as 

Yl  {K)-y3 (K) *P (I)       and      Y2 (K)-y3 (K) ^P (I) 


where'  Y3(K)    and    Y4(K),    K=l,2,  ,S    are  two  sets  of 

proportionality  constants  relating  the  decrease  in  the  fecundity 
rates  to  the  present  population.    Y3 (K)     and    Y4 (K)    will  be 

called  the  fecundity  rate    modification  parameters.    The  total   

population,"  P{I)   is  given  by 

10  LET  P(I)  =  0 
20  LET  K=0  TO  M 

30  LET  P(K)   =  P(K)+M(K,I)+F(K,I) 

40  NEXT  K 

50  LET  P(I)   =  P(M) 

where    M     is  the  number  of  age  classes. 

The  pi-ograiranin<j  alterations  necessary  to  accommodate  these 
changes  are  very  st raightf orwar4.     Provision  must  be  made  for 
storing  the ' constants ,   fquations  430  to  460  must  be  changed  by       ^  . 
'..no  insert.iOV.  of  the  moditied  survivability  and  fecundity  rates, 
.,nd  finally  provi'^.on  miH5t  be-  made  for  calculating  the  total 
:.opulation  each  time  period. 

your  author  made  these  corrections  to  the  program  shown 
.n  figure  6.2  and  made  some  sample  runs  assuming  a  common  value 
lor  each  of  the  sets    S3 (K) ,   S4 (K) ,  Y3{K)  and  Y4 (K) .     The  varia- 
tion of  the  number  of  newborn  males  was  used  as  a  measure  of 
the  effect  of  varying  the  survivability  modification  parameters. 
The  results  are  presented  in  figure  6.8  where  it  is  noted  that, 
as  the  magnitude  of  the  modification  parameters  increases,  the 
number  of  newborn  males  decreases-     It  should  also  be  noted  that 
the  modification  parameters  result  in  a  leveling  off  of  the  ni^er  of 
newborn.     Hence,   these  parameters  are  analogous  to  the  growtlj/^ 
rate  modification  parameter    Gl     that  appears  in  the  finite 
resource  model.     In  these  runs,  the  fecundity  rate  modification 
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parameters  are  set  equal  to  zero.     If  the  survivability  rate 
modification  parameters  are  set  equal  to  ssero  and  the  fecundity 
rate  modification  parameters  are  varied  in  an  analogous  mam^r 
a  similar  behavior  is  observed.    Many  other  variations  of  th6 
parameters  may  be  studied,  and  other  measures  of  the  change  in 
the  population,  such  as  the  change  in  the  total  population, 
can  be  used  to  measure  the  effects  of  these  variations.  The 
student  is  encouraged  to  so  modify  the  program  and  to  then 
carry  out  a  computer  assisted  experimental  analysis  of  the 
effects  of  parameter  variations. 

It  is  important  to  note  that  the  actual  obtaining  of  the 
4N    parameters  is  a  nearly  impossible  experimental  task.  Thus, 
i.he  alteration  of  the  program  to  provide  for  these  constants 
i.iuy  not  appear  fruitful.     Nevertheless,   a  careful  examination 
of  results  obtained  by  varyinq  these  parameters  can  result  in 
a  better  understanding.     The  previous  development  again  illus- 
ir.i-es  th<^  fact  that  the  ability  to  construct  very  general 
pro.jrams  ib  both  a  blessing  and  a  curse.      (.^ce  page  2.22). 
i.s  a  carsii  because  it  tends  to  negate  the  real  effort  and 
j*M*-naity  required  to  obtain  valid  and  useful  experimental 
.ata  and,  Vt  tends  to  encourage  unjustifiable  curve  fitting 
and  parameter  juggling.     On  the  other  hand,   it  is  a  blessing 
because  greater  insight  can  frequently  be  obtained  and  sometimes 
such  flexibility,  when  properly  combined  with  empirical  knowl- 
edge, can  permit  the  determination  of  the  necessary  parameters. 
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Effect  of  Mating  Possibility 

The  original  development  of  the  life  table  assumed  that  the 
«  ability  of  a  female  to  produce  an  offspring  was  independent  of 
the  number  of  males  in  the  population.    Promiscuity  is  a  char- 
acteristic of  most  populations  and  hence,  this  is  a  reasonable 
,  assumption.    On  the  other  hand,  there  do  exist  a  few  populatioifis 

for  which  mating  partners,  once  chosen,  do  remain  faithful 
throughout  the  life  span  of  each  partner.     For  such  nK>nogamous 
populations  it  is  known  that  an  unequal  distribution  of  the 
population  of  each  sex  can  directly  affect  the  number  of  new- 
born.   Examples  of  such  populations  are  Geese  and  Swan.  It 
is  the  purpose  of  this  section  to  present  a  modification  of  the 
life  table  analysis  to  include  the  effect  of  unequal  numbers  of 
males  and  females.     In  this  connection,  it  may  be  helpful  for 
the  student  to  reread  the  section  entitled,  "Effect  of  Mating 
Possibility"  in  the  first  chapter.     The  develof»n"ent  of  the 
model  will  be  based  upon  an  attempt  to  miraic  the  growth  of  a 
population  that  begins  with  individuals  only  in  the  first 
three  age  classes.     Thus,  initially  the  first  age  class  consists 
of  the  newborn,  the  second  age  class  is  made  up  of  yearlings, 
the  third  age  class  contains  two-year-olds  who  are  possible 
parents  ana  there  are  no  individuals  in  the  remaining  (N-3) 
age  classes. 

It  will  be  assumed  that  the  time  interval  for  each  age 
class  is  one  year  and  that  the  population  breeds  only  once  a 
year.     Thus,   it  is  convenient  to  choose  the  time  period  for  the 
life  table  as  one  year.     It  will  also  be  assumed  that  no  individ- 
ual is  older  than  N  years.     It  is  further  assumed  that  the 
fecundity  and  survival  rates  by  sex  are  known  for  each  age 
class  and  that  finite  environment  or  population  effects  are 
negligible.     Because  an  individual  is  assumed  to  be  monogamous 
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throughout  its  lifetime,  the  number  of  #<^ible  mothers  in  an 
age  class  is  given  by  the  minimum  of  the  ntmiber  of  males  or 
females  in  an  age  class.    Finally,  it  is  assumed  that  the 
individuals  constituting  a  matiirg  paiif  s^l^t  «aGh- <>tlwr^^t^ 
Mr St  year  of  mating  possibility.     Thus,  the  fact  that  the  popu- 
lation is  monogamous  implies  that  no  older  individuals  will 
mate  with  younger  individuals,  and  hence,  the  individuals  in 
e^ich  pair  will  always  remain  the  same  age. 

As  a  result  of  these  assumptions,  the  number  of  possible 
mothers  in  an  age  class  is  given  by  the  minimum  of  the  number 
of  males  an'J  females  in  the  age  class.  The  implementation  of 
these  assumptions  is  accomplished  by.  adding  the  lines 

442  IF  F(K,I)-  M(K,I)   GOTO  450 
444  LET  F(K,1)--MIK,  I  ) 

tho  pronram  lictvd  in  fiqure  6.2.     It  was  assumed  that  there 
.-.T-  100  males  and  temales  in  each  of  the  first  three  age  classes 
■..hi;«    the  remaininq  age  classes  contained  no  animals. 

Us mq  the  Rhum  Island  red  deer  survivability  and  fecundity 
;.ita,  your  author  so  modified  the  program  given  in  figure  6.2. 
The  program  was  run  fcr  20  perio4s  and  the  results  are  given 
m   fiqaieCnlOin  columns  3  ami  5.     The  original  Rhum  Island  red 
doer  program  listed  in  figure  6.2  was  modified  to  have  the  same 
initial  age  class  population  distribution  and  also  run  for  20 
time  periods.     The  results  of  this  program  are  listed  in  columns 
2  and  4  of  figure  6.10.    It  is  seen  that  the  modification  due  to 
niating  possibility  resulted  in  a  decrease  in  the  number  of  new- 
bcira  as  would  be  expected.     Similar  conclusions  can  be  inferred 
vith  respect  to  other  comparinons  of  population  distributions. 
The  inclusion  of  population  effects  may  be  accomplished  by  ad- 
joining to  the  program  those  statements  developed  in  the  previous 
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MATING  POSSIBILITY 
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NEWBORN  FEMALES  ~ 
ORIG.  PROG.  MOD.    PROG*  ' 


100 

100 
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66 
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CHAPTER  VI 

ft 

Alter  the  initial  age  class  population  and  run  the  pro^raia 

for  24  gen«ratrions  or  so.  »  ^ 

Alter  survivability  and/or  fertility  rates,  4^hen  make  runs 

to  see'  how  sensitive  results  are  to  such  changes. 

Rewrite  the  program  on  figure  6.2  using  integer  arithmetic 

Make  some  trial  runs  and  compare  the  results  with  those 

obtained  from  the  original  program. 

Figure  6.11  lists  life  table  data  on  the^  White  River  elk 
herd  in  Colorado  and  is  presented  with  the  oourtesy  of  Dr. 
R.  Ream  of  the  University  of  Montana  School  of  Forestry. 
The  herd  is  heavily  harvested  and  has.  a  very  high  repro- 
ductive rate.     For  purposes  of  herd  manageanent,  it  is 
convonicnt  *to  designate  the  following  classe?  of  animals: 

(1)  Calves  -  including  both  males  and -females  less 
than  one  year  old. 

(2)  Cows  -  includes  all  females  in  the  population 
except  calves. 

(3)  Spike  bulls  -  includes  all  yearling  males. 

(4)  2-5  point  bulls  -  includes  all  males  in  2,  3, 
and  4  year  old  age  class - 

(5)  6-point  bulls  -  includes  all  males  5  years  and 
older.     These  are  called  the  trophy  bulls. 

(a)  Modify  the  program  given  in  figure  6.2  to  simulate 
the  time  evolution  of  the  age  group  populations  of 
the  elk  herd, 

.(b)     It  is  assumed  that  the  harvesters   (hunters)  can  dis- 
tinguish between  the  five  classes.     It  is  further 
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ELK  POPULATION  TABLE 

Based  on  White  River  Herd 
€  Data  Colox^o 
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assumed  that  each  hunter  is  successful  and  will 
harvest  a  single  animal  iti  that  class  for which  he 
is  given  a  license.    How  should  licenses  be  issued 
to:  '  '  .r 

(1)    Maximize  the  number  of  trophy  bulls? 
(2J    Maximize  the  total  number  of  animals  taken? 
Figure  6.12  lists  survivability  and  population  data  for  the 
Yellowstone  Park  Grizzly  Bear  population  as  obtained  from 
Craighead*  ©t  al,  1973.  •  The  fecundity  rate  was  found  to 
be  approximately  1.00  for  the  years  1959-67  and  0.68  for 
the  period  1968-70.     These  rates  are  constant  over  all  but 
the  first  five  age  classes  and  these  classes  cannot  give 
birth.     Construct  a  life  table  model  of  the  l^ar  population 
making  provision  for  acceptance  as  input  the  sex  ratio  of 
t^e  newborn  and  also  the  fecundity  rate.     Make  some  runs 
with  different  birth  rates  and  initial  populations.  Both 
the  Gurvivability  and  the  fertilityi  rates  are  in  error 
aue  to  sampling  limitations.    The  sensitivity  of  the  popu- 
lation to  these  errors  can  be  found  by  making  computer  *  runs 
with  different  values  for  these  rates. 

As  suggested ' in  the  section  describing  population  effects, 
modify  the  m^um  "island  cj^er  program  to  include  the  effect 
of  increasing .pop'ila*- ion.     State' the  assumptions  behind 
ydur  modifications.     Make  up  some  data  and  run  the  program. 
Discuss  your  results. 

Using  the  program  listed  in  figure  6.5,  make  up  a  set  of  runs^ 
to  examine  the  Effect  on  the  evolution  of  the  population  due  to 

(a)  Changes  in  the  male  survivability  rates  only, 

(b)  Changes  in  the  female  survivability  rates  only, 

(c)  Changes  in  both,  ' 

(d)  Changes  in  the  initial  population,  both  male' and 
female,  and 

(e)  Any  combination  of  changes  you  select. 
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state  youf  variations  and  th6  reasons  for  choosln?  them. 

Discuss  and  compare  the  results.    Ek>  they  agree  with  ^ 

your  intuition? 

8.  Make  a  run  witH  the  5  group  program  using  rate  data^  and  start*  ^ 
ing  populations  of  your  own  selection.    Run  the  program  for  ^: 
Nl  generations.    Record  the  populations  and  then  use  these 
populations  as  initial  populations  for  a  new  run,  of  N2 
generations,  in  which  the  rate  data  are  changed.  Examine 

your  results.    Discuss  then.    Kote  that  this  procedure  of 
"chaining"  runs  corresponds  to  Changing  the  rate  data 
during  the  course  of  one  long  run. 

9.  Alter  the  5  group  program  to  'accept  changing  rate  data. 
Make  up  your  own  data  and  carry  out  scnne  runs.  Discuss 
your  results. 
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CHAgTER  VII  V 
APPLICATIONS  YO  GBUETICS 

Some  Preliminaries  ^  *  P 

The  science  of  genetics  -is  that  body  of  knowledge  which 
attempts  to  explain  the  transmission  of  physiological  and  mental 
characteristics  from  the  parents  to  their  offspring.    Biologists  ^ 
believe  that  the  unit  of  structure  of  a  living  organism  is  the  cell 
and  that  it  is  through  the  cell  that  the  -^characteristics  of  an 
organism  are  ex^essed.    This  expression  is  accomplished  by  collec- 
tions of  rod  shaped  bodies  called  chromosomes  which  themselves  are 
made  up  of  sets  of  smaller  bodies  called  genes.     It  is  these  latter 
bodies  which  biologists  believe  determine  the  characteristics  or 
hereditary  traits  transmitted  from  the  parents  to  the  offspring. 
It  is  known  that  a  certain  number  of  genes  from  each  of  the  parents 
unite  to  form  a  unique  collection  of  genes  in  the  offspring  and 
since  there  is  associated  with  each  gene  or  set  of  genes  a  charac- 
teristic or  characteristics,  an  accounting  of  the  distribution  of 
the  genes  in  the  offspring  will  enable  us  to  specify,  the  hereditary 
traits  or  characteristics  of  the  offspring.     Consequently,  in  this 
chapter  we  will  attempt  to  use  a  computer  to  determine  and/or  list 
the  number  and  kinds  of  genes  in  the  cell  of  the  offspring.  We 
will  assume  that  the  student  is  somewhat  familiar  with  the  biology 
of  heredity;  at  least  to  the  extent  of  having  had  a  secondary  school, 
elementary  college  or  university  level  course  in  the  life  sciences. 

Thus,  we  will  freely  use  some  elementary  biological  terms  early 
in  our  discussion.    We  will  begin  by  describing  the  work  of  Gregor 
Mendel  who  in  18S5  founded  the  modern  science  of  genetics.  Most 
students  are  familiar  with  his  work  and  know  that  he  postulated  or 
stated  laws  that: 
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(a)     Permitted  the  assigning  of  definite  probabilities  to 

specified  gene  distributions  that  occurred  in  the  cells 
of  the  offspring,  and 
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<b)    associated  the  gene  distribution  of  the  offspring  with  a 
distribution  of  heredity  traits  and  thus  enabled  the 
prediction  of  the  heredity  characteristics  of  the  ofC- 
spring. 

Since  some  students  may  not  be  familiar  with  Mendel's  work  it 
will  be  described  in  the  next  section.  "  ^ 

Mendel's  Experiments 

Our  discussion  will  begin  with  a  summary  of  Itendel's  experi- 
ments.   The  summary  will  include  only  that  part  of  his  work  jiith 
which  the  student  must  be  familiar  in  order  that  he  understand 
the  work  that  is  to  follow.    In  the  event  that  our  presentation  of 
Mendel's  work  is  too  brief,  the  stuclent  is  urged  to  consult  an 
elementary  modern  biology  text  or  some  of  the  references  at  the 
end  of  the  chapter. 

Mendel  worked  with  the  pea  plant. ,  His  experiments  consisted 
of  crossing  and  growing  successive  generations  of  the  plants.  For 
each  successive  generation,  he  would  note  the  biological  or  physical 
characteristics  of  the  parent  plants,  cross  plants  with  specific 
characteristics  with  other  plants  of  the  same  or  different  set  of 
characteristics,  and  theh  tally  the  distribution  of  these  characteris- 
tics in  the  offspring.     For  example,  if  the  characteristic  of 
interest  was  height  of  the  plant,  Mendel  would  cross  several  pairs 
of  plants,  each  member  of  which  was  a  tall  plant,  each  member  was 
a  short  plant,  or  the  members  of  the  pairs  would  be  such  that  one 
was  short  and  the  other  tall.     By  carefully  listing  the  distribution 
of  the  characteristic  of  th6  offspring  dnd  then  con^aring  this  dis- 
tribution with  the  specified  distribution  of  the  same  characteristic 
in  the  parents,  Mendel  was  able  to  devise  a  hypotheses  which  enabled 
him  to  predict,  with  great  accuracy,  the  distribution  of  the  char- 
acteristic in  the  offspring  resulting  from  a  specified  distribution 
of  this  characteristic  in  the  parent  generation. 

He  worked  with  several  pure  bred  varieties  of  pea  plants.  Each 
variety  of  plant  was  distinguished  from  the  other  by  such  outwardly 
distinguishable  characteristics  as  vine  height,  position  of  flowers, 


color  of  seedf  color  of  flowers,  etc.    In  tot&i#"*^endel  noted  the 
pea  plants  possessed ^even  distinct  biological  characteristics  v 
which  carried  over  from  generation  to  genei^ation.  Purthem»re, 
each  of  these  characteristics  was  characterized  by  the  fact  that 
it  could  be  in  only  one  of  the  two  possible  states.    For  example, 
the  characteristic  of  color  of  seeds  could  either  be  in  the  yellow 
state  (a  yellow  seed)  or  in  the  green  state  (a  green  seed),  and 
the  characteristic  of  stem  height  could  either  be  in  the  tall  or 
the  short  state.    Mendel  recognized  that  in  order  to  establish  the 
validity  of  his  hypothesis  concerning  the  distribution  of  the  states 
of  the  characteristics  through  succeeding  generations,  that  he  would 
have  to  have  a  collection  of  seeds  with  the  property  that  when  they 
were  |K>llinated  (regenerated)  solely  among  themselves  they  would, 
always  reproduce  in  their  offspring  the  unique  characteristic  states 
of  the  parents.     Plants  with  this  capability  are  said  to  "breed  to 
type"  or  are  pure  bred.     Mendel  also  recognized  that  it  would  be 
mandatory  to  be  able  to  absolutely  control  the  pollination  or  ferti- 
lization of  each  plant  in  order  to  rigorously  account  for  the  matings. 
This  was  readily  accomplished  in  the  pea  plant  by  the  well-known 
technique  of  artificial  fertilization  or  pollinization. 

Because  the  plants  were  pure  bred,  the  self-pollinization  of 
two  distinct  tall  plants  would  produce- a  tall  plant.  Analogous 
results  would  occur  after  the  breeding  of  two  pure  bred  small  plants. 
Ho%*ever,  the  breeding  by  artificial  pollinizati'jn  of  a  tall  plant  ^ 
with  a  short  plant  %uch  breeding  is  called  hybrid  breeding  and  the 
offspring  labeled  hybrids) ,  also  produced  a  tall  plant  regardless 
of  %#hich  plant  the  original  pollen  came  from.     Since  the  state  of 
tallness  always  "resulted  from  such  a  mating,  Mendel  had  established 
experimentally  the  fact  that  the  state  of  tallness  was  dominant  as 
compared  to  the  state  of  shortness.     He  thus  labeled  tallness  a 
dominant  state  or  trait  and  shortness  a  recessive  state  or  trait. 
,  It  is  important  that  the  student  recognize  that  Mendel  had  estab- 

lished this  relation  only  for  the  pea  plant.     The  very  opposite 
could  well  be  tru^  for  some  other  plant. 

Having  established  the  relation  of  dominance  for  the  state  of 
tallness  over  the  state  of  shortness,  Mendel  then  experimented  with 
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crosses  involving  other  characteristics  of  the  pea  plant.     In  a 
very  similar  manner,  he  found  by  experixsent  that  by  crossing 
plants  that  produced  yellow  seeds  with  plants  that  produced  green 
seeds  that  all  first  generation  plants  had.  yellow  seeds  and  thus 
yellow  was  the  dominant  seed  color  as  ccnnpared  to  green.  Simi- 
larly, he  found  that  round  seeds  were  dominant  to  wrinkled  seeds. 
After  performing  analogous  experiments  to  compare  all  seven  char- 
acteristics, Mendel  found  the  surprising  result  that  for  each  of 
the  seven  characteristics  one  of  the  states  of  each  characteristic 
was  always  dominant.    Stated  in  another  way,  one  of  the  states  of 
each  characteristic  appeared  to  be  lost. 

The  following  table  is  a  summary  of  Mendel's  findings: 

Dominant  State  of  the  F^^ 
The  Pairs  of  Contrasting  States  Hybrid  Offspring  

Rounded  seeds,  wrinkled  seeds  Round  seeds 

Yellow  seeds,  green  seeds  Yellow  seeds 

Colored  seed  coat,  white  seed  coat  Colored  seed  coat 
Inflated  pod  (unripe),  constricted  pod    Inflated  pod 

Green  pod,  yellow  pod  Green  pod 

Axial  flowers,   terminal  flowers  Axial  flowers 

Tall  stem,   short  stem  Tall  stem 

Having  discovered  the  existence  of  dominant  traits  or  states 
by  breeding  pure  bred  types,  Mendel  then  proceeded  to  experimentally 
determine  Lhe  distribution  of  these  characteristic  states  in  suc- 
ceeding generations.     As  a  means  of  keeping  track  of  each  generation, 
he  labeled  the  hybrid  offspring  of  the  two  different  but  pure  bred 
plants  the  first  filial  or        generation,   the  offspring  of  these 
offspring  the  second  f ilial~or  F2  generation,   and  so  on  for  each 
succeeding  generation. 

Because  both  parents  of  the  original  parents  were  pure  bred, 
the  offspring  of  either  self-pollinated  tall  or  self-pollinated 
short  plants  were  indeed  either  all  tall  or  all  short,  respectively. 
However,   it  was  the  resultant  distribution  of  the  height  character- 
istic states  occurring  in  the  offspring  of  the  generation  whose 
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parents  were  hybrids  for  the  states  of  tallness  and  shortness  that 
was  iKJSt  unexpected  and  historicaily  significant.    Mendel  found 
that  approximately    75*    of  the  plants  were  tall  and    251  were 
short  even  though  all  of  the  parents  were  tall.  Furthemiore, 
upon  experimenting  in  a  similar  way  with  the  other  characteristics 
he  found  analogous  distributions  for  the  states  of  these  charac- 
teristics.   Thus,  other    P2    generations  consisted  of  plants  in 
which  nearly    75%    were  green  colored  and  very  nearly    25%  were 
yellow  colored;  in  still  another  set  of  generation  plants 

about  three- fourths  had  round  seeds  and  about  one- fourth  had  wrin- 
kled seeds.    These  results  were  obtained  despite  the  fact  that  the 
parents  were  all  green  colored  or  all  had  round  seeds.     The  fact 
that  the  proportions  were  so  definite  and  consistent  was  indeed 
most  surprising  and  Mendel  set  himself  the  task  of  devising  a 
hypothesis  for  the  rational  explanation  of  such  behavior.     It  was 
this  hypothesis  and  consequent  explanation  which  earned  him  the 
title  of  "The  Father  of  Modern  Genetics". 

His  reasoning  was  simple  and  yet  imaginative  and  is  one  of 
the  best  examples  in  science  of  a  mental  mqdel  or  hypothesis  to 
explain  a  scientific  phenomena.     Mendel  hypothesized  in  the  fol- 
lowing  manner  in  order  to  establish  a  mqdel  with  which  to  explain 
the  height  distribution  of  the  offspring  of  the  hybrid    F^  plants. 
He  assumed  the  existence,  in  the  parent  plant,  of  a  pair  of  unknown 
influences  which  controlled  the  dissemination  of  the  height  char- 
acteristic to  the  offspring.     He  called  these  unknown  influences, 
factors?     however,  today  we  know  them  as  genes  and  will  so  desig- 
nate them  in  the  discussion  which  follows.    We  also  now  know  that 
the  process  of  dissemination  to  the  offspring  of  the  parental  char- 
acteristics -is  accomplished  by  the  actual  giving  to  the  sperm 
nuclei  or  gamete  a  single  gene  from  each  parent.     Furthermore,  we 
know  that  a  pair  of  gametes,  one  from  each  parent,  unite  to  form 
a  single  cell  galled  a  zygote.     The  zygote  is  the  original  cell, 
which  by  division  and  duplication,  develops  into  the  offspring 
plant  or  organism.     The  modern  tlieory  of  heredity  holds  that  there 
exists  in  the  membrane  of  the  nucleus  of  the  cell  a  number  of 
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distinct  linear  threadlike  bodies,  called  chronmsomes ,  which  are 
the  carriers  o£  the  hereditary  factors  or  genes.    The  division  of 
the  cell  is  called  cytokinesis  and  the  events  and  mechanisms  in- 
volved in  the  division  of  the  nucleus  of  the  cell  are  called 
mitosis  (pronounced  mytoe'-sis} .    These  events  and  mechanisms 
assure  that  the  newly  formed  cells  receive  the  same  number  and 
kind  of  chromosomes,  and  hence,  the  same  distribution  of  genes, 
as  existed  in  the  parent  cell. 

Now,  since  some  of  the  hybrid  offspring  plants  in  Mendel*^s 
experiments  were  either  tall  or  short,  he  further  assumed  that 
these  unknown  genes  must  occur  in  pairs.     In  making  the  assump- 
tion of  the  existence  of  such  pairs  of  genes  for  each  state, 
Mendel  established  his  first  law  of  heredity  which  states: 

"The  various  hereditary  characteristics  (such  as  height, 
color  of  plant,  shape  of  seeds,  etc.)  are  controlled  by 
genes  and  furthermore  these  genes  occur  in  pairs.** 

He  formulated  his  second  law  of  heredity  by  assuming  that  the 
tall  plants  of  the    F^^    hybrid  offspring  were  unlike  the  tall 
plants  of  the  offspring  from  pure  bred  tall  plants  since  the  state 
of  smallness  did  not  appear  in  the  first  or    F^^    generation,  but 
would  reappear  in  the  next  generation.     Thus,  his  second  law  of 
heredity  states: 

"One  gene  in  a  pair  of  genes  may  mi^sk  or  prevent  expression 
of  the  other  gene. " 

Mendel  further  assumed  that  when  the  gene  pairs  of  the  off- 
spring are  created  that  these  gene  pairs  contain  only  one  gene 
from  each  of  the  pair  of  corresponding  genes  of  each  parent.  Thus, 


his  third  law  of  heredity,  frequently  known 
gation  states: 


"Only  one  member  of  any  pair  of  genes  in  a  parent  is 
transmitted  to  each  offspring." 
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By  examining  Buccessive  generations  of  offspring  of  pea 
plants  that  originally  differed  from  each  other  in  two  charac- 
teristics, Mendel  established  the  L®#  of  Independent  Assortment 
which  states 5  % 

"A  gene  pair  associated  with  one  characteristic  (for 
example,  height)  segregates  independently  of  a  gene 
pair,  associated  with  another  characteristic  (for 
example,  color  of  seeds)." 

With  these  laws  Mendel  was  able  to  predict  the  distribution 
of  the  traits  in  success,! ve  generations  of  offspring.     This  pre- 
diction was  accomplished  by  calculating  the  possible  pairings  of 
genes  of  the  parents.     In  order  to  make  such  calculations  more 
orderly  and  more  readily  understood  by  the  student,  it  is  con- 
venient to  introduce  some  definitions  and  notations.     These  are 
used  frequently  in  describing  genetic  phenomena  and  many  students 
are  probably  familiar  with  them.    As  stated  previously,  are 
assuming  that  for  each  characteristic  such  as  height,^       ^  of 
seed,  etc.,   there  exists  in  each  of  the  parents  a  heredity  factor 
or  set  of  heredity  factors,  which  specifies  a  state  of  the  charac- 
teristic.    Such  a  heredity  factor  is  called  an  allele.     Thus,  the 
yene  for  tallness  and  the  gene  for  shortness  are  alleles  of  each 
other.     Biologists  frequently  say  that  "alternative  forms  of  the 
game  gene  are  called  alleles  of  each  other" .    Also,  the  term 
allelic  forms  is  used  to  describe  the  existence  of  the  two  (or 
more)  heredity  factors  associated  with  a  given  characteristic. 
If  the  allele  of  tallness  is  dominant  as  compared  to  the  allele 
of  shortness,  the  tall  allele  is  said  to  be  dominant  over  the 
short  allele,  or  is  the  dominant  allele.    A  recessive  allele  is 
defined  in  a  corresponding  manner.     It  is  customary  to  label  the 
dominant  allele  with  a  capital  letter  or  letters  and  the  recessive 
allele  with  a  small  letter  or  letters.    Thus,  the  allele  corre- 
sponding to  tallness  will  be  labeled    T    and  the  allele  for  short- 
ness labeled    t.     When  both  members  of  the  pair  of  alleles  are  the 
(for  example,     TT  or  tt)  ,  the  cell  is  said  to  be  homozyyte. 


same 
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Conversely,  when  the  alleles  differ,  the  cell  is  said  to  be  heter- 
zygote.    We  have  seen  that  some    Fj^    offspring  of  a  hybrid  pairing 
may  all  have  the  same  outward  appearance  of  tallness  but  when 
these  offspring  are  paired,  they  produce  some  offspring 

which  are  short  in  outward  appearance  and  thus  some  of  the  • 
offspring  must  have  carried  a  recessive  allele  of  shortness. 
Consequently,  the  hereditary  constitution  of  the    Fj^  offspring, 
was  different  than  their  external  appearance  and  so  it  is  con- 
venient to  distinguish  between  these  two  properties.     Thus,  the 
appearance  type  of  the  organism  will  be  called  the  phenotype  of 
the  organism 'and  the  gene  or  heredity  structure  of  the  organism 
will  be  called  the  genotype  of  the  organism. 

The  assumption  of  associating  a  specific  gene  with  a  specific 
biological  or  physical  characteristic  is  very  limited.     In  fact, 
it  is  usually  the  case  that  the  state  of  the  characteristic,  as 
well  as  the  characteristic  itself,   is  specified  by  more  than  the 
alleles  from  just  a  single  gene.     It  is  now  believed  that  the 
principle  means  by  which  hereditary  characteristics  are  determined 
are  the  chromosomes  and  their  expression  in  terms  of  DNA  molecules. 
Genes  are  assumed  to  be  alligned  il^a  linear  order  along  the  chro- 
mosome and  the  location  on  the  chromosome  of  a  specific  gene  is 
called  the  locus.     It  has  also  been  determined  that  the  bio- 
chemical processes  required  in  the  formation  of  the  basic  cells 
directly  influence  the  development  of  the  chromosomes.  The 
field  of  study  relating  these  processes  to  an  understanding  of 
heredity  is  called  cytogenetics.     Developments  in  this  discipline 
have  shown  that  the  gene  may  not  be  the  ultimate  unit  of  organi- 
zation.    However,    for  the  purposes  of  this  work,   it  will  be 
assumed  that  the  qene  is  the  fundamental  unit  of  heredity.  The 
hypothesis  of  the  existence  of  genes  and  their  role  in  the  deter- 
mination of  hereditary  phenomena  is  a  very  valuable  and  fruitful 
hypothesis.     This  work  shall  be  limited  to  an  elementary  analysis 
of  this  role. 
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The  Prediction  of  Heredity  Characteristics  > 

In  this  sfection  we  will  consider  the  problem  of  predicting 
the  distribution  of  the  height  characteristic  of  the  pea  plant 
offspring  knowing  the  gene  distribution  of  the  parent  plant. 
For  purposes  of  illustration,  it  is  assumed  that  each  parent  is 
a  hybrid  for  the  characteristic  of  height.    Thus,  the  chromosome 
of  each  parent  contains  an  allele  for  tallnesff,  as  well  as  an 
allele  for  shortness.     Mendel's  Law  of  Segregation  does  not 
specify  which  allele  of  the  pair  of  parent  alleles  is  trans- 
mitted by  a  parent  to  the  gamete  of  the  offspring.  Consequently, 
it  is  assumed  that  either  allele  of  each  parent  may  be  trans- 
mitted and  that  there  exists  no  internal,  nor  external,  factor 
prohibiting,  nor  discriminating  in  ^ayor  of,  the  transmission 
of  a  particular  allele  of  the  pair.     (Here  we  are  excluding  ex- 
ternally induced  mutations  and  the  effects  of  selectivity),  -flttius, 
either  allele  may  be  transmitted  with  equal  probability  and  this 
fact  is  a  fundamental  assumption  in  th^  following  discussion. 

.    We  are  now  in  a  position  to  despribe  the  gene  dissemination 
process  by  a  flow  diagram.     TY^e  symbol 


0 


Tt 


will  denote  the  gene  corresponding  to  the  characteristic  of  height 
and  the  letters    T  and  t    denote  the  allelic  forms  corresponding 
to  the  states  of  tallness  and  shortness  respectively-     The  flow 
diagram  or  inheritance  chart  of  two  hybrid  for  height  parent 
plants  is:  ^ 

(A)  (B) 
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A  box  in  the  to^  row  designates  the  allelic  form  of  the  height 
gene  in  a  parerTt  whereas  a  box  in  the  bottom  row  designates  one 
possible  pairing,   in  an  offspring,  of  an  allele  from  each 
parent.     One  such  pairing  results  from  the  transferring  of  a 
tall  allele  from  each  parent  to  giv^  a    TT    allelic  pair  in 
the  offspring.     Another  offspring  pairing  results  from  the  trans- 
ferring of  a    T    allele  from  parent    A    in  conjunction  with  a 
transferring  of  a    t    allele  from  parent    B.     The  same  allelic 
offspring  pairing  is  obtained  by  the  transferring  of  a  t 
allele  from  parent    A    togetjier  with  a    T    allele  from  parent  B. 
Finally,  a  fourth  allelic  pairing  in  the  offspring  could  arise 
from  the  passing  of  a  short  allele  from  both  parents.     Each  of 
the  four  possible  offspring  pairing  occur  with  equal  probability 
because  it  is  assumed  that  it  is  equally  likely  that  a  tall  or 
a  short  allele  will  be  passed  down  from  eit^her  |>arent  plant. 
The  fact  that  each  -of  the  four  possible  pairings  is  equally  prob- 
able 'means  that  tor  a  large  number,   say  1000,  of  matings  there 
will  be  ^proximately  250  of  each  pairing.     Since  the    T  allele 
is  dominant  and  it  is  assumed  there  is  no  sexual  distinction  of 
alleles,   i.e.       tT    and    Tt    give  equivalent  phenotypes,  there 
will  be  about     75a  .tall  offspring  and  about     250    short  otf- 
spring.     Thus,   ther^  will  be  very  nearly  three  times  as.  many 
tall  plants  as  there  are'  -'-ort  plants.     In  this  way,  Mendel 
explained  the     3:1    dist. .nation  of  tall  and  short  plants,  the 
3/1     distribution  of  green  and  yellow  colored  plants,  etc. 

Such  pictorial  representations  provide  a  basis  for  the  cal- 
culation of  the  prediction  of  occurrence  of  a  specific  gene  dis- 
tribution.    In  this  work,  U  wi41  not  develop  calculation^ methods 
m  a  manner  that         r.ormally  followed  in  a  genetics  course;  rather 
we  will  usp'T  con.puter  to  simulate  the  process   (that  is  we  will 
grow  oar  own  plants  on  the  computer)   and  count  the  number  of 
desired' genotypes.     In  brief,  our  simulation  will  consist  of 
using  the  random  number  generator  to  select  "at  random"  an  allele 
from  each  parent  and  to  then  record  the  selected  allelic  pair. 
(The  possible  allelic  pairs  are    TT,  Tt  or  tT  and  tt) .     After  the 
process  has  been  repeated  several  times   (corresponding  to  the 
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mating  of  several  pairs  of  plants)  the  recorded  frequency  of 
occurrence  of  each  allelic  pair  will  permit  the  determination  of 
the  ratio  of  occurrence  of  each  gentoype  and  hence  the  probability 
of  occurrence  of  tall  plants  as  compared  to  short  plants.  ,  Genet- 
icists call  the  ratio. of  occurrence,  of  each  genotype  to  the  total 
number  of  occurrences  of  all  genotypes,  the  genotypic  ratio  and 
the  ratio  of  occurrence  of  a  phenotype  to  the  total  number  of 
occurrences  of  all  phenotypes  the  phenotypic  ratio. 

Irt  the  preceding  example,  the  phenotypic  ratio  for  tall 
plants  was  three- fourths  and  for  short  plants  it  was  one- fourth. 
The  corresponding  genotypic  ratios  for    TT,  Tt  and  tt  respec- 
tively w^e  one-fourth,  two-fourths  (or  one-half) ,  and  one-fourth. 

The  i^ore  skeptical  student  may  well  ask,  "Isn't  the  procesfiv- 
of  repeated  use  of  the  random  number  generator  and  the^counting 
of  allelic  pairs  a  rather  wasteful  procedure  when  we  can  get  the 
answer-by  paper  and  pencil  together  with  thk  application  of  known 
formulae  from  statistics  and  probability7'*     Our  answer  is  a  quali- 
fied "Yes".     For  many  simple  problems  this  is  certainly  the  case. 
However,  in  attempting  to  describe  the  change  in  gene  distribution, 
which  occurs  over  several  generat^ions,  when  such  changes  are 
modified  by  genetic  selection  or  mutation  due  to  environmental 
factors,  the  simple  but -computationally  feasible  technique  of 
simulating  the  "passing  of  the  genes"  with  the  aid  of  a  computer 
may  well  be  the  only  technique  that  enable;   us  to  describe  and 
predict  the  resultant  hereditary  characteristics.     There  are  many, 
many  other  situatiims  in  which  the  determination  of  the  apparent 
final  distributic^  of  genes  is  only  possiW-e  by  modeling  and  com- 
puter-assisted counting.     Frequently,  both  computer  modeling  and 
mathematical  statistics  are  used  together  to  carry  out  the  deter- 
mination.    This  confrontation  between  mathematical  statistics  and 
a  computer  is  again  referred  to  below.     Hence,  as  in  the  case  of 
our  comphier  modeling  of  population  phenomena,  we  shall  find  that 
we  can,  with  the  aid  of  suitable  models  and  the  computer,  analyze 
far  more  complex  hereditary  phenomena  than  we  could  if  we  were 
limited  solely  to  the  tools  of  mathematical  statistics-     All  we 
are  really  doing  is  taking  advantage  of  the  tremendous  capacity 
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of  the  modern  electronic  digital  computer  to  perform  very  detailed, 
repetitive  calculations  in  incredib|.y  short  periods  of  time.  The 
prospective  serious  life  scientist  should  not  lose  sight  cf  the 
premise  that  his  goal  is  the  understanding,  predicting  and  ex- 
plaining of  phenomena  in  the  life  sciences  in  an  as  unambiguous 
a  manner  as  is  possible,  be  it  with  the  aid  of  the  language  called 
BASIC,  FORTRAN,  etc.  or  with  the  aid  of  the  language^ called  mathe- 
matics or  with  the  aid  of  both  languages./  A  second  and  possibly- 
more  important  reason  for  proceeding  in  the  above  manner  i^  that 
the  very  act  of  modelinc  or  simulating  the  genetic  flow  via  a 
computer  forces  the  student  to  understand  thoroughly  what  is 
happening  in  a  biological  sense.     Also,   there  is  a  great  de^ 
of  feedback  from  the  development  of  the  computer  simulation  to 
the  understanding  of  the  student.     In  contrast,   frequently  the 
niathen^tical  modeling  of  the  phenomena  leads  to  mathematical 
equations  or  problems  each  of  which  requires  a  "mathematical  trick" 
to  effect  the  solution.     Consequently ,  a  great  deal  of  the  stu- 
dent's effort  is  devoted  t.>  discovering  these  "mathematical 
tricks"    (i.e.   taking  courses  in  mathematics)  when  this  effort 
could  be  devoted  to  the  further  understanding  of  genetics. 

Lastly,    from  the  point  of  view  of  probability  theory,  there 
is  much  to  be  said  for  this  procedure  of  growing  the  offspring 
on  a  computer.     The  student  who  is  familiar  with  the  subject  of 
probability  and  statistics  will  recall  that  the  statement,  "the 
probability  of  a  four ' occurring  on  the  single  toss  of  a  die  is 
on^iKCh"  can  be  interpreted  to  mean  that  if  the  die  is  t|)ssed 
,1  LfficionMy  large  number  of  times,   that  the  ratio  of  the  num- 
ti^er  of  outcomes  which  are  the  occurrence  of  a  four  to  the  total 
number  of  outcomes,   can  be  made  ari^itrarily  close  to  one-sixth. 
In  a  similar  manner,  by  repeating  the  simulation,  a  sufficiently 
larqe  number  of  times,  we  should  expect   {in  the  sense  of  prob- 
ability theory)   to  be  able  to  determine  the  genotypic  ratios. 
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The  approach  to  the  analysis  of  random  processes  is  a  direct 
carrying  out  of  th&  results  of  the  -frequency  interpretation- 
definition  of  the  probability  of  an  event. 

Of  course,  it  is  to  be  expected,  and  in  fact,  it  is  well 
documented,  that  a  judicious  combination  and  use  of  the  tools 
of  mathematical  statistics  in  conjunction  with  the  computer 
does  indeed  enable  us  to  attack  fven  more  complicated  genetiQ 
phenomena.    Thus,  though  we  are  deliberately  neglecting  the  use 
of  the  mathematical  stools  of  probability  theory  and  statistics 
for  pedagogical  reasons,  the  prospective  serious  studeftt  of  , 
genetics  is  urcred  to  become  knowledgeable  in  these  disciplines. 
However,  as  stated  in  the  preface,  the  goal  of  this  text  is  to 
introduce  the  student  to  another  tool,  the  computer,  as  an  aid 
in  his  understanding  of  his  subject,  and  thus  we  are  deliberately 
maximizing  the  assistance  of  the  computer  and  minimizing  the. use 
of  formal  mathematics. 
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The  Pevelopinent  of  the  Computer  Program 

We  turn  now  to  the  developn^nt  of  a  computer  program  which 
w^ll  calculate  the  number  of  genotypes  arising  from    N  roatings 
fn  a  pure  hybrid  population..   In  ordet  that  the  student  may  more 
easily  correlate  the  discussion  with  the  BASIC  progrannaing  lan- 
guage, which  does  not  have  upper  and. lower  case  letters,  we  shall 
introduce  a  slight  change  in  notation  wherein  we  shall  denote  the 
alleles  of  a  gene  by    A  and         Also,  the  development  will  be 
restricted  to  a  consideration^>a£-j»nly  two  alleles  since  the 
extension  to  multiple  alleles  will  be  apparent.  ^ Finally,  the 
discussion  will  also  include  only  one  characteristic  and  later 
the  extension  to  more  than  one  characteristic  will  be  indicated. 

To  begin  the  discussion  of  the  development  of  a  computer 
program  to  simulate  the  process  of  transferring  genes  from  the 
parents  to  the  offspring,  we  consider  t;he  simple,  but  useful, 
problem  of  simulating  the  genotypical  pcsp^lation  resulting^  from 
the  mating  within  a  pure  hybrid  population.     Thus,  we  wish  to 
simulate  the  occurrence  of  a  large"  number  of  crossings  of  a  male 
AB    parent  with  a  female    AB    parent  assuming  equal  likelihood 
of  an    A  or  B    allele  being  transmitted  from  either  parent.  The 
l£.beling  male  and  female  is  introduced  for  convenience  in  distin- 
guishing Wong  parents.     Because  the  parent  population  is  assumed 
to  be  pure  hybrid,   all  males  and  females  in  the  parent  population 
are  the    AB    genotype.     Thus,  there  are  no    AA  nor  BB  genotypes 
in  either  the  male  or  female  parent  group.     For  ease  of  under- 
standing,  it  is  convenient  to  imagine  that  there  are  an  equal 
number  of  males  and  fenii  les. 

The  simulation  is  based  upon  an  idea  which  is  very  simple. 
A  random  number  generator  will  be  u:?ed  to  choose  an  allele  from 
€»aj2h  parent  and  the  allelic  pair  will  be  examined  to  determine 
the  resulting  genotype      The  process  will  be  repeated  a  "large" 
number  of  times  in  order  to  simulate  the  genotypic  population 
arising  from  a  large  number  of  such  hybrid  matings.     The  number 
of    AA,     AB  and.  BB    "offspring"     genotypes  will  be  recorded  and 
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the  ratio  of  each  of  these  three  numbers  to  the  total  nusiber  of 
matings  will  be  called  the  genotypic  ratios,  and  will  be  a 
description  of  the  genotypical  population.  -  ' 

The  student  will  recall  ^at  the  subroutine  which  generates 
or  produces  a  random  number  produces  a  positive  number  whose 
magnitude  is  less  than  or  equal  to  unity.    Thus,  if    R  denotes 
the  random  number  so  generated,      0<R<1.    Furthermore,  it  is 
equally  probable  that  any  number  between  0  and  1  may  be  chosen. 
Hence,  in  order  to  choose  an  allele  at  random  we  can  let  all 
random  numbers  greater  than  one-half  correspond  to  A  alleles  and 
all  random  numbers  /ess  than  or  equal  to  on^half  be  B  alleles, 
we  furthermore  note  that  the  different  genotypes  my  be  dis- 
tinguished if  we  introduce  two  new  variables  M  and  F,  and  let  M 
and  F  have  the  values  0  and  1  respectively  depending  upon  whether 
a  B  or  an  A  allele  was  selected  from  each  parent.     Thus,  if 
M+F=:^2,     then  both  M  and  F  were  one  and  an  A  allele  was  selected 
from  each  parent.     The  resultant  offspring  genotype  was  then  an 
AA.     Similarly,     M+F=i    denotes  an    AB  or  BA    genotype  and  M+F«0 
signxfies  a  BB  genotype.     (An  AB  genotype  is  the  same  as  a  BA 
genotype  since  we  are  assuming  no  sexual  distinction  between 
alleles) .     Now,  our  procedure  for  determining  the  genotype  of 
one  offspring  will  be  to  use  the  random  number  generator  and 
to  then  decide  whether  the  male  allele  is    A  or  B.     The  process 
will  be  r-epeated  again  using  the  random  number  generator  to 
decide  whether  or  not  the  female  allele  is    A  or  B.     In  each  case, 
the  values  of    M  and  F    are  determined  and  the  quantity    M+F  is 
then  tested  to  see  whether  it  has  the  value    2,  1  or  0,  i.e. 
whether  the  genotype  of  the  offspring  is    AA,  AB  or  BB. 

The  entire  calculation  is  portrayed  in  the  flowcharts, 
figures  la  and  lb.     Figure    la    is  a  flowchart  utilizing  a  verbal 
description  to  portray  the  order  and  flow  of  the  program.  Figure 
lb    is  a  flowchart  portraying  the  samu  information  but  utilizing 
the  programming  language  BASIC  to  describe  the. flow.     The  numbers 
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Set  Q1«0 
G2«0,  G3«0 


I     T  150 

I  R*HHP(0)      I  _ 


Print  number  of 
AA,  AB,  BB  genot:^-pes 


f280 
fEHDJ 


Figure  lb 


appearing  beside  the  enclosures  refer  to  the  corresponding  line 
of  the  program  which  is  shown  in  f-igure  2.    In  tSie  program  the 
following  notation  has  been  introduced: 


Gl,    G2  and  G3  denote  the  respective  n\imher  of  AA,  AB  and 

BB    offspring  genotypes. 
N  is  the  number  of  matings  ^nd  it  is  assumed  that  each 

mating  always  results  in  just  one  offspring. 

"  The  student  should  run  this  program  several .times  and  each 
time  increfise  the  magnitude  of    N    the  number       offsprinig.  As 
N  gets  larger,  the  student  should  compare  the  Aitios  of  the  num- 
ber of  AB  and  BB  genotypes  to  the  number  of  AA  genotypes.  What 
do  you  notice?    These  ratios  are  also  called  the  genotypical 
ratios. 
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QENE 


5  REM  FIRST  GENETICS  PROQRftM 

S  REN 

16  REN         PURE  HVBRID  NBTINQ.  SINGLE  QENERRTION 

11  REM 

2Q  RRNDOMIZE 

50  PRINT  "TVPE  THE  NU^tBER  OF  OFFSPRING" 
•55  INPUT  N 

56  PRINT 

57  PRINT  ^ 
S4  REN 

65  REN      LINES  70  TO  90  SET  THE  GENOTYPE  COUNTERS  TO  ZERO 

66  REM 

70  LET  G1=0 
80  LET  Q2«0 

90  LET  G2°@ 

91  REM 

92  REM  LINES  110  TO  160  PETERMINE  NRLE  AND  FEMRLE  ALLELE 

93  REM 

95  REM  LINES  190  TO  230  DETER I NE  AND  COUNT  6EN0TVPES 

96  REN 

100  FOR  1=1  TO  N  — - 

110  LET  R=RND 

120  IF  R<«  500  TO  140 

130  LET  M«l 

135  GO  TO  150 

140  LET  M=0 

150  LET  R=RND 

160  IF  R<=  5G0  TO  1B0 

170  LET  F»l 

175  GO  TO  190 

180  LET  F=0 

190  IF  M+FB2G0  TO  22D  , 
200  IF  M+F=0GO  TO  238  f 
210  LET  Q2-Q2+1 
215  GO  TO  240 
220  LET  G1=G1"^1 
225  GO  TO  240 
230  LET  G:<«G2-«-i 
240  NEXT  I 

250  PRINT  "THE  NUMBER  OF  Rft  GENOTVPES  IE"; Gi 
260  PRINT  "THE  NUMBER  OF  fiB  GENOTVPES  IS" . Q2 
270  PRINT  "THE  NUMBER  OF  BB.  GENOTVPES  IS",GS 
275  PRINT 

280  PRINT  "THE  PROPORTION  OF  flfl  GENOTVPES  IS"; Gl/N 
290  PRINT  "THE  PROPCRTION  OF  flB  GENOTVPES  lS"iG2/U 
300  PRINT  "THE  PROPORTION  OF  BB  GENOTVPES  IS"; G3/N 
400  END 


Fig.  2 
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Discussion  of  Some  Results 

Figure  3  illustrates' the  results  of  several  runs  for  which 
the  initial  population  was  varied  from  25  to  10,000.    An  exami- 
nation of  these  results  suggests  that,  as  the  number  of  crossings 
is  increased,  the  genotypic  ratio  approaches    0.25  s  0.50  s  0.25, 
that  is    1:2:1.    This/is  the  genotypic  ratio  that  is  assumed  by 
the  offspring  population  resulting  from  a  purely  random  mating  of 
an  infinite  nu^er  of  hybrid  matings.    Thife  result  can  be  derived 
by  a  simple  counting  argument. 

Because  the  process  is  random,  one  should  not  expect  that, 
if  these  runs  were  duplicated,  the  exact  same  results  v«>uld  be 
obtained.    There  would  be  a  variation  |iora  these  results.  In 
order  to  get  a  feel  for  the  possible  degree  of  variability  of 
the  results,  three  sets  of  three  runs  each  were  made  with  the 
same  number  of  crossings  in  each  run  of  a  set.     The  number  of 
crossings  was  chosen  to  be  50,  100  and  1000  respectively.  The 
results  are  summarized  in  Table  1.     Considerable  variation  is 
noted  in  the  set  of  runs  which  correspond  to  50  crossings  and  a 
lesser  degree  of  variation  is  displayed  by  the  results  in  which 
1000  crosses  were  used.     This  shows  that  the  degree  of  variation 
of  the  genotypic  ratios  decreases  as  the  number  of  crossings  in- 
creases.    This  is  to  be  expected  since  small  samples  usually 
possess  a  greater  degree  of  variability  than  large  samples. 

The  student  should  be  aware  that,  if  he  attempts  to  run 
this  program  on  the  computer  in  order  to  verify  the  correctness 
of  his  version  of  the  program,  identical  results  will  not  be 
obtained.     This  is  due  to  the  fact  that  different  brand  computers 
have  different  random  number  generator  subroutines  and  also  have 
varying  degrees  of  arithmetic  accuracy.     In  addition,  line  30 
RANDOMIZE    insures  (at  least  to  within  the  finite  capacity  of 
the  computer)     that  a  different  sequence  of  random  numbers  will 
be  generated  each  time  the  program  is  run.     For  some  versions  of 
the  BASIC  programming  language,  the  omission  of  the  RANDOMIZE 
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RUN 
GEi^E 


TVPE  THE  NUMBER  OF  OFFSPRING 


THE  NUMBER  OF  ftft  QENOTVPES  IS  255 
THE  NUMBER  OF  RB  GENOTVPES  IS  506 
THE  NUMBER  OF  BB  GENOTVPES  IS  £29  t 

THE  PROPORTION  OF  Rft  QENOTVPES  IS  255 
THE  PROPORTION  OF  FiB  GENOTVPES  IS  .  506 
THE  PROPORTION  OF  BB  GENOTVPES  IS  2^9 

REflDV 


RUN   ■    •  . 
GENE 

TVPE  THE  NUflEER  OF  DFFSPRir* 


THE  NUMBER  OF  FfR  GENpTVPES  IS  2499 
I  HE  NUMBER  OF  RE  GENOTVPES  IS  5065 
THE  NUMBER  OF  BB  GENOTVPE^  fs  24S8 

THE  PROPORTION  OF  RR  (QENOTVPES  IS  .  2499 
THE  PROPORTION  OF  RE  GENOTVPES  IS  5063 
THE  FROPORTION  OF  EE'"  GENOTVPES  IS  .  2456 
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"JJEITOTYPIC  VARIATION 


Number  of  Crossings 

50 

100 

1000 

AA 

.  26 

.22 

.  30 

.29 

.22 

.25 

.243 

.264 

.268 

a 

O 

AB 

.58 

.58 

.52 

.51 

.49 

.53 

.489 

.496 

.479 

[no.  of 

BB. 

.16 

.  20 

.18 

.20 

,29 

.22 

.268 

.240 

.233 

Table  1 
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statement  insures  that  the  same  sequence  of  random  numbers  will 
be  generated  each  time  the  program  is  run.     Such  a  capability 
is  of  great  assistance  when  debugging  a  program  which  makes  use 
of  a  random  number  generator:.     This  is  aue  to  the  fact  that  the 
detection  of  a  presumed  program  bug  in  a  program  is  greatly 
facilitated  if  the  same  sequence  of  operations  can  be  assured 
each  time  the  program  is  run.     This  assurance  is  obtained  if 
the  same  set  of  random  number  is  used  each  time  the  program  is 
run. 

The  success  of  this  program  in  providing  insight  concerning 
the  distribution  of  genotypic  ratios  resulting  from  pure  random 
mating  in  an  infinite  hybrid  population  is  dependent  upon  the 
generation  of  a  truly  random  sequence  of  numbers.     Such  a  se- 
quence is  necessary  because  the  random  mating  of  an  infinite 
population  is  being  simulated  by  a  finite  number  of  supposedly 
random  matings.     Heur istlcally  speaking,  a  sequence  of  numbers 
is  said  to  be  random  if  the  occurrence  of  each  number  is  equally 
likely  and  if  there  is  no  pattern  in  the  order  in  which  the  num- 
bers appear-     A  more  precise  definition  of  a  random  sequence  of 
numbers  requires  ideas  from  advanced  statistics  and  need  not  be 
discussed  here. 

The  generation  of  sequences  of  random  numbers- by  a  computer 
requires  an  algorithm  for  doing  so.     Since  the  algorithm  can  be 
repeated,   identical  sequences  of  numbers  can  be  generated.  In 
contrast,   if  a  toss  of  a  die  wei-e  used  to  generate  a  sequence  of 
random  numbers,  the  repetition  of  the  toss  of  the  die  to  generate 
a  second  sequence,  would  not  result  in  the  generation  of  the  same 
sequence  of  random  numbers.     Consequently,   the  numbers  generated 
by  a  random  number  generator  are  usually  called  psuedo- random 
numbers.     Nevertheless,   the  algorithms  used  in  such  subroutines 
produce  sequences  of  numbers  which  satisfy,  o^  nearly  satisfy, 
many  of  the  sophisticated  tests  for  randomness. 

It  is  also  evident  that  the  limited  word  length  of  the  com- 
puter restricts  the  number,  N,  of  distinct  random  numbers  'that 
can  be  generated.     Thus,  the  range  of  the  numbers  appearing  in 
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such  sequences  are  restricted.    Because  of  this,  the  user  must 
be  carefuX  about'  the  use  of  the  same  random  number  generator  for 
generati;ig  sequences  containing  very  very  many  numbers.     If  the 
use  of  such  sequences  is  contemplated,  inquiry  should  first  be 
made  of  the  computer  center  personnel  to  ascertain  the  advisa- 
bility or  feasibility  of  doing  so.     These  comments  are  heuristic, 
and  for  the  most  part,  constitute  part  of  the  lore  surrounding 
the  use  of  Monte-Carlo  methods.    Monte-Carlo  is  the  name  given  to 
techniques  or  methods  which  require  a  sequence,  or  sequences,  of 
random  numbers.     Such  methods  may  also  be  called  stochastic 
methods. 
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Simple  Extensions 

The  previous  program  is  quite  limited  in  scope  and  after 
studying  the  program  in  conjunction  with  the  flowchart,  the 
student  will  easily  see  how  to  modify  it. in  order  to  make  it 

« 

more  general  and  hence  useful.     To  illustrate  to  the  student 
how  readily  the  prograan  may  be  generalized,  we  give  some  ex- 
tensions. Certainly  it  seems  unreasonable  to  restrict  ourselves 
to  the  simulation  of  genotypes  arising  from  matings  in  on-ly  a 
pure  hybrid  population.     Thus,  we  will  alter  the  program  so  that 
the  investigator,  or  user  of  the  program,  may  specify  the  number 
of    AA,  AB  and  BB    genotypes  in  the  original  population.  In 
the  altered  program  these  numbers  will  be  denoted  by    Al,  A2, 
and  A3  respectively.     Since  random  mating  will  be  assumed,  it 
will  be  necessary  to  simulate  the  random  selection  of  pairs  from 
the  genotypic  ratios  implied  by  the  relative  population  of  each 
parent  genotype.     For  ease  of  presentation,   it  will  be  further 
assumed  that  the  genotypic  ratios  of  both  the  nji^le  and  the  female 
parents  are  ^he  same.     This  means  that  the  j^obability  of  an  AA, 
AB  or  a  BB  male  or  female  pacirent  being  selected  as  one  of  the 
partners  in  the  mating  is  prcjp^rt ional  to  the  respective  number 
of  AA,  AB  or  BB  parents. 

The  student  should  note  that  by  properly  choosing  the  number 
of  AA,  AB  and  BB  genotypes  in  the  original  parental  population, 
it  is  possible  to  specify  the  genotypic  ratios  of  the  original 
parent  population.     The  specification  of  the  genotypic  ratios  by 
specifying  the  respective  genotypic  populations  is  possible 
because  the  populat-'on  is  finite.     Such  a,  method  of  specification 
would  not  be  possible  if  the  population  were  infinite  in  size. 
In  that  event,   the  genotypic  ratios  would  have  to  be  directly 
specified.     However,  because  of  the  finite  capacity  and  ability 
of  the  computer,  an  infl^nite  population  cannot  be  simulated  and-^ 
the  specification  of ;4.he  genotypic  ratios  in  terms  of  the  res'^ec- 
tive  numbers  of  genotypes  ^s  possible.     An  original  genotypic 
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rlti^of    2:5n    can  be  specified  in  an  infinite  number  of  ways. 
For  example,  an. original  parental  genotype  j^opulat ion  of  200AA, 
500AB  and  300BB,v.or  a  population  of  lOOAA,  250AB  and  150BB  or 
an  original  population  consisting  of    2AA,  SAB  and  3BB  would  each 
ifnply  an  original  genotypical  ratio  of  2:5:3. 

Another  extension  of  the  program  is  suggested  by  the  fact 
that  it  is  of  interest  to  be  able  to  examine  the  genotypic 
ratios  over  several  generations.     This  may  be  accomplished  by 
assuming  that  the  offspring  are  the  sole  parents  of  the  succeed- 
ing generation.     Thus,  the  respective  numbers  of  offspring  geno- 
types in  a  given  generation  will  be  used  to  determine  the  genotypic 
ratios  of  the  parents  of  the  subsequent  generation.     It  will  also 
be  assumed  that  the  genotypical  distribution  of  the  offspring, 
^vihen  ,a^tinq  as  parents  for  the  next  generation,   is  the  same  for 
both  sexes.     In  another  program  modification   (to  be  described 
later)   it  will  be  seen  that  this  restriction  is  easily  removed. 
It  will  again  be  assumed  that  if  a  parent  is^^n /^B^genotype  that 
is  eqi^lly  likely,   th^t  an    A  or  a  B  allele  wi^l  be  transmitted, 
(bee  for  reference  instruction  numbers  380-403  and  440-463  on 

page     7. JO).  ^ 

It  is  important  the  student  understand  that  the  process  of 
,.ot  altering  the  genotypic  ratios  of  the  parents  as  each  offspring 
is  created  requires  that  the  parent  population  be  infinitely  large. 
In  a  finite  population,   the  selection  of  even  a  single  pair  of 
parents  does  indeed  alter  the  genotypic  ratios  of  the  remaining 
set  of  parentr.     However,   if  the  parental  population  is  very  large, 
as  we  are  assuming,  the  change  in  the  genotypic  ratios  is  so 
small  that  it  can  be  ignored.     Such  a  change  cannot  be  ignored 
when  the  population  is  small.     Thus,   in  the  program  modification 
under  discussion  it  is  assumed  that  the  population  is  so  large 
that  the  mimicing  of  matings  may  be  accomplished  without  the 
necessity  of  accounting  for  the  alterations  of  the  parental  geno- 
typic ratios  after  each  mating.     An  analogous  assumption  is  made 
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in  probability  theory  (see  the  chapter  entitled.    Random  Processes) 
when  the  simulation  of  random  events  with  the  aid  o£  a  random  num- 
ber generator  is  used  to  calculate  probability  estimates  when  the 
ratio  of  the  sample  size  to  the  population  size  is  very  small. 
It  is  more  correct  to  think  in  terms  of  a  parent  gene  pool  con- 
sisting of  three  gemo^types.    Our  discussion  has  been  couched  in 
terms  of  parents  and  their  associated  genotypes  in  order  to  pre- 
sent the  ideas  as  simply  as  pc^sible.     Genetics  is  a  very  sophis- 
ticated sul^ect  and  to  even  aatempt  a  complete  quantitative 
discussion  in  this  work  would  be  out  of  place. 

Since  the  numbers  of  the  respective  offspring  genotypes  are 
used  to  calculate  the  genotypic  ratios  of  the  parents  of  the 
subsequent  generation,  it  is  necessary  to  grow  very  many  offspring 
in  order  to  insure  a  valid  estimation  of  the  parental  genotypic 
ratios*     A  crude  method  for  estimating  the  required  number  of 
generated  offspring  can  be  obtained  by  growing  several  of^pring^ 
calculating  their  genotypical  ratios  and  4:hen  growing  several 
more  offspring  and  again  calculating  the  genotypica,l  ratios  of 
the  total  number  of  offspring.     If  the  two  sets  of  ratios  are 
sufficiently  close ^   it  is  reasonable  to  assume  that  sufficient 
offspring  have  been  grown.      (Note  all  the  weasel  words) .     Such  a 
condition  has  not  been  included  in  the  program;  however,   it  could 
be  with  some  programming  effort.     The  problem  of  the  determination 
of  a  sufficient  liumber  of  offspring  is  similar  to  the  problem 
of  determining  a  sufficient  number  of  trials  when  simulating  prob- 
abilistic phenomena  on  a  computer  and  is  addressed  again  in  the 
chapter  entitled  Random  Processes. 

As  previously  stated,   the  simulation  is  certainly  not  valid 
for  those  populations  which  are  small  in  number.     For  such  popula- 
tions,  the  parental  genotypic  ratios  must  be  altered  after  each 
mating  before  simulating  the  growth  of  the  next  offspring.  Thus, 
the  determination  of  the  genotypic  ratios  of  subsequent  generations 
of  small  populations  requires  more  computational  effort.  In 
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addition,  the  smallness  of  the  population,  coupled  with  the  assump- 
tion of  only  a  single  offspring  from  each  mating  (as  in  a  monog- 
amous   population) ,  requires  a  saore  serious  assessment  of  the 
implication^  of  the  results. 

The  following  paragraphs  explain  in  some  ^e^ail  how  the 
above  listed  roodif it:ations  are  implemented  into  the  program.  A 
flowchart  of  the  program  is  shown  in  figure  4  and  the  program  is 
listed  in  figure  5.     The  number  of  generations  for  which  the  pop- 
ulation is  to  be  simulated  will  be  denoted  by    G,  and  the ^umber 
of  offspring  to  be  "grown"  each  generation  by  C.    These  numbers 
are  required  input. 

The  modification  of  our  original  program  to  permit  the  user 
to  specify  the  original  genotypic  population  is  easily  accom-  . 
plished  by  the  insertion  of  an  input  statement  (line  nun^er  114) 
in  which    Al,  A2  and  A3  are  the  desired  original  number  of  AA, 
AB  and  BB  genotypes  respectively.     The  ability  co  specify  the 
number  of  generations  G,  as  well  as  the  number  of  offspring  per 
qeneration  C,   is  provided  in  the.  same  input  statement.     The  pro- 
gram assumes  that  the  same  number  of  offspring  are  produced  each 
gener?|tion;  however,  the  alteration  to  permit  a  different  number 
of  offspring  each  generation  is  slight. 

Since  the  parents  of  each  generation  may  have  a  different 
genotypical  constitution,  provision  must  be  made  to  calculate 
the  genotypical  ratios  anew  after  each  generation  in  order  to 
properly  simulate  the  random  mating  of  the  new  parents  according 
to  their  genotypical  ratios. ^  This  is  accomplished  by  statsnents 
numbered    146-148.     The  student  who  has  had  a  course  in  genetics 
and  is  familiar  with  the  well-known  Hardy-Weinberg  law  should 
realize  that  the  previous  statement  does  not  cqnflict  with  the 
concfusion  of  this  law  because  the  law  is  valid  only  for  very 
large  populations.     The  symJaols  *  Gl,  G2  and  G3  have  the  same 
meaning  as  in  the  previous  program.     The  symbols  Al,  A2  and  A3 
were  introduced  to  signify  the  original  or  starting  number  of 
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g^ot: 


149-151 


Set  offspring 
genotype  counters 
equal  to  zero 


170 


Set  offspring 
counter  equal 
to  one 


350-403 


Pick  a  stale  parent 
and  it's  allele 


410-470 


Pick  a  f^oale  jarent 
and  her  allele 


i 


C    of  of fspri 
^s^^qual  to 

1  501-S95 

Print: 

Generation  nuaber 
Nmd>er  of  offspring 
Mi:inbar  of  gamit^es 
GeiMtypical  ratios 

595 

470-490 


Determine  genotype 
of  offspring 


490-494 


Increase  corresponding 
genotype  counter 
by  one 


Flowchart  to  simulate  the  genotype 
description  over  several  generations 


Fig-  4 


GENEl  .  . 

5  REM  FIRST  POPULRTION  GENETICS  PROGRftM 

6  REM 

7  REM 

20  RANDOMIZE 

4,02  PRINT  "fll»=NO.    OF     flft     GEN0TVPE5  IN  ORIGINftL  POPULRTION" 

103  PRINT  "R2=^0.    OF     flB^  GENOTVPES  IN  ORIGINRL  POPULRTION" 

104  PRINT  "RS^NO.    OF     B6  ^GENOTVPES  IN  ORIGINAL  POPULRTION" 
106  PRINT  "C=NO.    OF  OFFSPRING  PER  GENERRTION" 

110  PRINT  "G«NO.    OF  QENERRTIONS  TO  RUN  PROGRRM" 
112  PRINT  "TVPE     fll.      fl2,     R3.      C.     G,  " 

114  INPUT  R1,R2.        C,  G 

115  PRINT 

116  PRINT 

117  PRINT 

118  PRINT  "  PROGRRM  RESULTS 

119  PRINT 

120  PRINT 

125  LET  N=fll+R2-t-R3 

126  LET  N1=R1/N 

129  LET  N2=R?/N 

130  LET  N3=R3/N 

121  PRINT  "THE  INITIAL  PROPORTION  OF  RR  GENOTVPES  IS";  Nl 

132  PRINT 

133  PRINT   "THE   INITIRL  PROPORTION  OF  RB  GENOTVPES  IS", N2 

134  PRINT 

135  PRINT   "THE   INITIRL  PROPORTION  OF  BP  GENOTVPES  IS".  N3 

136  PRINT 

139  REM 

140  REM     Gl,    G2,    G:   RRE  THE  NO.    OF  RR,    RB,    BB  GENOTVPES  RESPECT  I VELV 

141  REM 

142  LET  G1«R1 

143  LET  G2=R2 

144  LET  G3=R3 

145  FOR  1=1  TO  G 

146  LET  N1=G1/N 

147  LET  N2=G2/N 

148  LET  N3=G3/N 

150  LET  G1=0 

151  LET  G2«0  •  . 

154  REM 

155  REM.   LINES  156-152  SET  THE  GENOTVPE  COUNTER  TO  ZERO  RT  BEGINNING 

156  REM     OF  EACH  GENERRTION 

157  REM 

300  REM         LINES  350-463  PICK  EACH  PARENT  RNC>  THEIR  RLLELE 
310  REM 

320  REM  LINES  359-410  PICK   fl  MRLE  PRREfIT  AND  HIS  RLLELE 

321  REM 

340  FOR  K=l  TO  C  , 

350  LET  R=RND 

360  IF  R<=N1  THEN  407: 

362  IF  N2«e  THEN  400 

370  IF  R>«<Ni*'N2>  THEN  480 

Figure  5 
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280 
290 
408 
401 
403 
404 
407 
408 
409 
410 
415 
417 
420 
440 
450 
460 
461 
463 
464 
465 
466 
470 
480 
490 
491 
492 
493 
494 
501 
302 
503 
505 
510 
515 
520 
525 
530 
535 
540 
545 
550 
555 
558 
560 
570 
575 
580 
590 
595 
600 


403 


492 
494 


LET  P«RND 
IF  R>».  5  THEN 
LET  Ma0 
GO  TO  410 
LET  N=i 
GO  TO  410 
REM 

REM  LINES  410-470  PICK  ft  FEMftLE  PftRENT  ftND  HER  RLLELE 

REM 

LET  R=RND 

IF  R<«=N1  THEN  463 

IF  N2=0  THEN  460 

IF  R>=<N1+N2>  THEN  46© 

LET  R«RND 

IF  R>=.  5  THEN  463 

LET  F«e 

GO  TO  470 

LET  F«l 

REM 

REM  LINES  470-490  DETERMINE  THE  GENOTVPE 

REN 

IF  M+F=2  THEN 
IF  M+F«l  THEN 
LET  Q3aQ3+l 
GO  TO  500 
LET  Gl^Gl+l 
GO  TO  500 
LET  G2"G2'*-1 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 

LET  N«G1+G2+G3 
LET  RlsGl/N 
LET  R2=G2/N 
LET  R5=G3/N 
PRINT 

PRINT  "THE  OR  GENOTVPIC  RATIO  IS"> Rl 
PRINT 
PRINT 
PRINT 
PRINT 


'QENERftlON  OF  THE  OFFSPRING  IS";  I 


"THE  NUMBER  OF  OFFSPRING  IS"i C 


'^THE  NUMBER  OF  flfl  GENOTVPES  IS";  Gl 
ITHE  NUMBER  OF  ftB  GENOTVPES  IS"; 02 


"THE  NUMBER  OF  BB  GENOTVPES  IS"; G: 


"THE  RB  GENOTVPIC  PflTIO  IS"; R2 


"THE  Br   GENOTVPIC  RATIO  IS"; RE 


REftDV 
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Figure  5  (continue^) 
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genotypes.    Thus,  lines    128-130    calculate  the  genotypic  ratios 
of  the  intial  parent  population  in  order  that  these  ratios  may 
be  printed  out  by  lines  131,  133  and  135.     By  again  recalculating 
the  original  genotypic  ratios  in  lines    142-148,    your  author 
provided  a  set  of  statemenj^s,  lines    146-148,  which  are  used 
each  time  the  parent  genotypic  ratios  are  calculated  anew  in 
terms  of  the  numbers  of  the  respective  genotypes  of  the  offspring. 
The  generation  loop  begins  at  line  145  and  separates  the  calcu- 
lation of  the  initial  parent  genotypic  ratios  from  the  calculation 
of  the  genotypic  ratios  for  each  generation.     Lines  150  and  151 
set  the  respective  offspring  genotype  counters  to  zero  and  line 
340  begins  the  offspring  generation  loop. 

From  the  initial  number  of  AA,  AB  and  BB  genotypes  the 
initial  genotypic  ratios  are  calculated.     (Inst.  125  etc.). 
Since  both  the  male  and  female  parents^  are  assumed  to  have  the 
aforementioned  genotypical  distribution,  a  random  number  generator 
is  employed  to  select  at  random  a  male  parent  from  such  a  distrx- 
bution   (Inst.   350-370) .     If  the  male  parent  is  an  AA  or  BB, 
the  gamete  will  carry  only  an  A  or  B  allele  respectively. 
However,  if  an  AB  male  •  -  is  selected,  the  fact  that  it  is 

assumed  to  be  equally  /  that  the  gamete  will  carry  an  A  or 

B  allele  requires  that  tne  random  number  generator  again  be 
employed  to  determine  which  allele  will  be  transmitted  (Inst. 
380) .    The  selection  of  the  female  parent  and  her  allele  is 
accomplished  in  an  identical  manner  (Inst.  410-470).     The  geno- 
type of  the  resulting  offspring  is  then  determined  (Inst. 
470-490)  and  the  process  repeated  until  the  required  number  of 
offspring  are  created.     These  offspring  then  become  the  sole 
parents  of  the  next  generation  and  the  entire  process  is  re- 
peated. 

In  order  that  the  student  may  more  readily  understand  the 
method  used  to  "grew  an  offspring"  we  will  describe  how  a 
mating  and  resultant  determination  of  the  genotype  of  the 
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offspring  is  simulated  assuming  that  there  are  Gl  parents  who 
possess  AA  alleles,     G2  parents  who  possess  AB  alleles,  and 
G3  parents  who  possess  BB  alleles  respectively.     An  example 
will  best  illustrate  how  this  is  accomplished.     Suppose  that 
Gl=200,    G2~500,  and    G3=100,     i.e.  there  are  200  parents  who 
are  AA  genotypes,  500  parents  who  are  AB  or  BA  genotypes  and 
100  parents  who  are  BB  genotypes.     Thus,  1/4  of  the  parental 
population  is  AA,  5/8  of  the  parental  population  is  AB  or  BA, 
and  the  remaining  1/8  is  BB.     Now,  in  order  to  randomly  select 
parents  from  such  a  genotypical  |K>pulation?  we  select  a  random 
number  between  0  and  1  and  determine  where  this  random  number 
lies  relative  to  a  linear  genotypical  description  of  the  popu- 
lation.   This  determination  can  perhaps  best  be  described  by 
imagning  that  the  parental  genotypical  description  is  "laid 
out"    along  a  unit  interval,  OP  (see  figure  6  below) . 


Q 


0   .1/4    ^  —  ■        V8  1 

AA  parents  AB  parents  BB  parents 


Figure  6 
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The  region    OQ    represents  the  portion  of  parents  with  the 
AA  genotype,  the  region    QR    represents  the  portion  with  AB  or 
BA  genotype,  and  the  region    RP    represents  the  portion  with  BB 
genotypes.    Since  our  random  number  will  be  represented  by  some 
point  on    OP    it  will  lie  in  One  of  the  regions    OQ,  QR  or  RP. 
Thus,  if  the  random  number  is  less  than    1/4,     the  male  or 
female  parent  is  said  to  be  AB?  and  if  the  number  lies  between 
1/4  and  7/8,  the  male  or  female  parent  is  said  to  be  AB  or  BA? 
and  if  the  random  number  is  greater  than  7/8,  the  male  or 
female  parent  is  said  to  be  BB.     Furthermore,  if  the  parent  is 
determined  to  be  an  AA  or  BB,  the  allele  of  the  gamete  of  such 
a  parent  will  be  an  A  or  B  allele  respectively,  and  hence  there 
is  no  need  to  again  utilize  the  random  number  generator  to  deter-- 
mine  which  allele  is  forthcoming  to  the  offspring  from  such  a 
parent.     However,   if  the  parent  is  determined  to  possess  an  AB 
genotype  then  a  random  number  generator  is  utilized  to  determine 
the  allele  transmitted  to  the  offspring. 

The  determination  of  the  allelic  pair  of  the  male  parent  is 
accomplished  by  lines    350,  360,  362,  and  370  of  the  program  and 
the  corresponding  determination  for  the  female  parent  is  made 
by  lines     410,  415,  417,  and  420.     Lines    380,  390,  400,  and  403 
determine  the  allele  passed  from  the  male  gamete  to  the  offspring 
and  lines    440,  450,  460,  and  463  determine  the  allele  given  by 
the  gamete  of  the  female  parent.     The  program  alteration  to  permit 
the  growth  of  several  generations  is  accomplished  by  lines  145 
and  595.     The  remainder  of  the  program  should  be  easily  understood 
when  read  in  conjunction  with  the  flowchart. 

Since  the  simulation  utilizes  the  notion  of  male  and  female 
parent,  we  again  remind  the  student  that  it  is  assumed  that  the 
probability  of  selection  of  an  AA,  AB,  or  BB  genotype  is  the  same 
for  both  sexes.     We  are  also  assuming  equal  probability  of  select- 
ing an  A  or  B  allele  if  either  parent  is  an  AB  or  BA  genotype. 
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The  program  is  very  useful  for  obtaining  a  quantitative 
feel  for  the  distribution  of  genotypes  over  several  generations. 
By  choosing  to  grow  a  large  nuitiber  of  offspring  each  generation, 
that  is  by  setting    C    equal  to  a  large  number,  it  is  possible 
to  study  the  evolution  over  successive  generations  of  the  geno- 
typic  ratios  of  an  "infinite"  population.    When  this  is  done, 
the  student  will  note  that  the  ratios  calculated  after  the  first 
generation  do  not  change  significantly  in  successive  generations. 
This  is  in  accord  with  the  famous  Hardy-Weinbcrg  law  which  will 
be  discussed  in  the  following  section. 

It  is  evident  that  such  a  method  of  analysis  may  be  expen- 
sive of  computer  time;  however,  your  author  again  reiterates 
his  purpose  in  presenting  the  analysis  of  quantitative  phenomena 
in  the  biological  sciences  in  this  manner.     It  is  "to  enable  the 
student  to  obtain  an  appreciation  and  understanding  of  quantita- 
tive phenomena  minimizing  a  knowledge  and  use  of  formal  mathema- 
tics".    In  addition,  the  cost  of  a  computer  calculation  is  de- 
creasing both  in  time  and  money,  whereas  the  coSt  of  learning  by 
conventional  means  is  increasing  in  both  time  and  money.  A 
thorough  and  complete  discussion  and  analysis  of  program  results 
would  require  the  use  of  several  statistical  ideas.    ~slnce  such 
an  analysis  would  require  a  significant  departure  from  the  intent 
of  the  work,   further  discussion  of  the  program  results  will  not 
be  considered. 

Figures  7  and  8  illustrate  sample  output  for  the  program. 
Your  author,   for  no  good  reason,  chose  the  initial  numbers  of 
genotypes  to  be  1,   1,   4  and  1,   20,   1.     Note  that  these  numbers  of 
genotypes  imply  initial  genotypic  ratios  of  (1/6,     1/6,  4/6) 
and     (1/22,     20/22,     1/22).     The  student  might  ask  why  was  not 
a  larger  number  of  parent  genotypes  chosen?    The  answer  is  that 
there  is  no  need  to  since  it  is  the  genotypic  ratios  which  are 
important.     As  stated  previously,  there  are  an  infinite  set  of 
genotypes  that  can  give  the  same  set  of  genotypic  ratios  and 
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RUN 

QENEl 

Rl-NO.  OF  .  ftfl  QENOTVPES  IN  ORIQXNRL  POPULftTION 
R2«N0  OF  RB  GENOTYPES  IN  ORIGINftL  POPULftTION 
R3sN0     OF     BB     GENOTVPES  IN  ORIGINftL  POPULftTION 

C-NO    OF  OFFSPRING  PER  GENERfiTION  ^i^v 
&=N0.    OF  GENERftTIONS  TO  RUN  PROGRRM 
TVPE    fil.      R2,      ftS  G. 


PROGRRM  RESULTS 


THE  INITIAL  PROPORTION  OF  Rft  GENOTVPES  IS  166667 
THE  INITIAL  PROPORTION  OF  RE  GENOTVPES  I<  166667 
THE   INITIAL  PROPORTION  OF  BB  GENOTVPES  IS  666667 


jENERRTION  0^    THE  OFFSPRING   IS  i 
THE  NUMBER  OF  uFFSPRING  IS  1000 
THE  NUMBER  OF  ftft  GENUTVPES   IS  55 
'HE  NUMBER  Of    hB  GENOTVPES   IS  Jt.4 
'HE  NUMBER  OF  BB  GENOTVPES  IS  5&1 

.Ht  RR  GENOTVPIC:  RATIO  IS  055 
THE  RB  GENOTVPIC  RRTIO  IS  .  364 
rHE  BB  GENOTVPIC  RATIO  IS  .  5S1 


.GENERRTION  OF  THE  OFFSPRING   ^S  2 

THE  NUMBER  OF  OFFSPRING  IS  ii.'O0 

THE  NUMBER  OF  RR  GENOTVPES  T  ? ■  69 

THE  NUMBER  OF  RB  GENOTVPES  1 :  Z67 

THE  NUMBER  OF  BB  GENOTVPES  IS  564 

THE  RR  GENOTVPIC  RRTIO  IS  069 

THE  RB  GENOTVPIC  RRTIO  IS  ,  167 

THE  BB  GENOTVPIC  RRTIO  IS  5tr.4 


GENERRTION  OF  THE  OFFSPRING  IS  2 
THE  NUMBER  OF  OFFSPRING  IS  1000 
THE  NUMBER  OF  RR  GENOTVPES  IS  59 
THE  NUMBER  OF  RE  GENOTVPES  IS  369 


"HE  NUMBER  OF  BE  GENOTVPES  I 


GENERRTION  OF  THE  OFFSPRING  IS  4 
THE  NUMBER  OF  OFFSPRING  IS  1000 
THE  NUMBER  OF  RR  GENOTVPES  i:.  67 
THE  NUMBER  OF  RB  GENOTVPES  IS  278 
THE  NUMBER  OF  BB  GENOTVPES  IS  555 
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THE  RR  GENOTVPIC  RATIO  IS  059 
THF  RB  GENOTVPIC  RRTIO  IS  369 
THE  BB  GENOTVPIC  RRTIO  IS  .  572 

Figure  7 


THE  RR  GENOTVPIC  RRTIO  IS  .  OC 


THE  RB  GENOTVPIC  RRTIO  IS     " 78 


THE  BB  GENOTVPIC  RRTIO  IS  .  555 
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RUN 
GENEl 

fll«NO.    OF    flfl     GENOIVPES  IN  ORIGINftL  POPULATION 
ft2«N0.    OF     RB     GENOTVPES  IN  ORIGINAL  POPULATION 
ft3«N0.    OF    SB     GENOTVPES  IN  ORIGINAL  POPULATION 
C=NO.    OF  OFFSPRING  PER  GENERATION 
G»NO,    OF  GENERATIONS  TO  RUN  PROGRAM 
TVPE     Al       A2,      A3.      C.  G, 

71,  20,  X,  leee.  s 


PROGRAM  RESULTS 


THE  INITIAL  PROPORTION  OF  A A  GENOTVPES  U'  .  ©454545 

I 

THE  INITIAL  PROPORTION  OF  AE  GENOTVPES  IS  909091 
THE  INITIAL  PROPORTION  OF  BB  GENOTVPES  IS  .  ^454545 


GENERATION  OF  THE  OFFSPRING  IS  1 
THE  NUMBER  OF  OFFSPRING  IS  100© 
THE  NUMBER  OF  flA  GENOTVPES  IS  266 
THE  NUMBER  OF  RE  GENOTVPES  IS  486 
THE  NUMBER  OF  BB  GENOTVPES  IS  248 


GENERATION  OF  THE  OFFSPRING  IS  3 
THE  NUMBER  OF  OFFSPRING  IS  1000 
THE  NUMBER  OF  AA  GENOTVPES  IS  228 
THE  -NUMBER  OF  AB  GENOTVPES  IS  512 
THE  NUMBER  OF  BB  GENOTVPES  IS  260 


THE  AA  QENOTVPIC  RATIO  IS  .  266 
THE  RB  GENOTVPiC  RATIO  IS  486 
THE  BB  GENOTVPIC  RATIO  IS  248 


THE-  A  A  GENOTVPIC  RATIO  IS  .228 
THE  AB  GENOTVPIC  RATIO  IS  .  Si2 
THE  BB  GENOTVPIC  RATIO  IS  .  26 


GENERATION  OF  THE  OFFSPRINtS'  IS' 2 
THE  NUMBER  OF  OFFSPRING  IS  1003 
THE  NUMBER  OF  RR  GENOTVPES  IS  235 
THE  NUMBER  OF  RB  GENOTVPES  IS  505 
THE  NUMBER  OF  BB  GENOTVPES  IS  266 


GENERATION  OF  THE  OFFSPRING  IS  4 
THE  NUMBER  OF  OFFSPRING  IS  1000 
THE  NUMBER  OF  Rfl  GENOTVPES  IS  232 
THF  NUMBER  OF  AB  GENOTVPES  IS  f4?3 
THE  NUMBER  OF  BB  GENOTVPES  IS  295 


THE  AA  GENOTVPIC  RATIO  IS 
THE  ff^  GENOTVPIC  RATIO  IS 
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THE  BB  QENOTVPIC  RATIO  IS 
•  Figure  8 


225  ? 

505 

26 


THE  RR  QENOTVPIC^  RATIO  IS  .  232 
THE  RB  SENOTVPIC  RATIO  IS  .  472 
THE  BB  GENOTVPIC  RATIO  IS  .  295 
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your  author  chose  a  simple  set.    The    1000    offspring  were  chosen 
to  be  grown  each  generaiiion  because  this  number  represented  a 
happy  medium  between  a  very  large  number  of  offspring  requiring 
much  more  computer  time  and  a  very  small  number  of  offspring 
which  would  not  have  been  representative  of  an  inf  init.e  popula- 
tion. ^    .  ^ 

An  analysis  of  the  results  of  both  runs  reveals  that  the 
genotypic  ratios  for  the  first  generation  offspring  is  considerably 
different  than  the  genotypic  ratios  of  their  parents.  However, 
there  is  not  a  significant  difference,  from  generation  to  genera- 
tion   of  the  genotype  ratios^  of  the  subsequent  generations.  As 
statld  above,  this  observatioli  is  in  accord  with  the  Hardy-Weinbc.rg 
principle.     The  student  is  urged  to  experiment  with  different 
initial  genotypic  ratios  and  offspring  calculation.     By  so  doing, 
a  good  feci  for  some  of  the  principal  results  of  classical  popu- 
lation  genetics  can  be  obtained. 


0 


ERIC 


^  .  9 


7.37 


The  Hardy-Weinbercf  principle 

The  observation  that  the  genotypic  ratios  of  the  offspring 
did  not  significantly  change  after  the  first  generation,  suggests 
that  such  behavior  may  indeed  be  the  case  regardless  of  the  dis- 
tribution of  the  initial  genotypic  ratios.     Further  confirmation 
of  this  hypothesis  may  be  obtained  by  making  other  runs  with 
different  initial  genotypic  ratios  and  using  a  larger  number  of 
offspring  per  generation.    The  hypothesis  that  the  genotypic 
ratios  do  not  change  after  the  first  generation  in  an  evolving 
infinite  population  in  which  pure  random  mating  occurs  is  the 
thepis  of  the  Hardy-Weinberg  law-     It  is  customary  in  genetics 
te^ts  to  demonstrate  the  validity  of  the  Hardy-Weinberg  law 
using  only  first  year  high  school  algebra.     The  ability  to  demon- 
strate,  independent  of  any  specific  numerical  values,  the  validity 
of  a  properly  specified  assertion,   is  one  of  the  significant  ad- 
vantages of  mathematics.     Nevertheless,  it  is  necessary  to 
"discover-  or  "find"  assertions  worth  verifying.     This  may  be  done 
with  the  aid  of  the  language  of  mathematics,  but  is  usually  done 
by  observation  of  empirical  and/or  computer  generated  results.  .^^ 
In  this  work,  the  latter  viewpoint  is  emphasized. 

In  order  to  gain  more  confidence  in  our  suggested  hypothesis, 
we  will  examine  in  detail  a  particular  case.    We  will  choose  a 
particular  set  of  numerical  values  for  the  numbers  of  initial 
genotypes  and  also  choose  a  given  number  (large)  of  offspring 
per  generation  and  carry  through  all  of  the  gory  arithmetic  in 
a  manner  as  close  as  possible  as  is  done  by  the  computer.  Of 
course,  such  a  procedure  proves  absolutely  nothing     (except  to 
disprove  the  assertion,   in  the  event  the  results  of  the  arith- 
metic calculations  contradict  the  suggested^hyppthesis) .  However, 
such  a  procedure  usually  does  provide  insight  into  the  entire 
process.      Moreover,  if  the  results  of  the  arithmetic  calculation 
^re  in  agreement  with  the  assertion,  the  evidence  for  the  validity 
of  the  assertion  is  increased,  and  it  may  then  be  worthwhile  to 
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™t  to  verify  the  assertion  with  Ihe  aid  of  the  language 

:;rr  prSra^  on  the  si.»iatio„  ^^^^'^^^ 

wi^h  the  aid  of  alHtaon.  nun4,er  generator.    We  Bhall  as 
rLo.  mating  is  indeed  sin.uXated.hy  such  a  P'--/  •^^  "^^/''^^ 
assume  that  the  selecting  of  a  large  number  of  ""^P'^J 
equivalent  to  growing  an  infinite  populatxons.  ^»  "J^^^^ 
Se  arithmetic  calculations,  use  will  he  «ade  of  the  frequency 

interpretation  of  P-"^^^"^'  ^^^^^  the  number  of 

In  the  computer  program,  it  was  aasuinB 

AB  and  BB  genotypes  was  the  same  for  the  '^'^^^Jl^Zts 

J.  females.     Thus,  the  genotypic  f^^'f^^'^l^l'^Z  fe  ot  pes 

■        h,/  «oecifving  the  number  of  AA,  AB  ana  bd  g 
may  be  given  by  specifying  ^^^^lem  we  suppose  that  the 

..•..„i.,      vor  this  particular  proDiem  we  oui'i~ 
respectively.    For  tnis  p         .  ,  mo  OOO    pairs  of  males 

Initial  parent  population  consists  of    100,000  pa 

f^Ies  witrthe  following  distribution  of  genotypes: 

rorr%o.ooo.,  ^--.o^r'ard^  rrriiuse 

rtTsTslrrt  Tere^ar;  J  probability  of  a  male  o  a 

\  •      K^rn    there  will  be  an  equal  number  of  males  and 
female  being  born,  there  .wixx  j-^ve  the 

females  in  the  offspring  population  and  ^--^^  I^^  IX  The 

4=    Aiw      AB    and    BB    genotypes  respectively. 

^^Vv:rcri  r  ti"' Of  these    100.000    offspring  will  then  be  the 
genotypical  ratios  ^^^^^^^  ^^^^^ 

genotypic  ratios  of  the        ,  „_     .^his  assumes  that 

-will  act  as  parents  for .the  next  ge» 

has  the  s^e  respective  genotypic  ratios, 
each  sex  nas  .     ^        ^^^^^-Vio  number  of  each 

The  calculation  for  the  determination  of.the  number  o 

the  o£f«=pring  populations  is  done  in  the  following 
qen,type  in  the  offspring  P  P  -       i^tio,!  is  assumed, 

1    „ay.     Since  random  mating  -  ^       "/"^  ,  ^  female, 

the  proportion  of  each  type  of  matj.ng,    AA  ma 

tne  prop  depend  upon  the  product  of  the 

BB  male  x  AA  female,    etc. ,  will      P  ^  tj,^  female 

proportion  of  the  male  genotype  and  the  proportion 
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genotype.    This  follows  from  the  fact  that  when  an  individual 
chooses  a  mate,  the  likelihood  of  that  mate  being  a  particular 
genotype  is  proportional  to  the  number  of  that  particular  geno- 
type in  the  partner's  population.    Hence,  for  the  genotypic 
populations  assumed  in  this  example,  any  male  has  a  3/10 
chance  of  mating  with  an    AA    female,     a    5/10    chance  of  mating 
with  an    AB    female  and  a    2/10    chance  of  selecting  a  BB 
female  mate.    Since  there  is    a  3/10  chance  that  the  mating  male 
will  be  an    AA    genotype,  the  likelihood,  out  of  all  possible 
matings,  of  an  AA  male  mating  with  an  AA  female  partner  is 
3/10  X  3/10    or    9/100.     Thus,  random  mating  implies  that  the 
number  of  matings  of  an^^  specif ied  pair  of  genotypes  is  propor- 
tional to  the  product  of  the  proportions  of  the  genotypes  xn  the 
population  of  each  partner.     Hence,  we  can  write  that  the  proper- 
tion  of: 


AA  males  x 
AA  males  x 
AA  males  x 
AB  males  x 
AB  males  x 
AB  males  x 
BB  males  x 
BB  males  x 
BB  males  x 


Mi  females 
AB  females 
BB  females 
AA  females 
AB  females 
BB  females 
AA  females 
AB  females 
BB  females 


is  3/10 
is  3/10 
is  3/10 
is  5/10 
is  5/10 
is  5/10 
is  2/10 
is  2/10 
is  2/10 


X  3/10  or 
X  5/10  or 
X  2/10  or 
X  3/10  or 
X  5/10  or 
X  2/10  or 
X  3/10  or 
X  5/10  or 
X  2/10  or 


9/100, 

15/100, 

6/100, 

15/100,  ^. 

25/100, 

10/100, 

6/100, 

10/100,  and 

4/100. 


Frequently,  such  a  listing  is  presented  in  array  form  as: 


MAI£S 

^  .  — — 

AA  (3/10) 

'AB  (5/10) 

BB  (2/10) 

AA 

(3/10) 

3/10 

AA  X  AA  = 
X  3/10  or 

9/100 

5/10 

AB  X  AA  «= 

X  3/10  or  15/100 

BB  X  AA  » 

2/10  X  3/10  or  6/100 

AB 

(5/10) 

3/10 

AA  X  AB  = 

X  5/10  or 

15/lOC 

5/10 

AB  X  AB 

X  5/10  or  25/100 

BB  X  AB 

2/10  X  5/10  or  10/100 

BB 

(2/10) 

3/10 

AA  X  BB  = 
X  2/10  or 

6/100 

5/10 

AB  X  BB  » 

X  2/10  or  10/100 

BB  X  BB  »  . 
2/10 -X  2/10  or  4/100 
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The  student  shpuld  note  that  the  computer  program,  when 
rand  mly  selecting  mates,  did  not  alter  the  proportions  of  the 
remaining  genotypes  as  the  partners  were  selected.     This  was 
done  because  it  was  assumed  that  the  parent  populations  were 
infinite.     By  now  the  student  should  recognize  the  importance, 
for  infinite  populations,  of  the  ratio  of  the  genotypes,  not 
the  absoulute  number  of  the  gefnotypes.     In  fact,  for  infinite 
populations,  it  makes  no  sense  whatsoever  to  talk  about  numbers 
of  genotypes.      However,  in  the  program  the  number  of  esch 
genotype  in  the  offspring  population  determines  the  genotypic 
ratios  for  the  parent  generation.     This  method  of  determining 
the  genotypic  ratios  is  possible  because  the  computer  generates 
only  a  finite  number  of  matingsj  it  cannot  generate  an  infinite 
number  of  matings  because  of  its  finite  capacity.     Thus,  the 
only  purpose  in  growing  a  large  number,  say    100,000,     of  off- 
spring is  1-0  assure  that  the  con^uter  grown  genotypic  distribu- 
tion approximates  the  genotypical  distribution  resulting  from 
the  qrowth  of  an  infinite  number  of  offspring. 

The  determination  of  the  number  of  AA,  AB  or  BB  offspring 
genotypes  is  made  by  first  determining  the  respective  number  of 
parent  crosses  and  then,   in  conjunction  with  the  number  of  off- 
.'-.pring,  determining  the  number  of  the  genotypes  resulting  from 
each  type  of  crossing.     We  work  this  out  in  complete  detail. 
The  respective  number  of  parent  crosses  are  obtained  by  multi- 
plying the  proportionate  number  of  crosses  with  the  total  numfier 
cf  offspring.     It  is  assumed  that  one  cjross  results  in  one  off- 
spring.    The  numbers  are: 
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for 

Ml 

males 

X 

AA 

females. 

9/100  X  100,000  or  9,000, 

for 

AA 

males 

X 

AB 

females. 

15/100  X  100,000  or  15,000, 

for 

AA 

males 

X 

BB 

females. 

6/100  X  100,000  or  6,000, 

for 

AB 

males 

X 

AA 

females. 

15/100  X  100,000  or  15,000, 

for 

AB 

males 

X 

AB 

females. 

25/100  X  100,000  or  25^000, 

for 

AB 

males 

X 

BB 

females « 

10/100  X  100,000  or  lO,000, 

for 

BB 

males 

AA 

females. 

6/100  X  100,000  or  6,000, 

for 

BB 

males 

X 

AB 

females. 

10/100  X  100,000  or  10,000,s^and 

for 

BB 

males 

X 

BB 

females. 

4/100  X  100,000  or  4,000.  \ 

Since  it  is  assumed  that  there  is  no  sexual  discrimination 
acting  in  favor  of  or  against  one  or  the  other  of  the  alleles 
that  is  passed  from  the  parent  to  the  offspring,  the  likelihood 
of  A  or  B  allele  passed  by  an  AB  pareht  is  the  same  regardless 
of  the  sex  of  the  parent.     The  numbers  of  the  genotypes  produced 


from  the  AA  male  x  AA  female,  9,000  AA,  since  only  an  AA 

offspring  can  be  produced; 
from  the  AA  male  x  AB  female,  7,500  AA  and  7,500  AB, 

since  one-half  of  the  offspring  are  AA  and  the 

other  half  are  ABj 
from  the  AA  male  x  BB  female,  6,000  AB,  since  only  an  AB 

offspring  can  be  produced; 
from  the  AB  male  x  AA  female,  7,500  AA  and  7,500  AB, 

since  one-half  the  offspring  are  AA  and  the  other 

half  are  AB; 

from  the  AB  male  x  AB  female,  6,250  AA,  12,500  AB  and 
6,250  BB,  since  one- fourth  of  the  offspring  are  AA 
and  BB  and  the  remainder  are  AB; 

from  the  AB  male  x  BB  female,  5,000  AB  and  5,000  BB, 

since  one-half  of  the  crossing  produce  AB  offspring 
and  the  other  half  produce  BD  offspring? 


each  croPs  rs ""then  seen  to  be: 
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.from  the  BB  male     AA  female,  6,000  BA,  since  only  a 
BA  can  be  produced; 
from  the  BB  male  x  AB  female,  .5,000  BA  and  5,000  BB, 
since  one-half  are  BA  and  the  other  half  ^re  BB, 
and  finally 

from  the  BB  male  x  BB  female,  4,000  BB,  since  only 
BB  offspring  can  be  produced  from  such  a  mating. 

With  the  aid  of  the  assumption  that  an  AB  genotype  is  iden- 
tical to  a  BA  genotype,  that  is  there  is  no  sex  preference  for 
the  origin  of  a  particular  allele,  the  numbers  of  AB  and  BA 
genotypes  may  be  combined.     Thus,  the  numbers  of  offspring  geno- 
types are:     30,250  AA,     49,5aOAB    and    20,250BB.     Note  that 
there  are    2x30,250  +  49,500  or    110,000  A  alleles  and 
2x20,250  +  49,500  or    90,000  B  alleles.     Hence,  the  total  number 
of  alleles  has  been  preserved.     This  means  that  there  has  been 
no  immigration  nor  emigration  of  either  type  of  genotype  nor  has 
there  been  any  mutation  during  the  production  of  the  offspring. 
The  genotypic  ratios  are:     3025/10000  for  AA,     4950/10000  for  AB 
and  2025/10000  for  BB.     The  numbers  of  genotypes,  as  well  as  the 
corresponding  genotypic  ratios,  for  the  offspring  are  different 
than  those  assigned  initially  to  their  parents.     This  difference 
in  the  ratios  is  in  agreement  with  the  computer  results.  The 
computeif,  results  also  indicated  that,  when  these  prog^y  acted  as 
parents,  the  respective  numbers  of  these  genotypes  of  their 
offspring  would  be  equal  to  the  numbers  of  the  genotypes  of 
the  parents.     Thus,  there  would  be  no  further  change  in  the  I 
genotypic  ratios  of  subsequent  offspring  generations.     To  check 
this  observation,  we  proceed  to  again  calculate  the  numbers  of 
genotypes,  together  with  their  genotypic  ratios,  of  the  offspring 
of  these  progeny.     Since  the  first  offspring  become  parents  to  the 
new  progeny,  we  use  the  genotypic  ratios  just  calculated  as  the 
genotypic  ratios  of  the  new  parents. 
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The  calculation  proceeds  just  as  before  and  so  some  of  the 
calculations  are  combined  in  order  to  shorten  the  presentation. 

« 

It  follows  that: 

the  number  of  AA  male    and  AA  female  crosses  is 

3025/10000  X  3025/10000  X  100,000  or  9150.625, 
the  number  of  AA  male  and  AB  female  crosses  is 

3025/10000  X  4950/10000  x  100,000  or  14973.75, 
the  number  of  AA  male  and  BB  female  crosses  is 

3025/10000  X  2025/10000  x  100,000  or  6125.525, 
the  number  of  AB  male  and  AA  female  crosses  is 

4950/10000  X  3025/10000  X  100,00.0  or  14973.75, 
the  number  of  AB  male  and  AB  female  crosses  is 

4950/10000  X  4950/10000  x  100,000  or  24502.5, 
the  number  of  AB  male  and  BB  female  crosses  is 

4950/10000  X  20?o/10000  x  100,000  or  10023.75, 
the  number  of  BB  male  and  AA  female  crosses  is 

2025/10000  X  3025/10000  x  100,000  or  6125.625, 
the  number  of  BB  male  and  AB  female  crosses  is 

2025/10000  X  4950/10000  x  100,000  or  10023.75,  and 

finally 

the  number  of  BB  male  and  BB  female  crosses  is 

2025/10000  X  2025/10000  x  100,000  or  4100.625. 

Hence,  the  numbers  of  genotypes  produced  by  these  respective 

matings  is: 

from  the  AA  male  x  AA  female  -  9150.625  AA, 

from  the  AA  male  x  AB  female  -  7486.875  AA  and  7486.875  AB; 
^        from  the  AA  male  x  BB.  female  -  6125.625  AB, 

from  the  AB  male  x  AA  female  -  7486.875  AA  and  7486.875  AB*, 
from  the  AB  male  x  AB  female  -  6125.625  AA,   12251.25  AB  and 
6125.625  BB, 

from  the  AB  male  x  BB  female  -  5011.875  AB  and  5011.875  BB, 
from  the  BB  male  x  AA  female  -  6125.625  AB, 

•from  the  BB  male  x  AB  female  -  5011.875  AB  and  5011.875  BB, 
and  finally  fronethe  BB  male  x  BB  female  -  4100* 625  BB. 
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Thus,  the  numbers  of  each  offspring  genotype  produced  in  the* 
second,  generation  are:     30,250  AA,     49,500  AB,  and    20,250  BB. 
These  numbers  are  the  same  as  that  grovm  in  €He  first  generation 
and  consequently  this  particular  numerical  example  reinforces 
the  credence  of  the  hypotheses  that  the  genotypic  ratios  remain 
constant  after  the  first  generation.    Of  course^  this  assertion 
is  subject  to  all  of  the  hypotheses  and  assumptions  used  in  carry- 
ing out  the  numerical  example.    We  reiterate,  the  purpose  in 
carrying  out  all  of  the  lory  arithmetic  in  sUch  detail  was  to 
clearly  indicate  just  where  all  of  the  assumptions  entered  the 
development.     It  must  again  be  emphasized  that  such  a  numerical 
calculation  in.  no  way  constitutes  a  proof  of  the  assertion.  A 
proof  would  require  that  the  initial  genotypic  ratios  be  speci- 
fied independent  of  any  particular  numerical  values  and  then  the 
argument  carried  through  with  the  aid  of  elementary  algebra. 
Because  the  algebraic  proof  requires  the  specification  of  the 
genotypic  ratios  rather  than  the  numbers  of  each  type  of  geno- 
type, the  mathematical  proof  proceeds  somewhat  differently  than 
has  been  indicated  above.     In  the  preceding  calculation,  the 
results  were  carried  out  to  decimal  fractions  just  to  indicate 
that  the  results  are  indeed  numerically  accurate  for  this  par- 
f  icular  set  of  initial  numbers  of  genotypes.     *She  student  is 
urged  to  choose  another  set  of  numbtsrs  and  to  then  carry  out  the 
calculation  in  order  to  more  thoroughly  understand  the  process 
and  to  see  how  the  assumptions  enter  the  calculation. 

Your  author  apologizes  for  the  arithmetic  detail  of  the 
previous  work;  however,  it  has  been  his  experience  that  many 
non-mathematically  oriented  students  have  difficulty  following 
the  terse  mathematical  arguments  presented  in  the  language  of 
mathematics.     It  is  especially  difficult  for  such  students  to 
understand  where  and  how  the  basic  assumptions  enter  the  develop- 
ment. 

To  summarize,  we  present  a  formal  statement  of  the  Kardy- 
Weinberg  law.    The  law  states  that  the  proportions  of  the  alleles 
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at  a  particular  lo<*us,  as  well  as  the  proportion  of  the  genotypes 
derived  from  them,  rumain  constant  from  generation  to  generation. 
Furthermore,   these  genotypic  proportions  will  be  found  after  the 
first  generation  of  mating  and  are  independent  of  the  genotypic 
proportions  of  the  original  parental  population.     The  conditions 
under  wMch  the  law  is  valid  are: 

1,       The  population  must  be  sufficiently  large  so  that 

chance  changes  in  gene  ratios  are  insignificant. 
.2.       Mutation  must  either  not  occur  or  must  have  already 

reached  its  own  equilibrium. 

3.  Reproduction  must  be  random,   that  is,   the  chance  of 
mating  is  independent  of  the  genotype. 

4.  All  types  of  matings  are  equally  successful  in  ^ 
producing  offspring,    i.e.   there  is  no  genotypical  or 
sexual  survivability  dependence. 

5.  There  is  no  preference  by  sex  of  the  transference  of 
an  allele  from  the  parent  to  the  offspring. 

6.  The  allelic  ratios  of  both  sexes  are  the  same. 

In  all  of  the  preceding  developments,   the  terms  'ratio'  and 
•proportion'   have  been  used  interchangeably;   however,  most  works 
in  genetics  use  the  term  'frequency^'.     The  terms  ratio  and  pro- 
portion were  deliberately  used  because,   to  most  students,  these 
terms  do  indeed  denote  a  comparison  of  the  relative  magnitudes  of 
two  quantities,  whereas  the  term  frequency  usually  refers  to  the 
number  of  occurrences  of  an  event.     The  student  should  note  this 
distinction  in  the  use  of  these  terms  in  order  that  he  or  she 
not  be  confused  when  consulting  works  in  genetics.    (In  these 
works,   the  word  frequenc^^   is  taken  to  mean  proportion  or  ratio)  . 

The  constancy  of  the  genotypic  ratios  for  all  succeeding 
generations  after  the  first,   is  referred  to  as  Hardy-Weinberg 
equilibrium.     Since  a  great  many  populations  closely  approximate 
the  assumptions  required  for  the  Hardy-Weinberg  law  to  obtain, 
the  equilibrium  conclusion  can  be  used  to  study  the  effects  of 
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various    exterior  inieiuences,  such  as  migration,  mutation,  etc., 
on  the  genetic  evolution  of  the  population.     These  effects  are 
imposed  on  the  population,  the  resultant  genotypic  ratios  are 
calculated  for  subsequent  generations,  and  then  compared  to 
those  that  would.be  inferred  by  the  Hardy- Weinberg  law.  This 
provides  a  yardstick  by  which  the  effects  of  exterior  induced 
genetic  alterations  may  be  measured. 

The  equilibrium  conclusion  of  the  l,aw,  enables  the  predic- 
tion of  future  genetic  behavior  of  populations  which  closely 
approximate  the  assumptions  in  the  law.    There  are  thus  two 
different,  but  important,  implications  of  the  law. 

If  the  population  is  in  Hardy-Weinberg  equilibrium,  that  is, 
/C?he  genotypic  ratios  are  not  changing  from  generation  to  genera- 
/      tion,  there  is  a  very  simple  relation  between  the  genotypic 

ratios  and  the  allelic  ratios.     In  the  preceding  example,  after 
the  initial  offspring  were  grown,  there  were      30,250  AA,  49,500 
AB,     and    20,250  BB    genotypes.     Thus,  thare  were    55,000  A 
alleles  and    45,000  B  alleles.     In  terms  of  proportions,  these  - 
numbers  are  respectively,     0.3025  AA,     0.495  AB    and    0.2025  BB, 
and    0.55  A  alleles  and    0.45  B    alleles.     Now,     .3025  =  (.55)  , 
.49S  =  2x.55x.45    and     .2025  =.-(.45)^.     This  suggests  that  if 
a  denotes  the  proporti'on  of  A  alleles,  and  b  denotes  the  propor- 
tion of  B  alleles,  that  the  proportion  of  AA  genotypes  is    a  , 
the  proportion  of  AB  genotypes  is  2ab  and  that  the  proportion  of 
BB  genotypes  is  b^.     This  can  be  shown  to  be  true  for  all 
proportiCTis  of  A  and  B  alleles  providing  the  population  is  in 
Hardy-Weinberg  equilibrium  and  the  sum  of  the  two  allele  propor- 
tions is  one.    These  relations  are  very  useful  in  analyzing  . 
single  loci  genetic  data  for  populations  approximating  .the  n4rdy- 
Weinberg  hypotheses.     The  relation,     a  +  b  =  1  ^s  also  'useful 
in  deriving  relationships  among  ^he  various  genotypic  and  allelic 
ratios. 

As  stated  at  the  beginning  of  this  section,  by  making  other 
runs  with  different  initial  conditions,  further  confirmation  of  • 
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the  Hardy-Weinberg  law  may  be  obtained.     Figures  9  and  10 
graphically  portray  results  obtained  by  running  the  program 
for  30  generations.     In  figure  9,  the  initial  respective  numbers 
of  parent  AA,  AB  and  BB  genotypes  were  1/  1,  and  4,  and  in 
figure  10  the  initial  numbers  were  l*  20,  and  1. 

The  results  show  that,  for  a  growth  o^    1000  offspring 
per  generation,   the    BB    genotypic  ratio  'remains  fairly  constant 
after  the  first  generation.     There  is  an  apparent  upward  drift^ 
as  the  number  of  generations  increases.    This  is  probably  due 
to  the  lack  of  complete  randomness  of  the  random  number  genera- 
tor or  it  may  be  an  example  of  mild  genetic  drift;  genetic  drift 
is  defined  in  the  next  section.     The  evolution  of  the  BB  geno- 
typic ratio  for  the  run  corresponding  to  100  offspring  per 
generation  also  tends  to  confirm  the  Har^-Weinberg  principle. 
However,  these  results  fluctuate  far  more  than  the  results  ob- 
tained using  a  growth  of  1000  offspring.     An  even  wider  fluc- 
tuation is  indicated  by  the  results  wherein  only  10  offspring 
are  grown  each  generation.     These  observations  concerning  the 
fluctuation  of  the  population  reinforce  the  earlier  observation 
that  the  variability  in  the  results  increases  with  a  decrease 
in  the  population.     Such  fluctuations  ir  results  are  characteris- 
tic of  all  Monte-Carlo  type  calculations  in  which  the  random 
sample  is  small. 
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Gene  Dispersal    •  ^ 

Both  runs  labejled  C^IO,  reveal  the.  startling  behavior  that 
the  BB  genotypic  ratio  reaches  zero  and  eventually  stays  there.  . 
yhe  fact  that  the  BE  genotypic  ratio  remains  zero  implies  that 
the  AB  genotypic  ratio  must  also  becope  and  remain  zero.  If 
such  wete  not  the  case,  thfe  equal  probability  of  an  A  or  a  B 
allele  being  transferred  from  parent  to  offspring  would  sooner 
.or  later  have  resulted  in  a  mating  of  a  female  AB  and  a  male  AB 
genotype?  and  such  a  mating  would  have  produced  a  BB  genotype 
at  least  one- fourth  of  the  time.    An  examinatioii  of  -the  cmputet 
runs  revealed  that  no  AB  genotypes  were  in  existence  after  the  V 
BB  genotypic  ratio  had  remained  zero  for  a  sufficient  number  of 
generations  and  the  population  was  made  up  of  only  AA  genotypes. 

^  The  phenomena  of  an  initial  distribution  of  parent  alleles 
consisting  of  both  A  and  B  alleles  evolving  into  a  population 
in  which  only  one  allele  is  present  is  called  gene  fixation. 
No  further  change  ,  is  possible  in  the^'genetic  make-up  of  the 
population  once' the  fraction  of  either  the  A  or  the  B  alleles 
becomes  0.     In  the  two  Tuns  discussed  above,  the  AA  genotypic 
ratio  becomes  fixed  at  unity.     In  the  event  that  the  allelic 
ratio  becomes  unity,  the  population  is  said  to  be  homozygous 
fot  that  locus.     Such  a  population  is  called  horooall^elic.  As 
the  results  have  indicated,  gene  fixation  increases  as  the 
population  decreases..   Thus,  small  populations  exhibit  decreased 
heterozygosity  and  a  loss  of  variability. 

Jf  the  behavior  of  the  AA  genotypes  over  successive  genera- 
tions is  considered,  it  will  be  seen  that  the  AA  genotypic 
ratios  also  fluctuate  frcan  generation  to  generation.     The  fluc- 
tuation increases  with  decreasing  population.    The  phenomena  of 
the  fluctuation  of  genotypic  ratios  due  to  random  alterations 
is  called  genetic  drift.     As  is  noted  from  the  previous  discussion 
the  notion  of  gene  fixation  and  the  process  of  genetic  drift  are 
closely  related. 
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If  the  run  corresponding  to  10  offspring  per  generation  had 
been  repeated,  the  result  could  equally  well  have  been  that 
eventually  the  AA  genotype  would  have  disappeared  from  the 
gene  pool.     Thus,  the  AA  genotype  might  have  become  and  re- 
mained zero.     Further  runs  would  have  yielded  different  results 
such  as  either  the  A  or  the  B  allele  disappearing  from  1:he  popu- 
lation  in  a  greater,  or  in  a  smaller,  number  of  generations. 
Other  results  would  indicate  a  greater,  or  a  lesser,  variation  in 
tTie  BB  genotypic  ratio.     Nevertheless,  because  of  the  random  , 
nature  of  the  process  and  the  finite  size  of  the  population, 
eventually  the  population  will  become  homoallelic;  that  is,  will 
consist  only  of  A  alleles  ot  only  of  B  alleles. 

It  is  to  be  emphasized  that,  since  the  genotypic  ratios  were 
not  changed  as  each  of  the  10  offspring  were  grown,  the  simu- 
lation has  mimiced  the  random  iriting  of  10  pairs  of  individuals 
•but  of  an  infinite  number  bf  such  pairs  having  the  same  geno- 
typical  distribution.     Thus,  it  is  assximed  that  the  ggnotypic 
distribution  of , the  10  mating  pairs  is  the  genotypic  distribu- 
tion of  the  infinite  population.     This  means  that  the  genotypic 
distribution  of  the  infinite  population  changes  in  accord  with 
the  change  in  the  genotypic  distribution  as  calculated  from  a 
sample  of  only  10  offspring.     This  is  a  rather  unrealistic  pre- 
sumption and  consequently,   its  implications  will  not  be  pursued. 
Instead,  we  will  use  the  interpretation  that  the  generation  to 
generation  variation  of  the  genotypic  distribution  of  a  small 
mating  population  can  be  discussed  assuming  completely  random 
mating  with  no  change  in  the  parent  genotypic  ratios  as  the 
offspring  are  grown.     In  the  next  section,  a  more  realistic  model 
of  the  evolution  of  a  finite  population  will  be  used.     We  now 
continue  the  discussion  of  the  genotypic  variation  by  examining 
its  variation  in  small  populations. 

The  number  of  generations  necessary  for  the  population  to 
become  homoallelic  increases  as  the  sample  or  offspring  population 
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increases.    This  is  verified  by  the  results  shown  in  figtjres  9 
and  10.    These' results  show,  that  by  20  generations  or  so,  one 
or  the  other  of  the  alleles  had  completely  disappeared  from 
the  population.     In  contrast,  sample  populations  consisting  of 
100  or  1000  offspring  per  generation  exhibited  relatively  small 
variation  in  the  BB  genotypic  ratios,  let  alone' indicating  a 
disappearance  of  one  or  the  other  of  the  alleles  by  30  genera- 
tions. 

Since  there  is  such  variation  from  run  to  run,  it  is  of 
interest  to  make  several  runs  and  to  then  construct  histograms 
for  the  distribution  of  the  number  of  iUl,  Afi  and  BB  offspring 
respectively,-    The  histograms  should  better  indicate  the  varia- 
tion possible  from  run  to  run.     In  this  way  it  may  be  possible 
to  study  the  variation  in  genotypic  ratio  with  the  number  of 
generations.     The  variation  of  the  genotypic  ratio  over  several 
generations  is  called  gene  dispersal. 

One  method  of  examining  this  variation  is  to  make  several 
runs,  each  of  G  generations  in  duration,  and  for  each  run,  and 
for  each  generation  of  the  run,*  record  the  number  of  BB  genotypes 
among  the  offspring.     Then,  for  a  given  generation,  form  the 
histogram  consisting  of  the  total  number  of  times,  for  all  of 
the  runs,   10  BB  genotypes  were  recorded,  the  total  number  of  times 
9  BB  genotypes  were  recorded,  etc.  down  to  the  total  number  of 
times  zero  BB  genotypes  were  recorded.     If  histograms  are  made 
for  successive  generations,  say  genetations  1,   5,   10,  20,  50  and 
100,  the  resultant  set  of  histograms  gives  a  graphical  portrayal 
of  the  dispersal  of  the  BB  genotype. 

Since  the  number  of  A  alleles  is  given  by  the  sum  of  the 
number  of  the  AA  genotypes,  plus  one- half  the  nximber  of  AB  geno- 
types, it  is  easy  to  also  record  the  number  of  A  alleles  for 
the  offspring  of  each  generation.     In  a  similar  manner,  ^e  nxunber 
of  B  alleles  may  also  be  recorded.     Schaffer,  page  52,  ref.  1, 
displayed  the  phenomena  of  gene  dispersal  by  portraying  the 
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variation,  from  generation  to  generation,  of  the  ratio  of  the 
number,    ijl^,  of  A  alleles  to  the  number,     Ng,     of  B  alleles. 
His  computer  generated  results  were  obtained  f ron^  a  mimicing 
of  the  growth  of  400  populations  over  32  generations,  each 
population  having  8  matings  per  generation  and  an  initial  dis- 
tribution of  2  AA,     4  AB,  and^  2  BB    individuals.     In  order  that 
the  student  may  better  appreciate  the  signif ieancie  of  the  ratio 

N^/l^o»     we  note  that  if    N_/N_  =  0,  the  number  of  A  alleles  is  0- 

A     B  A     o  .  £  / 

and  the  number  of  B  alleles  is  16.     On  the  other  hand,  xf  N^/Ng 

is  infinite,  the  number  of  A  alleles  is  16  and  the  number  of  B 

alleles  is  0.     Also,     N^/Nq  =  6/10    implies  that  there  a^e  6  A 

alleles  and  10  B  alleles  and    N^/N^  =  14/2    jneans  that  there  are 

14  A  alleles  and  2  B  alleles.     Schaffer  recorded,  for  each  of 

the  32  generations,  each  of  the  possible  17  values  that  N^/Ng 

couM  assvune.     For  a  selected  set  of  successive  generation  num- 

bers,  numbers    1,*  2,   4,  8,  16  and  32,  the  frequency  of  the  poss4-- 

ble  values  that  could  be  assumed,  by    N^/N^.,     were  plotted  against 

the  ratio  number.     These  numbers  ranged  from  0  to  16  with  number 

0  corresponding  to  the  ratio,     N^/Ng  =  0/     and  the  number  16 

corresponding  to  the  ratio,     N^/Ng  =  infinite.     In  this  way, 

Schaffer  constructed  a  sequence  of  six  histograms  ^hich  clearly 

indicated  the  increasing  dispersal  with  increasing  generations. 


Related  Projects  ,         •  -  ,i 

AS  a  suggested  project,  the  student  is  urged  to  modify  tl^e 
preceding  program  tg  print  out  the  information  necessary  to 
enable  the  drawing  of  the  histogram^.    If  a  plotter  is  available, 
a  set  of  computer  drawn  histograms  can  be  generated.    By  varying 
the  initial  parent  genotypic  ratios,  it  is  possible  to  study  the 
variation  in  spread  after  a  specified  number  of  generations  due 
to  different  initial  genotypic  ratios.     It  is  &xso  possible  to 
study  the  effect  of  offspring  population  size  on  the  variation 
in  the  spread  of  the  genotypic  ratio.    The  modification  of  the 
program  to  obtain  the  necessary  information  is  tedious  but  rather 
straightforward.    The  student  should  note  that  an  analysis  of 
such  variation  is  complicated  because  it  is  rather  difficult  to 
decide  on  vhat  is  a  reasonable  measure  of  such  variation.  The 
fact  that  the  population  became  homoallelic  after  a  number  of 
•generations,  suggests  that  the  average  number  of  generations 
required  for  the  population  to  become  homoallelic  may  be  a 
reasonable  measure  of  the  dispersal  due  to  random  mating  in 
small  sample  populations.     The  necessary  program  alteration  to 
discuss  this  is  straightforward. 


7.55 


Small  Population 

This  section  describes  the  development  of  a  computer  program 
to  mimic  the  genotypical  evolution  of  a  small  population.  The 
population  is  assumed  to  consist  of  males  and  females  who  mate 
in  a  monogamous  manner.     It  is  again  assumed  that  the  offspring 
will  be  the  parents  of  the  next  generation  so  that  the  genotypi- 
cal distribution  of  the  offspring  is  assumed  to  be  the  genotypical 
distribution  of  the  parents  for  the  subsequent  generation.  The 
basic  ideas  are  straightforward  and  rather  easy  to  understand; 
however,  their  implementation  in  a  program  requires  some  atten- 
tion to  detail.     In  the  discussion  to  follow,  f requent^^ref erence 
will  be  made  to  specific  sets  of  lines  of  the  program.     In  this 
way,  the  discussion  can  be  more  readily  related  to  the  program 
which  is  presented  in  figure  18  (p.  7.76).    As  in  the  previous 
genetics  programs,  the  program  will  be  restricted  to  describing 
the  genetic  evo/utibn  in' terms  of  2  alleles  ttt  a •single  locus>  I 

As  previously  stated,  in  a  large  or  infinite  population,  the  , 
probability  of  selecting  an  AA,  AB  or  BB  genotype  male  parent 
remains  the  same  no  matter  how  many  AA,  AB  or  BB  male  parents 
have  been  previously  selected.     Jhus,  when  repeatedly  selecting 
parent  genotypes,  the  parent  genotypic  ratios  do  not  have  to  be 
changed  after  each  selection.     Such,  is  not  the  case,  however ,  for 
small  mating  populations.    When  the  population  is  small,  say 
less  than  25  or  50,  it  is  necessary  to  alter  the  parent  genotypic 
ratios  in  accord  with  the  number  of  previous  matings,  , 

For  example,  suppose  the  starting  population  was  composed 
of    2AA,  4AB  and  3BB  male  parent  genotypes.     The  initial  male 
genotypic  ratios  would  then  be    2/9AA,  4/9AB  and  3/9BB.  Now 
suppose  it  is  desired  to  investigate  the  offspring  resulting 
from  the  mating  of  these  males  with  the  females  in  the  population. 
If  the  first  two  males  which  mate  are  AA,  then  there  are  no  other 
AA  male  parents  in  the  parent  population.     Consequently,  the  male 
parent  genotypic  ratios  are    OAA,   4/"?AB  and  3/7BB.     In  contrast. 
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if  the  genotypic  numbers    2AA,  4AB  and  3BB    characterized  the 
genotypical  make-up  of  an  infinite  population,  after  having 
selected  2AA  male  parents,  the  ratios,  of  male  parent  genotypes 
would  be    2/9AA,  4/9AB  and  3/9BB.    These  ratios  are  the  same 
as  the  original  genotypic  ratios.    The  important  fact  is  that 
for  infinite  populations,  the  genotypic  ratios  of  the  parents 
do  not  change  after  a  finite  number  of  matings.     In  contrast, 
for  small  populations,  the  genotypic  ratios  change  after  every 
mating.    Thus,  in  mimic ing^  the  growth  of  a  small  population, 
the  genotypic  ratios  must; be  properly  altered  after  each  mating. 

In  order  to  clarify  €he  procedure  for  altering  the  geno- 
typic ratios,  some  examples  will  be  presented.    The  student 
shoul^  note  that,  for  the  example  considered  in  the  previous 
paragraph,  the  probability  of  selecting  an  AA  male  as  the  first 
of  the  male  parents  to  mate  is  2/9.    However,  after  this  AA  male 
has  been  selected,  there  is  only  one  AA  male  remaining  in  the 
parent  population,  and  the  nuiSber  Sf  male  patents  has  been     -  • 
reduced  to  8.    Thus,  the  probability  of  selecting  a  second 
male  AA  parent  is  1/8,  the  probability  of  selecting  a  ©ale  AB 
is  4/8,  and  of  selecting  a  male  BB  parent  is  2/8.    Hence,  after 
a  male  AA  parent  has  been  selected,  not  only  does  the  probability 
of  selecting  an  AA  male  parent  change,  but  so  does  the  probability 
of  selecting  either  an  AB  or  a  BB  iLle  parent.    As  a  further 
example,  suppose  an  AA  male  had  been  selected  first,  a  BB  male  next 
and  then  anotter  BB  male  parent  selected.      The  genotypic  numbers 
are  then  lAA,  4AB  and  lAB  and  hence,  the  genotypic  ratios  are 
1/6,  4/6,  and  1/6  respectively.     In  this  case,  the  probability 
of  selecting  an  AA  male  parent  for  the  next  mating  is  1/6,  and 
for. the  respective  selection  of  an  AB  and  a  BB  male  parent,  the 
probability  is  4/6  and  1/6. 

This  rather  lengthy  discussion  was  given  to  better  enable 
the  student  to  "see"  how  the  probability  of  selecting  a  parent 
changes  in  accord  with  the  number  of  genotypes  of  the  parents 
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that  have  previously  mated  during  that  generation.    The  geno- 
typical  ratios  for  the  selection  of  female  parents  must  change 
"in  the  same  manner.    A  procedure  for  effecting  such  a  change 
is  described  below  and  is  used  in  the  program  in  lines  3040  to 
3180  for  the  male  parents  and  in  lines  3500  to  3640  for  the 
female  patents. 

In  terms  of  the  notation  used  in  the  program,  the  altera- 
tion of  the  genetic  ratios  is  accomplished  in  the  following  way. 
Let    Nl,  N2  and  N3    denote  the  respective  initial  number  of  AA, 
AB  and  BB  male  genotypes  and  let    Tl  «  N1+N2+N3.     The  initial 
genotypic  ratios  are    Nl/Tl,  N2/T1  and  N3/T1.    Now  let    Ul,  U2 
and  U3    denote  the  number  of  AA,  AB  and  BB  male  parents  that  so 
far  have  mated  in  this  generation.     The  genotypic  ratios  of  the 
male  parents  after    U1+U2+U3    matings  are  respectively: 


(N1-U1)/(T1-U1-U2-U3) ,    (N2-U2)/(T1-U1-U2-U3)   and  (N3-U3) / (T1-U1-U2-U3) . 


The  number  of  male  matings  of  each  genotype  prior  to  the  present 
mating  are  counted  by  the  counters    ui,  U2  and  U3    and  the 
number  of  each  such  female  genotype  matings  is  coi^ftted  by  the 
counters    U4,  U5  and  U6.     The  appropriate  counter    01,  U2  or  . 
U3,     is  increased  by  one  each  time  the  respective  male  parent 
genotype  is  selected  to  mate.     The  appropriate  counter  04, 
05  or  U6,  is  also  increased  by  one  each  time  the  respective 
female  parent  genotype  is  selected  to  mate.     In  this  way,  the 
counters  are  changed  after  each  mating  and  consequently,  so  also 
are  the  genotypic  ratios  changed  in  the  desired  way.    Of  course, 
at  the  beginning  of  the  next  generation,  before  any  offspring 
are  grcwn,  these  counters  must  all  be  initialized  to  zero.  (See 
lines    5550  to  5670) . 
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The  technique  of  randc»ily  selecting  a  male  or  female  parent 
from  such  a  distribution  of  parent  genotypes  is  the  same  as 
that  used  in  the  previous  program.    For  the  male  parents,  the 
'  genotypic  ratios  are  *'layed  out"  on  the  interval  (0,1)  as  shown 
in  figure  11. 


AA  AB  BB 


(Nl-01)  (N1-I-N2-U1-02) 
TI-U1-U2-U3  ^1-01-02-03 


Fig\ire  11 

The  lengths  of  the  intervals  are  equal  to  the  numerical  value 
of  the  genotypic  ratios.     In  accord  with  the  previous  discussion, 
the  interval  boundaries  are  changed  after  every  ir^ting  to  adjust 
to  the  new  genotypic  ratios.    A  male  parent  genotype  is  chosen 
by  using  the  random  number  generator  to  select  a  random  number 
and  the  interval  which  contains  the  random  number  defines  the 
genotype  of  the  parent.    When    01«N1,    all  male  AA  parent  geno- 
types have  mated  and  whenever    02»N2,     th^  boundary  points  of 
the  AB  genotype  interval  coincide.    Consequently,  the  AB  interval 
has  vanished  and  in  this  event  there  are  no  more  AB  genotypes  in 
the  parent  population.    Similar  remarks  hold  about  the  BB  geno- 
type interval.    This  method  of  determining  the  genotypic  ratios 
assures  that  no  more  than  the  original  number  of  a  specified 
male  parent  genotype  can  be  selected.    Analogous  statements  apply 
to  the  selection  of  the  female  parent  genotype. 

For  a" small  population,  the  evolution  of  the  genotypic 
ratios  over  several  operations  will  be  mimiced  by  writing  a  pro- 
gram which: 
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(a)  accepts  as  inputs  the  respective  number  of  male  and 
female  AA,  AB  and  BB  genotypes, 

(b)  varies    the    probability     of  selecting  the  parents  in 
accord  with  the  number  of  AA,  AB  or  BB  genotypes  that . 
have  previously  been  selected,  then  calculates  the 
genotypes  of  the  offspring, 

(c)  tabulates  the  respective  number  of  AA,  AB  or  BB  off- 
,spring  genotype  for  each  generation,  and 

(d)  repeats  the  above  process  for  several  generations. 

.  i 

The  sAident  should  note  that,  by  growing  a  large  number  of  off- 
spring each  generation,  the  program  could  also  be  used  to  mimic 
the  genetic  evolution  of  large  monogamous  populations.  However, 
such  a  use  would  be  quite  expensive  of  computer  ^ime. 

In  the  program,  provision  will  be  made  to  ^ecify  as  input, 
the  number  of  male  and  the  number  of  female  pari^t  Sh,  AB  and  Bff 
genotypes.    These  will  be  denoted  by    Nl,  N2,  N3  and  N4,  N5,  N6 
respectively.      01,  02,  03  and  04,  05,  06  will  denote  the  AA,  AB 
and  BB  male  and  female  offspring  genotypes  respectively.  Because 
the  mating  is  assumed  to  be  monogamous,  the  assumption  of  a  single 
offspring  per  mating  would  result  in  a  halving  of  the  population 
each  generation.    Hence,  provision  will  be  made  to  produce  a  ran- 
dom number  of  offspring  from  each  mating,  which  number  will 
result,  over  several  matings  and  generations,  in  a  specified 
average  number  of  offspring  per  mating.    The  selected  average 
will  be  two  offspring,  but  any  other  average  can  be  ensured  by 
a  simple  alteration  of  the  program.   {See  lines  500  and  510). 

In  the  program  to  be  described,  it  will  be  assua^d  that, 
if  more  than  one  offspring  results  from  a  single  mating,  each  of 
the  offspring  will  have  the  same  genotype.     In  other  words,  the 
offspring  from  a  single  mating  will  be  assumed  to  be  genetically 
identical.     In  the  eveflt  more  than  one  offspring  results  from  a 
mating,  the  sex  of  all  such  offspring  will  be  determined  in  a 
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random  manner.     (See  lines    4050  fco  4080,  lines  4230  to  4270, 

an'd  lines    4420  to*'4460).    This  means  it  will  be  possible  for 

there  to  be  born,  in  a  single  generation,  an  unequal  n\ina>er  of 

males  ahd  females.    Since  monogaanous  mating  is  assumed,  and  the 

offspring  of  the  previous  generation  are  assumed  to  become  the 

parents  of  the  subsequent  generation,  the  number  of  iratings  ^n 

the  new  generation  will  be  the  minimum  nuiti:>er  of  male  and  female 

offspring  from  the  previous  generation.    For  the  initial  mating  , 

population,  this  determination  is  made  in  lines  iVsO  to  178^  ; 

For  all  other  generations,  the  determina||.on  of  thej^nimum* 

number  of  offspring  is  made  in  lines    5230  to  5280.^r 

AS  previously  noted,  if  only  one  offspring  per  mating  is  :  . 

assumed,  the  number  of  offspring  produced  each  generation  will 
be  one-half  the  number  of  parents.    Thus,  if  the  initial  parent 
population  consisted  of  16  males  and  16  females,  there  woul^^ 
8  of f spring  ^fter  the  First  generation,  4  after -^e  second,  2^^  ^ 
after  the  thi^d  and  only  1  after  the  fourth.     In  order  ^^^^^ 
the  vanishing  of  the  population  and  also  avoid  using  tJi^loy' 
of  assuming  that  identical  twins  of  opposite  sex  are  borS  of 
each  mating,  it  will  be  assumed  that  an  -avewe"  of  two  off- 
spring will  result  from  each  mating.    The  student  should  recall 
that  the  previous  program  describing  the  genetic  evolution  of  an 
infinite  population  implicitly  made  use  of  the  'ploy'  that  iden- 
tical twins  of  opposite  sex  were  born  of  each  mating.    For  small 
populations,  this  is  not  a  realistic  assumption  and  it  will  not 
be  used  in  this  development.     Instead,  a  variable  number  of  off- 
spring will  be  permitted  to  be  born  from  a  single  mating  and,  on 
the  average  over  several  matings,  two  offspring  per  mating  will 
result.     In  this  way,  the  parent  population  should  remain  approxi- 
mately constant  in  size.    The  sex  of  the  offspring  will  be  chosen 
randomly  and  siblings  will  be  assigned  genetically  identical. 

The  method  of  selecting  the  number  of  offspring,    S,  r 
suiting  fr«n  a  single  mating  will  be  based  on  the  observation 
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that,  since  two  offspring  per  mating  is  to  bB  the  desired  average, 
Che  probability  of  two  offspring  actually  being  produced  from  a 
single  mating  should  be  at  least  as  great  as  the  probabiUty 
that  there  result  any  other  number  of  offspring  from  a  single 
mating.    Also,   the  probability  that  no  -offspring  result  from  a 
mating  should  be  lower  than  the  probability  that  two  6f fspring- 
occur  from  a  mating.     Finally,  the  probability  that  a  very  large 
number  of  offspring  result  from  a  mating  should  be  very  much 
lower  than  the  probability  that  two  offspring  result  from  a 
mating.     It  will  be  assumed  that  no  more  than  seven  offspring 
can  result  from  any  single  mating.     One  set  of  probabilities  that 
accomplish  such  a  distribution  of  offspring  per  mating  is  shown 
in  Table  2  below. 

Probability  of  that 
no.  of  offspring 
No  .  of  Offspring  resulting  from  a  mating 

0  .  0.135 

1  0.270 

2  0.270 

3  0.180 

4  0,090 

5  0.036 
5  0.013 

v  /         7  0.006 


Table  2 

V 
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Some  teel  or  intuition  about  the  relation  of  this  particular 
set  of  probabilities  to  out  problem  can  be  obtainea  by  consider-, 
ing  the  total  number  of  offspring  produced  by  a  very  lirge  num- 
.    .ber  of  matings  for  which  the  number  of  offspring  per  mating 

•  "behaves"  in  accord  with  the  listed 'probabilities.    Let  the 
large  number  ofvaatings  be  1000.    Then,  the  fact  that  "0.135 
of  the  matings  will  result  in  no  offspring  will  be  interpreted 
to  mean  that,  of  the    1000    matings,     0.135  x  1000,    or  135 

votings  will  produce  no  offspring.    Similarly,  'of  the  1000 
matings,     0.270  x  1000,    or    270,    of  thCTi  will  each  produce 
one  offspring.    Another    270    matings  will  each  produce    2  off- 
spring for  a  total  of    540    offspring.    Continuing  in  this  way, 
it  is  seen  that,     180  matings  will  each  produce  3  offspring  for 
a  total  of  ^40  offspring,  90  matings  will  each  produce  4  offspring 
for  a  total  of  360  offspring,     36  matings  will  each  produce  5 
offspring  for  a  total  of  180  offspring,     13  matings  will  each 

"produce  6  offspring  for  a  total  of  78  offspring  and  finally  6 
matings  will  each  produce  7  offspring  for  a  total  of  42  offspring. 
The  grand  total  of  the  number  of  offspring  produced  by  the  1000 
'    matings  is    2000,  or  an  average  of    2    offspring  per  mating.  The 
student  should  also  note  that  the  sum  of  the  probabilities  is 

'    one  and,  therefore,  one  of  the  numbers    0,  1,  2,   3,  4,   5,   6,  or 
7,  will  always  be  selected  as  the  number  of  offspring  from  any 
mating.     There  are  many  sets  of  probabilities  which  could  yield, 
•on  the  average" ,  two  offspring  per  mating.     The  student  can  ex- 
periment with  different  sets  of  probabilities  by  first  setting  a 
limit  on  the  maximum  number  of  offspring  to  be  produced  from  a 
mating  and  then  assigning  a  probability  to  each  of  the  distinct 
number  of  offspring  resulting  from  a  single  mating.     The  set  of 
probabilities  so  assi^ed  must  add  up  to  one  to  insure  that  all 
matings  are  accouijted  for.     The  sets  of  probabilities  can  then 
be  compared  by  carVying  out  a  calculation  similar  to  that  used 
above  for  an  assumeu  1000  matings.     A  comparison  of  the  different 
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respective  numbers  of  offspring,  as  well  as  the  total  number  of 
offspring,  will  provide  further  insight  about  the  probability 
distribution. 

The  set  of  probabilities  shown  in  Table  2  corresponds  to 
a  discrete  set  of  probabilities  corresponding  to  a  Poisson  dis- 
tribution whose  mean  is  2.    The  student  who  is  familiar  with 
statistics  %ill  recognize  this.    Enough  discussion  has  been 
presented  about  the  listed  set  of  probabilities  so  that  the 
student  should  have  some  insight  about  them.    Since  it  is  the 
purpose'  of  this  work  to  minimize  the  use  of  formal  mathematics, 
the  relation  of  this  topic  to  classical  mathematical  statistics 
will  not  be  further  explored  here.     The  interested  student  is 
urged  to  carry  out  the  exploration  on  his  ot  her  own. 

In  order  to  mimic  the  random  selection  of  the  number  of 
offspring  per  mating  from  such  a  distribution  of  probabilities, 
the  technique  described  in  a.  previous  section,  pp.  7.32 
will  be  used.     This  technique  is  based  upon  the  fact  that  the 
random  number  generator  produces  a  number  between  0  and  1. 
Thus,  if  the  interval  (0,1)  is  partitioned  into  intervals  whose 
lengths  are  numerically  equal  to  the  respective  probabilities, 
and  a  random  number  is  selected  by  the  random  number  generator, 
this  number  will  -fall"  in  one  of  the  intervals.    The  interval 
containing  the  random  number  specifies  the  number^  offspring. 
The  interval  (0,1)  is  completely  covered  by  such  I  |>artition 
because  the-  sum  of  the  probabilities  is  one.    The  number  corre* 
spending  to  the  end  points  of  such  a  partition  are  most  easily 
obtained  by  forming  the  ciamulative  sums  of  the  probabilities. 
These  Aums  ares     0.135,     0.405,     0.675,     0.855,     0.945,  0.981, 
0.994  and    1.000.     If  these  numbers  are  layed  out  on  the  interval 
(0,1),  the  resultant  intervals  will  have  the  desired  lengths. 
This  is  shown  in  figure    12.  - 
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Partitioning  of  Unit  Intgrval  * 
for  Selecting  Number  of  Offspring 


Figure  12 


To  illustrate  the  method  of  selecting  a  random  number  of 
offspring  from  such  a  distribution  of  probabilities,  the  follow- 
ing numerical  example  is  presented.    Suppose    RND  =  0.963.  Since 
this  number  is  greater  than    0.945    and  less  than    0.981,  it 
lies  in  the  interval  corresponding  to  5  offspring.  Consequently, 
5  offspring  will  be  said  to  result  from  the  mating.    The  larger 
intervals  correspond  to  the  smaller  numbers  of  offspring  and  hence 
will  be  "landed  in"  more  frequently  by  a  number  produced  by  the 
RND.    This  is  as  it  should  be  because  large  numbers  of  offspring 
are  to  occur  far  less  frequently  than  smaller  numbers  of  off- 
spring . 
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foogram  Descriptijon  . 

Figure  13  contains  a  list  of  the  notations  used  in  the 
program  and  figure  14  is  a  representation  of  the  overall  program 
organization.    The  numbers  appearing  at  the  upper  left  of  each  ^ 
box  in  the  flowchart  refer  to  the  corresponding  line,  or  lines, 
in  the  program.    Figure  15  is  a  flowchart  of  the  method  for 
determining  the  number  of  offspring  resulting  from  each  mating 
and  figure  15a  depicts  the  method  of  selecting  the  number  of 
offspring  in  terms  of  the  program  variables. 

Figure  16  illustrates  the  method  of  determining  the  genotype 
of  the  male  parent  and  its  allele.    Since  an  identical  method  is 
used  to  determine  the  female  parent  and  her  allele,  no  flowchart 
of  the  procedure  is  shown.    Figure  16a  shows  this*  determination  ^ 
in  terms  of  the  program  variables.    The  sex  and  genotype  of  the 
offspring  are  determined  in  accord  with  the  procedure  displayed 
in  figure  17,  and  figure  17a  illustrates  the  prcKsedure  in  terms 
^f  the  program  notation.     In  the  program,  it  is  assimed  that  all 
siblings  are  genetically  identical.    This. assumption  can  be 
removed  by  changing  the  order  of  the  determination  of  the  sex 
and  the  genotype. 

Most  of  the  program  consists  of  bookkeeping  and  of  the 
tallying  of  results  whose  values  are  functions  of  the  numbers 
generated  by  the  randCTi  number  generator.    In  attempting  to 
follow  the  flowcharts,  and  the  program,  it  is  helpful  to  recall 
how  the  production  of  an  offspring  from  a  single  mating  iji  to  be 
mimiced.    The  student  is  again  reminded  that,  vhen  attempting  to 
gain  familiarity  with  various  parts  of  the  program,  it  is.  very 
helpful  to  remove  the  RANDOMIZE  statement.    This  will  insure  that 
the  ^ame  set  of  random  numbers  will  be  generated  each  time  the 
program  is  run.    Thus,  replicable  numerical  results  should  appear 
and  the  same  program  branches  followed  each  time  the  program  is 
run.     It  is  also  helpful  to  insert  co\inters  at  specified  points 
in  the  program  and  "to  have  the  counters  print  out  their  value" 
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whenever  it  is  desired.    After  the  program  is  debugged  and  tested, 
these  counters  and  their  associated  PRINT  statements  can  be 
deleted  from  the  program. 

The  following  paragraphs  contain  comments  concerning  various 
portions  of  the  program.    The  paragraphs  should  be  read  in  con- 
junction with  the  program,  figure  18,  since  they  refer  to  the 
program  by  line  number.     The  purpose  of  the  comments  is  to 
further  clarify  the  program  and  its  structure. 

The  calculation  of  the  number  of  male  and  female  A  and  B 
alleles  appears  in  lines  1800  to  1830  and  in  lines  ,5400  to  5430. 
These  statements  express  the  fact  that  the  homozygote  parent 
alleles,  AA  and  BB,  each  contribute  2  of  the  same  alleles 
re&H*=»^tively  to  the  parent  allele  pool  whereas  the  heterozy- 
gote  AB  parent  contributes  only  one  A  and  one  B  allele  to  the 
parent  pool.     Lines  1700  and  1710  state  that  the  number  of  male 
or  female  parents  is  just  the  sum  of  the  respective  AA,  AB  and 
BE  male  or  female  parent  genotypes.     Lines  1500  to  1550  initial- 
ize: the  counters  which  record  the  number  of  male  or  female  AA, 
AB  or  BB  genotypes  that  have  mated  as  the  matings  take  place 
during  a  generation.     The  operation  of  initializing  a  variable 
cots  the  variable  equal  to  a  desired  starting  value.     In  this 
instance,   the  desired  starting  value  is  zero.     The  initializing 
of  the  counters  Ul,  U2,       ,  U6    insures  that  there  will  be  no 
more  matings  than  there  are  respective  genotypes.     These  counters 
must  be  initialized  at  the  start  of  the  growth  of  each  generation. 

See  lines     5550  to  5600. 

Lines  1600  to  1650  initialize  the  counters  t)f  the  male  and 
female  offspring  AA,  AB  and  BB  genotypes  before  the  start  of  the 
growth  of  the  first  generation.     These  counters  must  also  be 
reset  to  zero  at  the  start  of  the  growth  of  each  succeeding 
generation.     This  is  accomplished  in  lines  5620  to  5670.  Because 
the  number  of  offspring  or  siblings  per  mating  is  not  constant, 
it  is  possible  to  have  more  or  less  offspring  than  there  are 
matings  or  parents.     Thus,   the  respective  numbers  of  offspring 
genotypes  will  not  usually  be  equal  to  the  respective  numbers  of 
parent  genotypes. 
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5  REM 

r  REM 

20  RANDOMIZE 

200  DIM  RlCSeo,  ft2tr5«^>,  Bl<:5Ci;'. 

210  DIM  Ni<50>,  NStSe.'.  N3;<50;'- 

2^>0  DIM  Tl<50>.  T2<  5e>,  COS©:* 

?0  DIM  Dl<50>.  D2<:50>.  DZ=:<5e> 


SMALL  'population,    POPULATION  GENETICS  PROGRAM 


B2«;50>  f 

N4C50>.  N5;C^0>.  N€<50> 


400  PRINT 

401  PRINT 

402  PRINT 

403  PRINT 

500  DATA  .  135.    465.  .  6?5.  .  855, 
510  READ  SI,  S2,  SS,^4,  S5,  S6,  S7 
l.\00  PRINT  "TVPE  INIT,    NO  •  OF 
1110  INPUT  N1<0>,  N2<;0>,  N2<:0> 
1120  PRINT 

"TVPE  THE  INIT.  NO 
N4<0>,  N5<0>,  N6t;e> 


SMALL  POPULATION  GENETICS" 


945,  .  981,  .  994 
AA,      AB  AND 


BB     MALE  ^NOTVPES" 


"Tvi> 


1130  PRINT 
1140  INPUT 
1150  PRINT 
1160  PRINT 
1170  INPUT 
1180  PRINT 
1210  PRINT 
1220  PRINT 
1230  PRINT 
1300  REM 
1320  REM 
1330  REM 
1340  REM 
1470  REM 
1480  REM 
1490  REM 
1500  LET  U1«0 
1510  LET  U2=0 
1520  LET  U2=0 
1530  LET  U4=0 
1540  LET  U5=0 
1550  LET  U6=e 
15S0  REM 
1600  LET  01=0 
1610  LET  02=0 
1620  LET  03=0 
1638  LET  04=0 
1640  LET  05=0 
1650  LET  O6«0 


OF     RA,     AB    AND     BB    FEMALE  GENOTVPES 


E  THE  NO.    OF  GENERATIONS,  G» 


INITIAL  GENETIC  STATUS  OF  POPULATION" 


A1<I>  &  fl2<I>  ARE  NO. 
Bl<:i>  &  B2<I>  ARE  NO 


OF  MALE  &  FEM. 
OF  MALE  &  FEM. 


A  ALLELES  RESP. 
B  ALLELES  RESP 


LINES  1500  TO  1710  SET  INITIAL  COUNTERS 


Figure  18 
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LET  Tl  ^  0 M  «Ni  V  0 > ♦N;: k  0  >  -i-n;  t,  0 > 
LET  T2<0;'«H4<:0>+N5<0>'+N6<  0> 
REM 

REM  lines;  ireo  to  17t:Ci  CHLC 
REM 

IF  Tl' 0 '>>T2'.0 'GO  TO  17S0 
LET  CAe.'  =  T2<:0/ 
00  TO  1800 
LET  C',0.'  =  T1<0.' 
LET  ftl 0 «2*N1 1. 0 +  N2  -  0  « 
LET  fl2 ' 0 >  =2*N2 C 0 >  +N2 •  0 > 
LET  Bi-  0  •=2*N4<:0  •■<-N5«  0> 
LE T  B2 ' 0  '  »2*N6 <  O • <  0 > 
LET  Dl 0  •  =fll < 0  •  i-rt^ •:; 0  • 
LET  r2*<0.'=ft2i:O>+E:2':O ' 
LET  03  ^  0  >  =Di  <  0 } +D2  <  0 • 
PRINT   "INIT.    NO.    OF  MALE  ft 
PRINT  "INIT     NO     OF  FEM.  R 


NO     OF  MftTINGS  FOR  INIT  PfiRENTS 


INIT. 
INIT 

TOT 
TOT 


PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
REM 
TiEM 
PEM 
REM 
REM 
REM 

FOR   1=0  TO 
LET  Cl^O 
LET  C1=0 
LET  RsRNC- 
IF  R>=S1G0 
LET  S=0 
GO  TO  3000 
IF  R; =S2G0  TO 
LET  S=i 

GO  TO  -OuO 

IF  r:  =s:gu 

LET  £=2 
GO  TO  1000 
IF  R>=S4GD 
LET  £=j 
60  TO  .1000 
IF  R:>  =  S5Gu 
LET  ?=4 


NO. 
NO 


OF  MftLE 
OF  FEM. 


NO 
NO 


OF 
OF 


INIT. 
IfUT 


B 

B 

ft 

B 


ALLELES 
i=lLLELE£ 

ALLELES 
ALLELES 


i5"i  BK&  ' 

IS",  fi2<.e:' 
lS'*i  B2C0> 


ALLELES  IS". Ai<0>+Bl<0> 
ALLELES  IS";  R2(0,^*B2<;0> 


INIT     NOS     OF  MALE  i-^  FEM.    PARENTS  ARE"iTl<0>;"  & 


T2<0> 


LINES  1990  TO  5500  GROW  OFFSPRING  FOR  ONE  GENERRTXON 


LINES  2000  TO 
G 

TO  2040 
20  70 
TO  2100 


70  SELECT  NO     OF r SPRING  OF  THE  MATING 


TO  2110 


It'O 
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2150 

2i?0 
2180 
2190 
2200 


21© 
2220 
2990 

300© 

^010 
.  Z040 
^050 
2&6Q 
2070 
3080 
2090 
3100 
2110 
.2120 
2120 
2140 
2150 

r2i60 

2170 
2160 
2290 
2200 
2210 
2500 
3510 
3520 
2520 
3540 
3550 
3560 
3570 
3580 
3590 
3600 
2610 
2620 
3630 
2640 
2650 
3980 
2990 
4000 
4010 
4020 
4030 
4040 
4050 
4060 
4070 
4060 
4090 
4100 
4200 


GO  TO  3000 
IF  R>«S6G0  TO  2190 
LET  S=5- 
60  TO  2000 
IF  R: »S7G0  TO  2220 
LET  S«6 
GC«  TO  2000 
LET  S«7 

REM    -  

REM  LINES  2010  TO  216©  SELECT  MftLE  PftRENT  ALLELE 

REM 

LET  R=RNC> 

IF  r>»<:ni4;i:«-ui>/<ti<i>-ui-U2-u2>qo  to  2©9© 

LET  U1*U1+1 
LET  M«l         •  . 
GO  TO  3500 

IF  R>«  <  Nl  a  >  •t-N2  CI  >  -Ul  -U2  >  /  <.  Tl  C I  >  ~U1-U2--U2  >  GO  TO  3170 
LET  U2=U2+1 
LET  R«RND 
IF  RC=.  5G0  TO  2150 
LET  M«=l  ' 

60  TO  2500  '  : 

LET  Ma0 
GO  TO  2500 
LET  U3=U3+1 
LET  M=0 
REM 

REM  LINES  2500  T0 1 2640  SELECT  FEMALE  PftRENT  ALLELE 

REM 

LET  R«RND 

IF  R>"<N4a>-U4>/<T2<I>-U4-U5~U6>G0  TO  355© 
LET  U4=U4-»-l 
LET  F=l 
GO  TO  4000 

IF  R>«<N4Ci>+N5<I>-U47U5>/<:T2a>-U4-U5-U6>60  TO  3620 
LET  U5«U5+1 
LET  R=RND 
IF  R<«  5G0  TO  2610 
LET  F=l 
GO  TO  400©  ' 
LET  F«0 
GO  TO  4000 
LET  U6=U6+1 
LET  F«=0 
•69  TO  4000 
REM 

REM  LINES  4010  "-TO  4290  SELECT  GENOTVPE  OF  OFFSPRING 

REM 

IF  <M-»'F;»<>2G0  TO  4200 
LET  J8=0 

IF  J«SQO  TO  470© 
LET  R«RND 
IF  R<».  5G0  TO  4060 
LET  Ol-Ol+l 
GO  TO  409© 
LET  04=04+1 
LET  J«J-H 
GO  TO  4030 
IF  i:M+F><>lG  TO  440© 
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524C3 
5.:  50 
52t-0 
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5280 

52  70 
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4270 


LET  J«0 

IF  J«SGO  TO  4700 
LET  R«RND 
IF  R<=  5G0  TO 
LET'  02=02-»-l 
GO  TO  4280 
LET  05-05+1 
LET  sW+l 

•ect-Te  -4££0 

LET  J==0  , 
IF  JaSGO  TO  4700 
LET  R-RND  .  \ 
IF  R<>  5g6  TO  4460 
LET  03:«02;+l 
GO  TO  4470 
LET  06=06-*'4, 
LET  JaJ+i 
GO  TOv4410 
REM  

PE^  LINE  4710  &  4720  COUNT  ■  MO. 

REM 

LET  C1=C1*-1  ^ 
IF  C1CC<I'G0  TO  2000 

REM  LINES  5100  TO  5210  SET  THE  GENOTVPE  COUNTERS  FDR  THIS  GEN, 

REil 

LET  NlvI+i;:'-Oa 
LET  N2a+1>=02 
LET  N3'.I+i:'=0; 
LET  H4a+i'  =  04 
LET  N5a-H>=05 
LET  N6'  I+i.'=Ut. 

t£l  Tl',  I+i.•==HlU+l.'+N2^  I+l::"^HSa+l> 
LET  T2v  I-»-i;'=N4<  I-«-i,>+N5<.  I■^l  •♦•Nei.  I-H> 
REM 

REM  LINES  5210  TO  5280  CALC.  NO. 

REM 


OF  MflTINGS  IN  THIS  GEN. 


OF  MflTINGS  FOR  NEXT  GEN. 


IF  Tia-»-l,'<=T2<  I+i  '00 

LET  C'  1  +  1  •=T2v  1  +  1..' 

GO  TO  5400 

LET  C'  I+i:>=Tl'.  I+i.' 

P£M 

f-EM 
LET 
LtT 

lLT 


TO 


5280 


.ltiE~-  5400  TO 


■.410  CHLCUlRTE  Nil     OF  A  HNL'  B  RLLELES 


i-ET 
Lti 


Ml 
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I'i 
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5785 

5790 
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5810 

5820 

5630 

5840 

5850 

5980 

5990 

5995 

6000 

6010 

6020 

6010 

6040 

6050 

6080 

6090 

6108 


REM 
REM 
REM 
LET 
LET 
LET 
LET 
LET 
LET 
REM 
LET 
LET 
LET 
LET 
LET 
LET 
IF 


LINES  5550  TO  5660  RESET  PRR.    &  OFF.    GEN.    COUNTERS  EACH  GEN 
Ui-0 

U4  =  0 

U5=0 

ut.=ei 

01=0 

02=0 

OS«=0 

□4«0  . 

OS<»0 

06=0 

C^I-HX^SGO  TO  5760 


ERIC 


"ON  GEN     NO       I+i;  "NO  MftLE  flND/OR  FEM  PARENTS  REMfllW. 
"NO.    MALE  PARENTS         Tl<  l4.1>.  "NO.    FEMALE  PARENTS  ="iT2CI+l>- 


"GEN.  NO. 


NO.    OF  MALE  PAR. 


PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 

PRINT 

GO  TO  5770 
NEXT  I 
PRINT  " 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
FOR  I«0 
PRINT  " 
NEXT  I 
PRINT 
PRINT 
REM 
REM 
REM 

PRINT  " 
PRINT 
PRINT 

FOR  I«0  TO  G 

PRINT  I,  A1<I>.  Bi<  I>,  fl2a>,  B2<I> 
NE,^T  I 
PRINT 
PRINT 

PRINT  "GEN.    NO  TOT 


PROGRAM  RESULTS 


NO.    OF  FEM.  PAR. 


TO 


G 

li  ' 


T1CI>; 


T2<I> 


LINES  6010  TO  6250  PRINT  RESULTS 


■GEN.  NO. 


A 

MALE 


ALLELE 


B 


FEMALE 


MALE 


ALLELE" 

FEMALE" 


A  ALL. 


TOT.    B  ALL. 


TOT.  ALL. 


6120 
6130 
6140 
6150 
6160 


PRINT 
FOR  1=0 
PRINT  " 
NEXT  I 
PRINT 


TO  G 

I,  Dl<:l>A  V2<.1>>  ,  D3<I> 


Flfm  It  (Mit.^ 


7.80 


032 


f 

PRINT 

6180  PRINT  "  '  mLB  GENOTVPES  FEH«LE  GENOTVPE^ 

6190  PRINT  "GEN.    NO.  ftB        BB  «R        RB  BB" 

€2QQ  PRINT  ,  . 

6220  FOR  I«0  TO  Q 

6230  PRINT  I>Ni<I>;"     "^N2<;i>;"     "i  N2:<  i     ,  N4<  I  >,  "     ",N5a>i"  ";N6<I> 
6240  HEK7  I 
6250  PRINT 
6260  i^RINT 
9999  END 
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Lines  5100  to  5X50  set  the  number  of  parent  genotypes  for 
the  next  or  (I+l)st  generation.    This  explains  the  use  of  the 
index    I+l,  rather  than  the  index  I,  in  lines  5200  to  5460. 
1  of  these  lines ~are"^clfying7the  distribSion  of  genutytw* 
alleles  for  the  parents  of  the  next  generation  in  order  that 
entire  process  of  growing  the  offspring  of  the  next  genera- 
tion can  be  Repeated  in  the  next  generation. 

The  student  should  recall  that,  if  a  parent  is  a  homozygote 
AA  or  BB,  an  A  or  a  B  allele  respectively  will  descend  to  be 
united  in  the  zygote.    However,  if  the  parent  is  a  heterozygote 
AB,  it  is  equally  likely  that  either  an  A  or  a  B  allele  will 
descend.    The  choice  of  which  allele  is  to  descend  is  made  with 
the  assistance  of  the  random  number  generator.    This  explains  the 
use  of  the  RND  statement  in  lines    3110  to  3150  and  lines  3570 
to  3610. 
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Miscellaneous  Comments 

As  the  DIM  statanents  indicatCr  the  program  was  written  to 
run  for  a  maximum  of  50  generations.    By  increasing  the  range 

the  DIM  statements,  the  PJ^09J^f^_^3J^  J^^_J^9EJ^_  ^^^^^  . 
number  of  generations.    Of  courset  the  coi^uter  storage  and 
computer  run  time  will  increase  accordingly. 

The  program  was  written  in  BASIC  because  BASIC  is  the  lan- 
guage used  in  this  work.    Since  most  BASIC  coa^ilers  are  inter- 
pretive, each  staten^nt  or  line  in  the  program  is  translated 
into  machine  Janguage  and  then  executed  by  the  computer,  l^hus, 
if  the  program  is  run  for  many  generations r  the  same  lines  are 
translated  into  machine  language  again  and  again  for  as  many 
times  as  there  are  generations  to  be  run.     In  contrast,  a  pro- 
gramming language  such  as  FORTRAN,  only  requires  one  translation 
of  the  FORTRAN  language  to  the  machine  language.    Such  a  trans- 
lation is  called  a  con^ilation.    The  process  of  caviling  avoids 
the  several  translations  that  are  necessary  when  BASIC  is  used. 
In  this  sense  BASIC  is  inferior  to  ii»st  higher  level  programming 
languages  sdch  as  FORTRAN,  APL,  COBOL,  etc.    The  program  may  be 
more  difficult  to  put  together  and  debug  in  one  of  these  other 
higher  level  languages;  however,  it  will  usually  run  much  more 
efficiently.    In  fact,  if  one  attea^ts  to  ccHs4jine  lif e  table 
analysis  with  population  genetics,  it  may  well  be  the  case  that 
assembly  or  machine  language  may  be  the  sKSSt  appropriate  language 
to  use.    However,  we  reiterate,  BASIC  was  chosen  for  this  work 
because  it  is  so  very  easy  to  learn  and  is  readily  availabl^  on 
mini-  as  well  as  maxi-computers.    Just  as  the  goal  of  this  work 
is  to  minimize  the  use  of  mathematics,  so  also  is  the  goal  to 
minimize  the  use  of  more  sophisticated  programming  languages 
and  techniques.    This  is  an  introductoi^y  course  which  ^i^hasizes 
conceptualization  of  quantitative  ideas  in  a  single  progranmiing 
language.    As  the  student  becc^ies  used  to  expressing  his  or  her 
thoughts  and  ideas  in  BASIC,  and  attei^ts  more  sojAisticat«l 
problems,  he  or  she  is  urged  to  become  familiar  with  other  higher 
level  prograraming  languages  and  techniques. 
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Program  Results 

Figure  19  illustrates  the  results  from  a  typical  ruri.  The 
initial  numbers  of  male  AA,  AB  and  BB  genotypes  were  chosen  to 
be  3,  4,  and  5,  and  the  initial  numbers  of  female  AA,  AB  and  BB 
genotypes  were  selected  to  be  6.  5.  and  4  re_spectively. ,  The 
problem  was  run  for  10  generations.    As  the  results  indicate, 
there  were  no  more  male  parents  to  mate  after  9  generations  and 
consequently  no  further  mating  occurred.    On  other  runs  with  the 
same  starting  distribution  of  genotypes,  one  or  the  other  of  the 
parent  populations  would  disappear.    This  would  occur  after 
varying  numbers  of  generations.    Son^times  the  population  would 
continue  mating  for  up  to  20  generations  whereas  on  other  runs 
the  population  would  have  to  discontinue  mating  after  only  5 
generations . 

The  dying  out  of  a  parent  population  ^f ter  some  variable 
number  of  generations  is  due  to  the^  random  selection  of  mates 
and  to  the  assumption  of  n^noganraus  mating.    In  particular,  the 
assumption    that  the  number  of  matings  for  the  subs^ent  genera- 
tion is  equal  to  the  minimum  of  the  number  of  the  >ale  and  the 
female  offspring  of  the  previous  generation,  serves  to  accelerate 
the  decrease  in  the  mating  population.    The  entire  process  is 
similar  to  genetic  drift.     In  contrast  however,  for  infinite 
populations,  random  mating  can  induce  genetic  drift  but  it 
cannot  result  in  the  disappearance  of  the  population. 

It  is  interesting  to  run  the  program  for  several  generations 
assuming  a  large  mating  population.    Your  author  ran  the  program 
with  an  initial  male  and  female  genotypic  distribution  of  100  AA, 
200  AB  and  100  BB  genotypes.    A  comparison  of  the  number  of  A 
alleles  with  the  number  of  B  alleles,  generation  by  generation, 
fS^ealed  that  up  to  the  15^^  generation,  these  numbers  alter- 
nated in  being  the  largest  in  magnitude.    However,  after  the 
15^  generation,  even  though  t^th  numbers  decrease,  the  total 
number  of  B  alleles  decreased  much  faster  than  did  the  total 
number  of  A  alleles.    Thus,  once  the  random  distribution  of 
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offspring  was  such  as  to  produce  sulMitaiitlally  more      one  typ« 
of  allele  than  the  other  type^  it  was  not  possible  for  the 
latter  to  again  "catch  up"  with  the  former  type  of  allele. 
Consequently,  on  the  50^  generation  there  were  91  A  alleles  and 
45  B  alleles^  *  ygMQ-J^f„apprpxig»tely  llkz     . 

Of  course  if  this  probleai  were  to  be  rerun,  the  results 
might  show  a  coa^lete  reversal  from  the  previous  results. 
iJhe  possible  variability  of  such  results  suggests  that  several 
runst  each  with  the  same  starting  conditionst  slu^uld  be  made 
and  the  results  averaged.    Once  this  average  is  determine,  the 
deviation  of  a  particular  run  from  this  average  can  be  obtained. 
The  deviation  is  the  quantity  of  interest.    The  cc^puter  time 
required  to  make  several  runs  in  order  that  a  reasonable  esti- 
mate of  the  average  may  be  obtained  may  be  extensive. 

The  program  can  provide  insight  into  many  diverse  phenomena 
concerning  small  populations.    Many  different  initial  distribu- 
tions of  parent  genotypes  can  be  examined  and  the  effect  on  the 
generation  to  generation  variation  of  the  genotypes  noted. 

From  the  preceding  discussion,  it  is  evident  tjiat  statistical 
procedures , play  a  very  important  ai^  necessary  role  in  genetics. 
Such  procedures  are  useful  in  determining  sai^le  sizes,  the  degree 
of  correlation  of  results,  statistical  measures  such  as  the  tman, 
the  average,  the  variance,  etc.    Statistics  also  forms  the  basis 
of  the  analysis  o^  the  bias  or  non-randOTiness  of  sets  of  numbers 
produced  by  randcHB  number  generators.    For  these  reasons,  those 
students  idio  are  interested  in  further  pursuing  the. study  of 
genetics  are  urged  to  become  familiar  with  the  techniques  of 
statistical  analysis. 
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Another  Proyrcun  Alteration 

This  section  considers  a  roodif icatic^h  of  the  first  popula- 
tion genetics  program  to  include  selectivity  and  survivability. 

Biologists  know  £row  experiwents  -thatT  if  ^he  refMPod«etive-and  

the  survival  capabilities  of  a  given  genotype  are  limited,  after 
several  generations  that  genotype  will  either  disappear  from  the 
population  or  the  genotypic  ratios  of  successive  generations 
will  change. 

Our  discussion  of  reproductive  and  survival  capability  will 
be  quite  restrictive.    It  will  be  assumed  that  the  controlling 
factors  of  reproduction  and  survival  are: 

(1)  the  capability  of  a  parent  genotype  to  mate,  and 

(2)  the  capability  of  an  offspring  zygote,  once  fors^d,  to 
survive. 

It  will  further  be,  assumed  that  a  measure  of  these  capabilities 
can  be  described  with  the  aid  of  sel^tion  coefficients  and  * 
survivability  coefficients.    These  coefficients  are  defined  below 
and  their  definitions  differ  frcan  those  corai»nly  given  in  genetics 
texts.    However,  these  definitions  are  adopted  because  they  seem 
quite  natural  for  this  discussion  ami  this  setting. 

In  order  to  investigate  the  selection  and  survival  capabili- 
ties, the  first  po{»ilati<m  genetics  pi^c^as  will  be  altecol  to 
include  them.    To  do  this,  it  is  convenient  to  introduce  the 
idea  of  a  selection  coefficient.    A  sel^ticm  c^ffici^t  is  a 
measure  of  selection  against  a  characteristic  or  phencoanon, 
i.e.    its  action  is  just  the  opposite  of  a  preference  for  something. 
The  selection  coef ficifnt  is  a  positive  number  idiose  magnitude 
is  less  than  unity  and  it  is  used  in  the  following  way.    Let  Ml 
denote  the  effective  mating  selection  coefficient  of  the  male  AA 
genotype,  then.  Nl-0.4    means  that    0.^  or  60%,  of  the  male  AA 
will  effectively  mate.    Similarly,    tU-O    means  all  male  AA 
genotypes  will  effectively  mate  afu3    Ml«l    means  no  male  AA 
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genotype  mating  will  result  in'  an  offspring.    In  a  similar 
manner,    W2  and  M3  are  the  respec^is^^-^SasS^  against  mating 
effectiveness  by  the  male  ABaiid  BB  genotypes.  Analogously, 
PI,  P2  and  F3  will  >4enote  t^  three  female  seXj^ion  coefficients 

The  inclusion  of  theS^imy.to  simulate  the  su^?tvability  of  

offspring  of  a  prescriSsd  genotype  is  accos^lis^i^  by  intro- 
ducing the  coefficients  CI,  C2  and  C3»    These  are  called  the 
survivability  coefficients  for  the  offspring  with        Afi,  and 
BB  genotypes  respectively.    The  survivability  coefficient  is 
interpreted  in  a  manner  directly  opposite  to  that  of  the  selec- 
tivity coefficient.    Thus,    C2-0.40    means  that  only    0.40,  or 
40%,  of  the  AB  offspring  will  survive'  to  becon^  parents  for  the 
next  generation.    Similarly,    C2«l    means  all  AB  offspring  will 
survive  to  becoi^  parents  for  the  next  generation. 

Figures  20a, b,c    are  flowcharts  describing  the  selectivity 
of  the  male  parents  and  figures  21a,b,c  are  the  corresponding 
flowcharts  depicting  the  selectivity  of  the  female  parents. 
The  selectivity  of  the  offspring  and  the  tallying  of  the  number 
of  offspring  of  the  three  different  genotypes  is  portrayed  in 
figures  22a  and  22b    respectively.    The  program  is  listed  in  • 
figures    23a, b.    As  in  the  previous  flowcharts,  the  numbers 
appearing  adjacent  to  ^e  enclosures  refer  to  the  corresponding 
lines  of  the  programs.    The  "English"  language  BASIC  notation 
versions  of  the  flowchart  have  been  ceanbined  to  save  space.  It 
is  hoped  thi^  will  not  confuse  the  student. 

In  the  flowcharts,  and  in  the  program,  the  following 
additional  notation  has  been  used: 

Al,  A2  and  A3  denote  the  no.  of  AA,  AB  ^nd  BB 

genotypes  in  the  original 
population 

Q  denotes  the  no.  of  generations 

Q  denotes  the  no.  of  offspring  per 

generation 
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265 


ERIC 


YES 


215    Is  tmle  parent  ao    AA  genotn^^? 


26U    Is  Qole    AA    parent  selected  against? 
(If  yes,  select  another  naXe  imrent. ) 


265    Male  allele  Is  an  A. 
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42 


\    •  V 


Selectivity  of  Mafe  -Paaents    (cfont. ) 


■SI- 


217    Are  there  no   ASNaU-e  parento? 

answer  isplies  that  the  nale  parent 
BB   genotype. ) 


(A  yn: 


it 


261    Is  male    BB   parent  selected  against? 
(If  yes,  select  another  maXe  parent.) 


262    Male  allele  is  a  B. 


Fig.  20b 
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•Selectivity  of  Femala  ParftHtS 


*4 


^36U    Is    AA    female  parent  selected  against? 
(If  yes,    start  mating  process  over.) 


— ^: 


365    Fe»?ale  allele  is  A. 
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Selectivity  of  Peaale  P«riatB    (cont. ) 


YES 


317   Afe  there  no  female   AB  parentsr?  (A 
yes   answer  inplies  female  parent  1b 


361    Is    BB    feaale  parent  selected  against? 
(If  yes,    start  mating  process  over.)" 


362    Female  allele  is  B. 


-Fig.  21b 
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046 


•  Selectivity  of  FewaXe  Parents    tcoat.  >, 


320 


r>a(Hi+H2) 


YES 

325 


XeRND(O) 


■••| 


320   Is  f «aale  parent  a   BB   g«jotype?  (jtjf 
answer  implies  fea&Xe  parent  le  «a  4i| 
,  genotype  •  a  yes    aasver  iaapXies  faMdb 
parent  is   BB   genotype; ) 


330    Is    AB    female  parent  selected  against? 
(if  yea,  start  mting  pro<:ess  6ver. ) 


350    Is  allele  of  female    AS    parent  an  A? 


351    Female    allele  is-  a  B. 
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Sgrylvabillty  of  Offwiag 

k3Q   Offqprizig  Is    BB  genotype. 


kUo   Does    BB   offspring  survive? 

210   BB   offspring  does  not  survive;  go  back 
and  "grow"  anotlier  offspring.  . 

kk%   One  me   BB   offspring  is  created. 


H25  { 


Offspring  is    AB  genotype. 


i»55  I  Itoes    AB    offspring  survive? 

210f  AB    offspring  does  not  survive;  go  back 
and  "grow"  anotber  offspring. 


k60    (^e  n»re    AB    offspring  is  created. 


Fig.  22a 
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Survivability  of  pffaoriois  (cont.) 


klO    Offspring  is    AA  genotype. 


2X0 


Does    AA    offspring  survive? 


.a 


""li 


AA  off  spring  does  not  supvivei  jf^ 
go  Wack  and  *'grov**  another  o'ffslfrl 


kf^    One  sore    A  A    offspring  is  'creat«C 


Fig.  22b 
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GENETICS  PROGRfiM,  MULTI-QENERRTIONS.  SELECTIVITV 
fW«>  SURVIVftBILXTV,     IHPUT  ORIQ.   NO.  GENOTVl^eS 


LINES  10-46  PROVIDE  FOR  INPUT 

fti«NO.  OF  m  GENOTVPES  IN  ORIQ. 
TVPE    RfMNPUT  ft^. 


POP. 


l.RE«  .. 

3  REN 

4  REN 
5 'REM 

6  REM 

7  REH 

8  REH 

10  PRINT 

11  PRINT 

12  PRINT 

15  .PRINT 

16  PRINT 

17  PRINT 

20  PRINT  "ft3«N0 

21  PRINT 

22  PRINT 

25  PRINT 

26  PRINT 

27  PRINT 

30  PRINT 

31  PRINT 

32  PRINT 
25  PRINT 

36  PRINT 

37  PRINT 

40  PRINT 

41  PRINT 

42  PRINT 

45  PRINT 

46  PRINT 

47  PRINT 

48  PRINT 
186  REN 

107  REM  Ml.    M2,    M3,    Fl,    F2.    F3  ARE  THE  MALE  AND  FEM.    SEL.  COEFFS. 

108  REM    EXAMPLE :     M1=0.  4  MEANS  S&K  OF     AA    GENOTVPES  WILL  MATE 
EXAMPLE :     Mlal.  0  MEANS  COMPLETE  SELECTION  AGAINST  AN 

AA  MALE  PARENT 


4 


A2«N0.  OF  AB  GENOTVPES  IN  ORIQ.  POP.  " 
TVPE  A2-MNPUT  A2 

OF    BB    GENOTVPES  IN  ORIQ.  POP. 
TVPE  A3 -S INPUT  A3 

i 

QaNO.    OF  GENERATIONS  TO  RUN  PROGRAM" 
TVPE  G"SINPUT  G 

C«NO.    OF  OFFSPRING  PER  GENERATION" 
TVPE  C"S INPUT  C 


Ml,  H2, 
TVPE  Ml. 

Fl/  F2. 
TVPE  Fl, 

CI,  C2, 
TVPE  Cl^ 


M3 
M2, 

F3 
F2, 


C3 
C2, 


ARE  MALE  SEL.    COEFFS.  " 
M3-MNPUT  Ml,  M2,  MS 

ARE  FEMALE  SEL.    COEFFS.  " 
F3"MNPUT  Fl,  F2,  F3 

ARE  OFFSPRING  S^VIVAEILITV  COEFFS. 
C3"S INPUT  CI, C2. C3 


CI,    C2,    C3  ARE  OFFSPRING  SURVI VABILITV  COEFFICIENTS 
EXAMPLE:     C2«=0.  45  MEANS  4552  OF  AB  OFFSPRING  WILL  SURVIVE 


109  REM 

110  REM 

111  REM 

112  REM 

113  REM 

114  REM 

11^  RANDOMIZE 

120  LET  N«fll-t-A2-»-A3 

130  LET  Nl-Rl/NSLET  N2=A2/N\LET  N3«A3/N 

131  PRINT  "THE  INITIAL  PROPORTION  OF  AA 

132  PRINT  ' 

133  PRINT  "THE  INITIAL  PROPORTION 

134  PRINT 

135  PRINT 

136  PRINT 

140  LET  Ql-AISLET  Q2^A2SLET  Q3«A3 

141  REM 


GENOTVPES  IS"N1 
AB    GENOTVPES  IS"N2 
THE  INITIAL  PROPORTION  OF     BB    GENOTVPES  IS"N3 


Figure  23a 
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142  REM    Gl.   Q2,   03  flftE  THE  NO    OF  flft.   flB*   BB  QENOTVPES  RESPECTIVELV  | 

143  REM  4 

145  FOR  I«i  TO  0 

146  LET  Nl^Ql/NSLET  N2=G2/NSLET  N3«G3/N 
150  LET  Gl^eSLET  G2=0SLET  G3«0 

170  FOR  K«l  TO  C 

189  REM  J 

190  REM  LINES  210-265  PICK  EACH  PARENT  AND  IT'S  ALLELE 

191  REM 

200  REM  LINES  216-265  PICK  A  MALE  PARENT  AND  HIS  ALLELE 

201  REM 

210  LEt  R«RND<0>  4 

215  IF  R<»N1G0  TO  263  . 

217  IF  N2=0GO  TO  260 

220  IF  R>«<N1'»-N2>Q0  TO  260 

225  LET  X«RND<0> 

230  IF  X<«M2G0  TO  210 

240  LET  R«RND<0:' 

250  IF  R>«  5Q0  TO  265 

251  LET  M«0\GO  TO  31© 

260  LET  X«=RND<0> 

261  IF  X<=M3G0  TO  210 

262  LET  M=0SGO  TO  310 

263  LET  X«RND<0> 

264  IF  >«=M1G0  TO  210 

265  LET  M«1SG0  TO  310 
299  REM 

390  REM  LINES  310-365  PICK  A  FEMALE  PARENT  AND  HER  ALLELE 

301  REM 

310  LET  R«RND<0> 

315  IF  R<=N1G0  TO  363 

117  IF  N2=0GO  TO  360 

320  IF  R>=<N1*N2>G0  TO  360 

325  LET  X»RND<0> 

330  IF  X<«F2Q0  TO  210 

340  LET  R«RND<0>  ^ 

350  IF  R>=  5G0  TO  365 

351  LET  F«0SQO  TO  410 

360  LET  X=RND<0> 

361  IF  >«=F3G0  TO  210 

362  LET  F^OSGO  TO  41© 

363  LET  X=RND<0> 

364  IF  X<«FiGO  T02ie 

365  LET  F=1SG0  TO  416 
399  REM 

Qj^  figure  23b 
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400 
401 
410 

425 
429 
430 
434 
435 
440 
445 
4S0 
455 
460 
465 
470 
475 
500 
501 
502 
503 
506 
507 
508 
510 
515 
520 
525 
530 
535 
540 
545 
550 
555 
565 
570 
575 
580 
'  565 
590 
.593 
595 
600 


LINES  410425  DifiTERMINE  Tt«  QENOTVPr 


LINES  445.    460  f»ND  475  COUNT  THE  GENOTVPES 


REM 
REH 

IF  M-i'F«2Q0  TO  465 
IF  f1*F«lG0  TO  450 
REM 
REd 
REM 

LET  Zs=RND<:0> 
IF  2>«C3G0  TO  210 
LET  G3«G3-HSG0  TO  500 
LET  2s^RND<0> 
IF  2>«C2Q0  TO  210 
LET  .G2«G2+1SG0  TO  500 
LET  Z«RND<0> 
IF  2>aClG0  TO  210 
LET  Gl-Gli-ISGO  TO  500 
NEXT  K 
REM 

REM  LINES  506-585  PROVIDE  FOR  OUTPUT 

REM 
PRINT 
PRINT 


PRINT 
PRINT 
PRINT 
PRINT 
PRINT 


PRINT 

LET  Rl-Gl/GISLET  R2=Q2/G1SLET  R3«G3/G1 
PRINT 


"THE 
"THE 

GENERATION  NUMBER  IS" 1*1 
NUMBER  OF  OFFSPRING  IS^C 

"THE 

NUMBER 

OF     AR  GENOTVPES 

IS" 

Gl 

"THE 

NUMBER 

OF     ftB  GENOTVPES 

IS" 

G2 

"THE 

NUMBER 

OF     BB  GENOTVPES 

IS" 

G3 

TO  flfl  GENOTVPES  IS"R1 
TO     flfi    GEONTVPES  IS"R2 


PRINT  "THE  RRTIO  OF  RR 
PRINT 

PRINT  "THE  RRTIO  OF  flB 
PRINT 

PRINT  "THE  RfiTIO  OF  BB  TO  ftft  GENOTVPES  IS"R3 
PRINT 

LET  N«G1+G2+G3 

NEXT  I 

^NO 
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Figure  23c 


{3  denotes  the  sum  of  the  genot^lc 

ratios 

Nl,  N2  and  N3  -  denote  the  AA,  AB  and  B&  genotypic 

ratios,  and 

Gl,  G2,  and  G3  denote  the  AA,  AB  and  BB  genotypeff' 

of  the  parents  for  the  next  gene- 
ration. 


The  plan  of  the  computer  program  is  as  follows s 

From  an  initial  specification  of  the  number  of  AA,  AB  or  BB 
parental  genotypes  {the  number  is  assun^  to  be  the  same  for 
both  the  male  and  female  parents).    An  AA,  AB  or  BB  male  parent 
is  selected  with  the  aid  of  the  random  number  generator.  The 
random  number  generator  is  again  used  with  the  appropriate  selec- 
tion coefficient    Ml,  M2  or  M3  to  decide  whether  or  not  the  male 
mating  is  sterile,     i.e.  whether  or  not  a  male  gamete  descends 
to  form  a  zygote.     (See  inst^  225-265) .     If  a  i^le  gaa^te  is 
not  forthcoming,  a  new  male  parent  is  selected  and  the  process 
is  repeated.    The  female  gamete  is  obtained  in  the  same  way 
except  that,  if  a  gamete  from  the  female  is  not  forthcoming, 
the  entire  process  is  repeated,  i.e.  a  new  i^le  parent  is  selec- 
ted and,  the  total  process  repeated  until  both  a  aale  and  female 
gamete  are  forthcoming  and  hence,  it  is  postulated  that  a  zygote 
is  formed.    The  survivability  of  the  zygote  to  become  a  parent 
for  the  next  generation  is  simulated  by  using  the  random  number 
generator  in  conjunction  with  the  survivability  coefficients 
CI,  C2  and  C3.    (See  insts.  445,  460  and  475  where  the  countii^  of  the 
offspring  genotypes  is  also  accomplished).     If  a  zygote  does  not 
survive,  the  entire  process  of  growing  a  new  zygote  is  repeated. 
As  in  the  j>reviou&  program,  the  genotypical  description  of  the 
offspring  is  used  as  the  genotypical  description  of  both  the  male 
and  female  parents  for  the  next  generation  because  it  is  assumed 
that  the  offspring  are  the  only  parents  in  the  next  generation. 


The  student  is  again  reminded  that  the  followinci  assumptions 
are  made  in  the  program; 

(1)  The  genotypic  ratios  of  the  male  and  female  parents 
are  the  same  and  are  equal  to  the  corresponding  geno- 
typic ratios  of  the  offspring  of  the  previous  genera- 
tion. 

(2)  "The  population  is  infinite.  ■  Thus,  a  large  number  of 

offspring  must  be  grown  each  generation  to  assure  a 
reasonable  estimate  of  the  genotypic  ratios  for  the 
parents  of  the  next  generation. 

The  construction  of  the  program  assumed  that: 

(1)  There  is  no  need  for  subscripts.    Consequently,  they 
are  not  used.     This  is  in  contrast  to  the  previous 
program.     The  use  of  subscripted  variables  is  frequently 
a  matter  of  taste. 

(2)  The  student  will  not  be  confused  by  the  use  of  multiple 
statements  occurring  in  a  single  line  of  the  program. 
This  has  been  done  to-  restrict  the  length  of  the  pro- 
gram.   Most  BASIC  compilers  have  this  capability.  If 
the  compiler  on  your  computer  does  not  have  this 
capability,  the  necessary  modifications  that  must  be 
made  to  the  program  are  evident  and  should  not  be 
difficult  to  make.     Multiple  statement  lines  are  in- 
dicated wherever  the  symbol    "\"  appears.     Examples  of 
multiple  statement  lines  are;     line  11,  line  130, 

line  250,  etc. 


The  program  as  written,  contains  much  more  interes^ng 
information  than  is  printed  out.     For  example,  counters  could  be 
ihserted  to  determine  the  number  of  AA,  AB  and  BB  male  attemp^^ 
at  mating  that  had  to  occur  in  order  to  successfully  mate  with  a 
female.    Counters  could  also  be  inserted  in  the  program  in  order 
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to  determine  the  number  of  attempted  male  matlnga  ii*ce»»ary  to 
produce  a  zygote  which  would  survive.  In  an  analogous  manner, 
similar  facts  could  readily  be  obtained  about  Itole  attempts  at 

matings.  "  ' 

Many  modifications  could-  readily  be  made  to  the  program  to 
investigate  other  interesting  genetic  phenaaena.    For  example, 
a  simple  modification  of  the  program  to  permit  the  alow  change  of 
the  selectivity  or  survivability  coefficients  each  generation 
could  swssible  simulate  the  effect  of  variable  mutation.  The 
assun^tion  of  equal  genotypical  descriptions  for  both  the  male 
and  female  parents  could  be  reBK>ved,  although  for  infinite  popu- 
lations this  may  not  be  too  biolocrically  meaningful.    The  selec- 
tion and  survivability  coefficients  could  be  made  sex  dependent. 

The  output  from  a  typical  program  run  is  shown  in  figures 
24a  and  24b.     The  initial  numbers  of  AA,  AB  and  BB  genot>Tes 
were  chosen  to  be  1,  2  and  1  respectively.    Since  it  is  the 
genotypic  ratios  that  determine  the  selection  of  mating  pairs, 
it  was  convenient  to  enter  an  equilibrium  distribution  using 
small  numbers.     The  10,000  offspring  were  grown  to  provide  rea- 
sonable accuracy  and  stability  to  the  results.     There  is  no  selec- 
tion against  either  an  AA  or  an  AB  genotype  of  either  sex  of 
parent.    However,  the  initial  conditions  did  specify  a  selection 
*  of  50%  against  male  BB  parents  and  selection spf  25%  against  BB 
female  parents.    Thus,  there  is  distinct  pressure  against  the 
successful  mating  of  a  BB  genotype,  male  or  female.     The  BB  off- 
spring is  subject  to  a  75%  survivability  whereas  the  remaining 
genotypes  are  assumed  to  all  survive.     In  this  run,  it  is  evident 
that  the  entire  mating  process  iei  such  as  to  discriminate  against 

the  BB  genotype. 

This  particular  run  illustrates  the  use  of  just  one  possible 
set  of  selection  and  survivability  coefficients.    Other  sets  of 
coefficients  could  have  been  used  and  would  have  indicated  dif- 
ferent degrees  of  pressure  on  the  same  or  other  genotypes.  Your 
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«1«N0.   OF    ftfl    QENOTVPES  IN  ORIO.   POP.  1 
TVPE  fli 
?1 

« 

ft2-N0.  OF    m    QENOTVPES  IN  ORIG.  POP. 
TVPE  fl2 

?2 

ft3"N0.    OF    BB    QENOTVPES  IN  ORIG.  POP. 
TVPE  ftS 
?1 

G-NO.    OF  OENERRTIONS  TQ  RUN  PROGRAH 
TVPE  Q  , 
74 

C-NO.    OF  OFFSPRING  PER  GENERATION 
TVPE  C 

?iee88 

HI.     M2.     M3    ARE  MALE  SEL.  COEFFS. 
TVPE  Ml.   M2,  M3 

?0.    0,    .  5 

V 

Fl,     F2.     F3     ARE  FEMALE  SEL.  COEFFS. 
TVPE  Ft,   ¥2.  F3 

?0.    0.    .  25 

CI/     C2.     C3     ARE  OFFSPRING  SURV^lABILITV  COEFFS 
TVPE  CI.    C2.  C3 
?1.    1.    .  8 


THE  INITIAL  PROPORTION  OF     AA    QENOTVPES  IS  .  25 
THE  INITIAL  PROPORTION    AB    QENOTVPES  IS  .  5 
THE  INITIAL  PROPORTION  OF    BB    QENOTVPES  IS  .  25 


THE  GENERflTION  NUMBER  IS  2 

THE  NUMBER  OF  OFFSPRING  IS  10060  Output 
^THE  NUMBER  OF     AA    QENOTVPES  IS  S&G^.       Figure  24a 
THE  NUMBER  OF     AB     QENOTVPES  IS  5241 
THE  NUMBER  OF     BB     GENOJVPES  IS  1694 


THE  RATIO  OF     AA     TO    AA     QENOTVPES  IS  1 

THE  RATIO  OF    AB     TO    AA    GEONTVPES  IS  1.  70995 

THE  RATIO  OF    BB    TO    AA    QENOTVPES  IS  -552692 
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THE  QENERfiTlON  NUMBER  IS' 3 

THE  NUMBER  OF  OFFSPRING  IS  16000 

THE  NUMBER  OF    Sfl    QENOTVPES  IS 

THE  NUMBER  OF    RB    GENOTVPES  IS  4925 

THE  NUMBER  OF    BB    QEWOTVPES  IS  1282 


THE  RRTIO  OF     RR    TO    flfl    GENOfVPES  IS  1 


THE  RATIO  OF  RB  TO  Rfl  GEONTVPES  IS  1.  29844 
THE  RRTIO  OF    6B    TO    Rfl    6EN0TVPES  IS  .  337*991 

THE  GENERRTION  NUMBER  IS  4 

THE  NUMBER  OF  OFFSPRING  IS  10000 

THE  NUMBER  OF    RR    GENOTVPES  IS  4499  * 

THE  NUMBER  OF     RB    GENOTVPES  IS  4^82 

THE  NUMBER  OF     BB     GENOTVPES  IS  919 

THE  RRTIO  OF     RR     TO     R^    GENOTVPES  IS  1 

THE  RRTIO  OF     RB     TO     RR    GEONTVPES  IS  1.01845 

THE  RRTIO  OF     BB    TO    RR    GENOTVPES  IS  .  204268 

THE  GENERRTION  NUMBER  IS  5 

THE  NUMBER  OF  OFFSPRING  IS  10000 

THE  NUMBER  OF     Rfl     GENOTVPES  IS  5051 

THE  NUMBER  OF    RB     GENOTVPES  IS  4210 

THE  NUMBEr.   OF     BB  ,  GENOTVPES  IS  759 


THE  RATIO  OF     Rfl     TO     Rfl     GENOTVPES  IS  1 


THE  RATIO  OF     BB     TO    RR     GENOTVPES  IS  .150865 


THE 


RATIO  OF     AB     TO  Rfl 


GEONTVPES  IS  .  826812 


Figure  24b 
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author  ran  a  seri^^  of  eleven  rune  whei^ein  the  following  initial 
conditions  were  imposed  on  .each  runs 

(a)    the  initial  genotypic  distribution  was  1:2;1, 

\b)     the  nuisber  of  offspring  wa^  1000, 

(c)  the  niamber  of  generations  wai^  5/  « 

(d)  there  was  no  selection  against  any  female  parent  gen9- 
types;  hence    Fl=0>  F2=*0,  and  F3=0, 

(e)  all  offspring  survived;  hence    Cl=l,  C2=l  and  C3al,  and 

(f)  there  was  no  selection  against  the  male  AA  or  the  male 
^                 AB  parent;  hepce    Ml=0  and  M2=0 . ' 

For  each  run,  the  selection  against  the  BB  male  genotype 
varied.     The  first  run  had  no  selection  ^gainst  the* male^ BB 
genotype  and  the  last  rjih  had  complete  selection  against  the 
genotype..    Hence,,  for  the  last  run  the  value  of  M3  was  1.  In 
the  remaining  runs,  the  selection  coefficient  was  incremented 
by  a  value  ot  0.1.     Thus,  the  11  runs  corresponded  to  a  set  of 
runs  in  which  the  value  of    M3    was    0,  0.1,  0.2,  ...  ,  0.9,  1.0 
respectively. 

Art  analysis  of  these  results  indicated  that,  the  run 
corresponding  to    M3=0    gave  tresults  which  agreed  v*>ry  well  with 
the  conclusions  of  the  Hardy-Weinberg  law.     This       -jld  not  be 
surprising  since  for  these  initial  conditions,  the  basic  assump- 
tions of  the  program  are  in  accord  with  all  of  the  hypotheses 
necessary  for  the  validity  of  the  law.     (This  statement  is  pre- 
dicated on  the  idea  tha,t  1000  ^ffspring  is  effectively  an  infinite 
population).     As    M3    was  increased  from  0,  through  the  values 
0.1,  0.2,  etc.,  there  was  a  gradual  decrease  in  the  proper tionr 
of  3B  genotypes  measured  at  the  fifth  generation.     A  ccnnparison 
of  the  prpportion  of  BB  genotypes  in  the  population  at  the  f-i^fth 
generation  for  V£irious  values  of  *  M3    indicates  that  this  pro- 
portion decreased  as  M3    increased.     In  fact,  for    M3==l,  that  is 
for  complete  selection  against  the  mating  of  the  BB  male  parent. 
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the  proportion  of  the  entire  population  that  consists  of  BB 
genotypes  is  only    0.061.    This  proportion  is  about    0.1  ofithe 
number  of  AA  genotypes  remaining  in  the  population  at  the  eii^of 
the  fifth  generation.    Thfe  genotypic  ratios  at  the  ^  "  ' 
fifth  generation  for  the  run  corresponding  to  COTipleN 
against  thte  male  BB  genotype  were  0.571:0.36^50.061. 

*  This  example  of  a  set  of  runs  was  presented  td  illustrate 
the  many  and  vari^J  experiments  that  may  be  perfomied  with  such 
a  program.     In  fact,  the  actual  performing  of  the  c<«iputer  based 
experiments  is  very  easy  once  the  program  has  been  developed. 
It  is  the  analysis  dnd  interpretation  of  the  results  that  is 
time  consuming  and  difficult.    Because  it  is  so  easy  to  carry 
out  such  experiments,  it  is  very  t^pting  to  "just  .go  aheaU  and 
try  several  different  sets  of  initial  conditions  and  see  if  any 
interesting  results  are  forthcoming".    Needless  to  say,  such  a 
procedure  cannot  be  expected  to  be  very  effective  or  pr^iuctive. 
Nevertheless,  the  student  is  urged  to  do  a  bit  of  such  experi- 
mentation just  to  get  a  feel  for  the  capabilities  and  limitations 
of  tfee  program.    One  thing  the  student  will  learn  from  such  an. 
experience  is  that  the  analysis  and  interpretation  of  the  results 
from  several  runs  is  not  a  trivial  task.     In  fact,  this  task  may 
be  even  more  difficult  than  the  development  of  the  program  which 
produced  the  results.     This  should  not  be  surprising  because  the 
program  runs  are  analogous  to  a  series  of  experiments  and  it  is 
well-known  that  the  analysis  of  experimental  data  is. not  a  tri- 
vial task.    The  paradox  of  the  seeming  ease  with  which  computer 
output  data  can  be  generated  compared  to  the  not  so  gre^t  ease 
which  is  required  to  analyze  and  interpret  such  data  is  part 
of  the  lore  "that  is  well  known  in  computing  centers. 
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other  Extension's 

In  this  section,  extensions  of  the  previous  techniques  to 
describe  other , genetic  phenomena  are  presented.    The  procedures 
for  carrying  out  these  extensions  or  modifications  will  be  pre- 
sented in  written  form  only.    Neither  a  flowchart  nor  a  program 
will  be  presented.    Nevertheless,  it  is  hoped  that  the  written 
presentation  will  be  of  sufficient  detail  to  enable  the  student 
to  readily  carry  out  the  modifications.    There  are  no  essential- 
Jy  new  ideas  involved  in  the  extensions  and  thus,  i  .  was  not 
felt  necessary  to  give  a  "full  blown"  presentation.    Time  per- 
mitting, the  student  is  urged  to  actually  carry  out  some,  or  all, 
of  these  modifications  and  extensions.     In  doing  so,  however,  * 
all  of  the  justifications  for  the  necessary  modifications ' should 
be  carefully  stated.     The  program  should  be  run  and  experimented 
with  to  obtaHn  insight  into  the  problem.  «• 

All  of  the  problems  considered  so  far  in  this  chapter  were 
restricted  to  a  single  loci  at  which  only  two  alleles  resided. 
For  many  physical  characteristics,  it  is  known  that  it  is  nec- 
essary to  postulate  the  existence  of  more  than  two  alleles  at  a 
locus  in  order  to  "reasonably"  explain  the  distribution  of  the 
different  states'  of  the  character ist^  in  the  offspring  popula- 
tion.    To  illustrate  a  method  of  treating  more  than  two  alleles 
at  a  single  loci,  we  consider  the  specific  case  of  three  alleles 
at  a  single  loci. 

Denote  the  alleles  by  A,  B,  and  C,  and  for  the  purposes  of 
this  discussion  let  us  suppose  that* the  physical  characteristic 
is  the  height  of  the  offspring.     In  this  hypothetical  example,  the 
A  allele  is  considered  the  allele  for  tallnessj  the  B  allele,  the 

/  i  * ' 

allele  for  average  height;  and  the  C  alle^le  is  considered  the 
allele  for  shortness.    We  further  assume  that  the  mating  popula- 
tion is  infinite  in  number  and  that  the  genotypic  descriptions  of 
the  male  and  the  female  parents  are  identical.     Since  there  are 
the  three  alleles  at  the  locus,  the  possible  genotypes  in  the 
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population  are  AA,  AB.  AC,  BA,  BB,  BC,  CA.  CB.  and  CC.    However,  ^| 

^       we  are  further  assuming  that  there  is  no  distinction  among  the  J 

genotypes  and  therefore  the  AB  and  BA  genotypes  are  identical,  % 

as  are  the  BC  and  CB  genotypes  and  the  AC  and  CA  genotypes.  ^ 

Thus,  the  distinct  genotypes  in  the  population  are  AA,  AB,  AC,  \- 

BB,  BC  and  CC.  ^  ' 

The  program  is  developed  by  mimicing  the  mating  of  males  and 
females  randanly  chosen  fr<m  a  population  initially^ specified  by 
the  respective  numbers  of  AA,  AB,  AC,  BB,  ^  and  CC  genq^ypes* 
These  numbers  will  be  designated  in  the  msic  progrraaing  language 
by  Al,  A2,  A3,  B2,  B3,  and  C3  respectively.    If    N  designates 
the  number  of  individuals  in  the  parent  population,  then 

• 

N  «  AH-A2+A34'B2+B3-K:3, 
and  the  respective  genotypic  ratios  are 

-   Al/N,  A2/N,^A3/N,  B2/N,  B3/N,  and  C3/N. 

The  random  choice  of  a  parent  fron  such  a  distribution  is  acc«B- 
plished  by  comparing  t^ie  value,  RND,  obtained  from  the  random 
number  generator  to  the  fractions: 

Al/N,    (Al+A2)/N,  (Al+A2+A3)/N,    {A1+A2+A3+B2) /N,    (Al+A2-»-A3+B2+B3) /H 
and  1.0. 

I     These  fractions  specify  a  set  of  points  on  the  interval  (0,1) 

which  bound  the  intervals  whose  lengths  are  equal  to  the  respective  / 
genotypic  ratios.     Thus,  the  interval  containing  RND  will  specify  . 
the  desired  parent  genotype.    This  procedure  is  used  for  the 
selection  of  the  male  and  female  parent  alleles.     Once  the  parent 
genotype  has  been  determined^  the  procedure  for  selecting  the  allele 
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to  descend  to  the  zygote  is  the  same  as  that  described  in  preced- 
ing sections.    It  may  be  the  case  that,  if  for  exas^le,  a  BC 
parent  genotype  were  selectsKl,  the  likelihood  of  a  B  allele 

is  much^  greater  than  the  likelihood  of  a  C  allele 
descending.    In  this  event,  when  selecting  the  allele  for  descent, 
th^  vaiue  0.5  would  not  be  the  value  to  which  the  RND  should  be 
compared.    Rather  the  RND  should  be  ccHnpared  to  a  value  specify- 
ing the  degree  St  preference  in  selecting  a  B  allele  over  a  C 
allele.    We  remark  in  passing  that  is  not  easy  to  experimentally 
obtain  or  determine  such  &  value.  , 

The  tallying  of  the  genolypes  of  the  offspring  is  accomplished 
as  in  the  other  programs.     If  it  is  desired  to  grow  successive 
generations,  the  offspring  are  .assumed  to  be  the  parents  of  the 
next  generation  and  the  program  flbdlfied  to  "grow"  several  gene- 
rations^ A  program  describing  the  mating  process  will  be  S9mewhat 
longer  ^an  the  first  program  in  thiW-^pter;  however,  no  essen- 
tially new  ideas  or  procedures  are  required  to  develop  the  program. 

Another  extension^of  <^interest  is  the  description  of  the  geno- 
typic  distribution  resulting  from  a  population  described  by  two 
alleles  at  each  of  two  distinct  loci.     Let  the  pair  of  alleles  at 
the  first  locus  be  denoted  by  A  and  B,  and  the  pair  of  alleles  at 
the  second  locus  be  denoted  by  C  and  D.     It  is  again  assumed  that 
the  population  is  infinite  and  that  there  is  no  distinguishing  be- 
tween the  heterozygotes  AB  and  BA,  and  the  heterozygotes  CD  and 
DC.     The  possible  genotypes  in  the  population  ares 

AACC,  ABCC,  BBCC,  AACD,  ABCD,  BBCD,  AADD,  ABDD    and  BBDD. 

Thus,  we  are  assuming  independent  assortment;  that  is,  the  pair 
of  alleles  at  the  locus  occupied  by  the  A  or  B  alleles  segre- 
gate independently  of  the  pair  of  alleles  at  the  locus  occupied 
by  the  C  or  D  alleles.     (This  restriction  could  be  removed  but  the 
develo^nnent  of  a  meaningful  set  of  rules  governing  the  selection 
of  the  alleles  is  not  an  easy  task) . 
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The  random  selection  of  a  genotype  from  a  parent  population 
consisting  of  nine  different  genotypes  proceeded  in  the  same  way 
as  described  in  the  previous  exa^le.    The  genotypic  ratio  of 
the  parents  are  specified  by  specifying  the  initial  niaters  of 
each  genotype  and  then  evaluating  the  corresponding  genotypic 
ratios.    These  ratios  are  then  "layed  out"  along  the  ihterval 
(0,1  J.  ^d  the  correspondence  between  each  interval  and  a  parent 
genotype  is  assigned.    A  value  of  RND  is  selected,  and  the  inter- 
val  which  contains  this  value  designates  the  parent  genotype.  y 
Botfi  parent  genotypes  are  selected  in  the  san^  sinner.  The 
procedure  for  determining  the  genotypes  of  the  offspring  is 
the  saa^  as  used  i«  th^  other  exaasples.    Provision  nrust  be  made 
for  tallying  a  larger  number  of  distinct  genotypes.    This  is 
accOTiplished  by  the  inclusion  of  a  greater  number  of  branching 
statoaents  (IF  statements)  in  the  program.    The  program  may  be 
extendi  to  describe  the  genetic  evolution  over  several  successive 
generations  in  a  banner  very  analogous  to  that  used  to  so  extend 
the  first  program. 

Of  the  work  presented  in  this  chapter,  other  extensions 
are  also  possible.    Some  of  them  are  listed  below: 

(a)  Modify  each  of  these  programs  to  mimic  the  genetic 
evolution  of  small  populations. 

(b)  Btodify  the  programs  to  i,iclude  selectivity  and  surviva- 
bility. 

(c>    Modify  the  small  population  program  shown  in  figure  23a, b 
to  include  the  effect  of  migration. 

(d)  Modify  the  small  population  program  shown  in  figure  23a, b 
to  include  the  effect  of  prescribed  mating.     The  pre- 
scription is  to  be  supplied  by  the  user. 

(e)  Rewrite  one  of  the  programs  to  permit  the  distinction 
between  heterozygotes,  that  is,  between  the  AB  and  BA 
genotypes,  etc. 

(f )  Develop  a  program  to  mimic  the  mating  among  parents  of 
different  ages.    The  specification  of  the  requisite 
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time  ^periods,  and  the  proper  accounting  of  the  phe- 
nontena  associated  with  each  tiiae  period^  is  a  critical 
part  of  th^  program .    The  development  of  such  a  pro- 
gram is  quite  a  detail^  process  and  should  pro]»ably 
be  a  term  and/or  class  project. 
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Cowments  on  the  Chapter  Problems 

The  problems  at  the  end  of  this  chapter  suggest  other  com- 
puter based  experiments  to  be  performed.    The  problems  also 
suggest  several  modifications  of  the  programs.    ScHoe  of  the 
program  modifications  may.reql^ire  considerable  time- and  "Effort 
in  order  to  insure  that  the  resultant  program  is  thoroughly 
debugged  and  performs  as  desired.     ihVsome  of  these  problems, 
it  may  be  easie^ to  develop  the  entire  program  from  "scratch" 
rather  than  try  to  modify  an  existing  program.    The  student 
should  also  note  that  there  are  several  equivalent,  in  the  sense 
of  producing  the  same,  output,  ways  to  modify  the  program.  In 
this  regard,  it  should  be  pointed  out  that  different  but  equiva- 
lent programs  may  indeed  give  different  output.    This  is  due  to 
the  finite  length  arithmetic  carried  out  by  the  computer.  Be- 
cause the  computer  performs  arithmetic  using  only  a  finite  nuiiA>er 
of  digits,  there. is  round-off  error.     Round-off  error  can  affect 
equivalent  algorithms  differently.     For  ^xample,  it  is  possible 
to  add  a  column  of  figures  in  one  order  and  to  again  add  the  same 
column  of  figures*  in  another  order  and  yet  get  different  answers. 
Such  discrepancies  are  due  to  the  lack  of  precision  caused  by 
using  a  fixed,  but  finite,  number  of  digits  in  the  arithmetic. 
In  many  of  the  problems,  it  will  be  of  interest  to  run  each'  pro- 
gram several  times  and  to  then  ccsapare  the  variability  o^  the 
results.     In  this  way,  some  feeling  can  "be  obtained  about  the 
sa^mple  size  and  the  stability  of  the  program. 
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I^ROBI.EMS 
CHAPTER  VII 

N  — 

Note;      In  discussing  the  results  obtained  with  the  previous  or 
similar  programs ,  it  will  usually  be  necessary  to  make  several 
runs  with  identical  starting  conditions.  -  The  averafges  of  the 
results  of  these  runs  will  then  provide  a  norm  or  standard 
against^  which  other  runs  may  be  ccHi^ared.    Because  the  averages 
so  obtained  are  not  exact,  and  because  of  the  possibility  of 
great  deviation  in  a  single  run,  it  is  not  expected  that  accurate 
quantitative  comparisons  of  results  c^  be  made.    Thus^  in  the 
problems  below  which  require  a  discussion  of  results r  it  is  only 
expected  that  ^alitative  remarks  be  made.    The  purpose  of  the 
runs  is  to  provide  some  insight  into  the  genetic  phenomena 
assuming  the  validity  of  Mendel's  description  of  the  transfer^ 
ence  of  hereditary  characteristics. 

1.  Make  several  runs  of  the  program  listed  in  figure  2.  Discuss 
the  results  obtained  from  making: 

(a)  Several  runs  with  the  same  value  of  N,  and 

(b)  Several  runs  with  different  values  of  N. 

Is  your  intuition  about  sample  size  and  the  varidtion  of 
results  confirmed?  Discuss. 

2.  Make  several  runs  using  the  First  Population  Genetics  Program 
listed  in  figure  5,     Discuss  the  results  obtained  from  the 
following  variations  of  the  starting  conditions? 

<a)     Hold  Al,  A2,  A3  and  G  constant,  vary  C, 

(b)  Hold  Al,  A2,  A3  and  C  constat,  vary  G,  and 

(c)  Hold  A2,  A3,  C  and  G  constant,  vary  Al. 

Try  other  variations  of  the  starting  conditions.  Discuss 
your  results. 

/ 
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Using  the  progfiam  in  figure  5,  and  properly  choosing  the 
starting  conditions,  make  some  runs  whose  results  can  be 
compared  to  the  Hardy-Weinberg  principle.    Discuss  your 
comparisons. 

Carry  out  one  of  the  projects  suggested  in  the  section 
entitled  Related  Projects. 

Get  the  Small  Population,  Population  Genetics  Program 
listed  in  figure  18  up^ md  running  on  your  computer. 
Make  some  preliminary  runs  with  different  sets  of  input  data 
to  obtain  a  feel  for  the  program  and  the  results  it  produces. 
Using  your  own  starting  conditions,  make  some  runs  and  dis- 
cuss the  results.    Try  to  use  the  program  as  an  experimental 
device  for  "growing"  monogao^us  mating  small  populations. 
Alter  the  method  of  selecting  the  offspring  to  permit  a, 
larger  average  number  of  offspring  per  mating.     This  c^n 
easily  be  accomplished  by  properly  changing  the  statements 
in  lines  500  and  510.    Make  some  runs  and  ct»npare  the  results 
with  those  obtained  frcsn  problem  5. 

Alter  the  method  of  selecting  the  nundber  of  offspring  so  that 
exactly  3  offspring  are  born  of  each  mating.     Discuss  the 
results  of  scmie  runs  with  this  alteration. 
Modify  the  program  shown  in  figure  2  to: 

U)     Permit  the  specification  of  the  initial  genotypical 
distribution  of  both  male  and  female  parents,  and 

(b)     Permit  random  choice  of  mating  partners. 
Same  as  problem  8,  only  using  the  program  in  figure  5. 
^  Modify  the  program  shown  in  figure  5  to  permit  smalll,  but 
random,  decreasing  changes  of  the  BB  genotypic  ratio.  In 
this  way,  the  phenomena  of  mutation  can  b^mimiced.  Make 
some  runs  and  discuss  your  results.     State  specifically 
the  hypotheses  used  in  your  modifications.  ^ 
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Modify  the  program  in  figure  5  to  pennit  a  small  constant 
change  of  the  BB  genotypic  ratio.    This  change  is  to  be 
compensated  for  by  making  the  appropriate  changes  in  the 
AB  and  AA  genotypic  ratios.    In  this  way  the  phencsaena  of 
migration  can  be  mimiced.    Hake  somm  runs  and  discuss 
your  results,    state  specifically  the  assumptions  used  in 
your  modifications. 

Modify  the  second  population  genetics  program  to  permit 
the  running  of  the  program  several  times  and  to  permit  the 
tallying  of  the  frequency  with  which  a  given  offspring 
genotype  occurs  at  a  given  generation.    Run  the  program 
for  a  given  initial  distribution  of  parent  genotypes  and 
then  plot  the  frequencies  of  occurrence  of  the  genotype  at 
the  specified  generat/ion-  4 
Extend  the  modifidation  suggested  in  problem  10  above  to 
include  the  tallying  of  the  frequency  of  a  given  genotype 
at  several  specified  generations.     Include  in  this  mcSdifica- 
tion  the  automatic  running  of  the  program  several  times 
using  the  same  starting  conditions  for  each  run.    The  tally- 
ing procedure  should  tally  the  total  genotypes  for  all  of 
the  runs.     The  program  so  extended  is  somewhat  analogous 
to  the  program  developed  by  Schaffer  for  infinite  mating 
populations.     Run  the  program.     Discuss  the  results  so 
obtained.     The  presentation /and  discussion  of  the  results 
may  require  considerable  thought.     Because  of  this,  and 

"^because  the  program  alterations  are  considerable",  this 
problem  should  probably  be  a  term  project. 

Extend  the  program  described  in  problem  9  to  include  the 

ability  to: 

(a)  Bun  the  program  several  times,  and 

(b)  Tally  the  male  and  female  genotypic  jiescriptions 
for  several  specified  generation. 

Choose  an  initial  genotypic  distribution  and  run  the  program 
several  times.    Plot  tallies  given  by  the  program.  You 
should  note  a  distribution  similar  to  that  given  by  Schaffer. 
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Get  the  multi-generation,  selectivity -and  survivability 
program  of  figure  20  up'  and  running  on  your  computer. 

(a)  Make  several  runs  varying  only  one  survivability 
coefficient. 

(b)  Make  several  runs  varying  only  one  selectivity 
•coefficient. 

(c)  Make  up  your  own  set  of  starting  conditions 
and  make  several  runs  with  these  conditions. 

Discuss  the  results  obtained  fr<^  each  of  the  above. 
Alter  the  program  shown  in  figure  23  to  i-nclude  the  effect 
of  a  slow  change  in  the  selectivity  coefficient.  Stat^ 
clearly  your  basis  fQr  the  rule  of  change  that  you  chose. 
Discuss  the  results  of  some  runs.    Note  that,  if  the  varia- 
tion of  the  selectivity  coefficient  is  small,  it  is  not  easy 
to  compare  the  results  obtained  with  the  modified  program 
to  the  results  obtained  from  the  program  depicted  in  figure 
23.     This  difficulty  is  due  to  the  random  nature  of  the 
process  and  hence,  of  the  results . themselves . 
The  same  as  problem  16  except  alter  the  survivability 
coefficient'. 

The  same  as  problem  16  except  alter  the  survivability  and/or 
selectivity  coefficients  in  such  a  way  that  either  one  or 
the  other,  or  both,  are  sex  dependent. 
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IntroduC  '  . >  n 

AS  mentioned  in  the  previous  chapter  the  analysis  of  genetic 
phenomena  is  usually  accomplished  with  the  aid  oC  classical  proba- 
bility  theory.     In  contrast,  the  method  of  analysis  that  we  have  used, 
was  based  upon  the  repeated  use  of  the  random  number  generator  to 
mimic  or  simulate  the  actral  flow  of  the  genes  from  the  parents  to 
.their  offspring.     This  suggests  the  possibility  of  attacking  other 
probabilistic  problems  in  the  natural  sciences  in  a  similar^ manner . 
Our  an.  1:.  sis  of  genetic  phenomena  consisted  of  the  following  steps: 

The  establis^ent  of  a  mechanism,  or  experiment^  whereby  genes 
were  passed  from  the  parents  to  the  offspring. 

2.  The  construction  of  a  computer  based  eixperiment  (program), 
which  would  mimic  the  mechanism. 

3.  The  repeated  use  of  the  program. to  permit  the  determination 

■   of  the  distribution  of  the -alleles  in  a  large  number  of  matint 
In  the  work  described  below,   the  same  procedure  will  be  followed. 
Thus,  we  will  first  attempt  to  construct  or  contrive  an  experiment 
(mechanism)  which  describes  the  problem  and  to  then  repeatedly  mimic  ths 
experiment  with  the  aid  of  a    computek^  The  relevant  quantities  will  be 
tallied  and  then  used  to  calculate  the  estimated  probabilities.     The  pr, 
sent  chapter,  which  should  be  considered  as  introductory,  will  serve  to 
illustrate  some  computational  procedures  and  to  comment  upon  their  effe< 
tivene  ^      The  techniques  will  be  presented  by  considering  a  variety  of 
simple  exampl&s.    For  each  example,  an  analogous  r^al  world  experiment  w 
be  hypothesized  and  then  the  experiment  will  be  mimiced  on  the  computer 


It  is  hoped     at  sucn  a  procedure  will  also  serve  to.ietter  relate  the 

problem  to  reality. 

This  chapter  contains  an  appendix  which  presents  a  technique  for 
actually  calculating  the  desired  probabilities.     The  technique  is 
based  upon  an  analysis  of  the  computer  based  estimation  of  the  proba- 
bility.    The  presentation  in  this  chapter  will  consist  in  a  thorough 
discussion  of  several  problems  taken  from  probability.     This  should 
give  the  student  a  feeling  for  what  can  be  accomplished.     The  technique 
is  intuitive  and,  for  this  reason,  quite  easy  .to  follow. 


A  Very  Simple  Problem 

The  student  is  familiar  with  the  fact  that  the  probability  of  throw- 
ing an  ace  in  one  toss  of  a  die  is  one-sixth.     Most  modern  probability 
theory  texts  will  arrive  at  this  result  by  stating  %hat  the  probability 
of  throwing  a  die  on  a  single  toss  of  a  die  is  the  ratio  of  the  number  of 
possible  outcomes  which  are  an  ace  to  the  total  number  of  possible  out- 
comes.    Thus,  tor  a  single  throw  of  the  die,  since  the  number  of  possible 
.       outcomes  which  are  an  ace  is  one  and  the  total  number  of  possible  out- 
comes is  six,  the  probability  is  one-sixth.     It  is  assumed  that  all  pos- 
sible u...omes  are  equally  likely,  and  in  the  subsequent  work  this  assump- 
tion will 'be  made  unless  otherwise  stated.     The  probability,  as  calculated 
\^       in  the  above  manner,  uses  knowledge  pertaining  only  to  the  single  throw  of 
the  die.     Nevertheless,  the  phrase,  "the  probability  of  throwing  an  ace  on 
a  single  throw  of  a  die  is  one-sixth"  can  usefully  be  interpreted  to  mean 
that  if  the  die  is  thrown  a  large  number,     N.     of  times  and  a  tally,  T, 
is  kept  of  the  number  of  aces  thrown,  the  ratio    T/N    is  very  close  to 
one-sixth.     This  interpretation  arises  from  the  intuitive  notion  that  by 
throwing  the  die  enough  times,  the  ratio    T/N    can  be  made  arbitrarily 
close ^ to  one-sixth.     This  suggests  the  simulating  of  a  throw  of  the  die 
o  with  the  aid  of  a  random  number  generator,  which  in  the  subsequent  c?l8- 
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cussion  wxll  be  denoted  by  RNG.     Repeated  throws  require  repeated  use 
of  the  RNG.     The  computational  procedure  is  now  quite  evident  and  simply 
consists  of  using  the  RNG  "to  throw  the  die%  tallyiag  whether  or  not  an 
ace  is  thrown,  and  repeating  the  process    N    times.    The  determination 
of  whether  or  not  an  ace  has  been  thrown  is'  based  upon  the  following 
two  facts:     (1)     it  is  known  that  there  are  six  possible  outcomes  on 
the  throw  of  a  fair  die  and     (2)     the  RNG  produces  a  random  number  i^ich 
is  uniformly  distributed  in  the  unit  interval;  that  is  any  number  in 
the  internal  " (0,1)     has  equal  probability  of  being  selected.  This 
suggests  that  by  subdividing  thfe  unit  interval  into  six  subintervals  of 
4ual  length  and  "assigning"  the  first  interval  to  the  throw  of  an  ace, 

it  iS  possible  to  mimic  the  actual  throw  of  an  ace.     Thus,   if  the  RNG 
produces  a  number,     R,     such  that    R<l/6,     we  will  say  an  ace  has  been 
thrown,  and  if    R>l/6,     then  we  will  say  that  some  other  number,  not  an 
aye,  has  been  thrown.     After    N    repetitions,   the  tallied  number  of  aces 
divided  by    N    is  the  probability  estimate.     The  student  will  recognize 
that  this  procedure  is  entirely  analogous  to  that  used  to  estimate  the 
genotypical  description  of  the  offspring. 

Your  author  deliberately  uses  the  word  estimate  rather  than  calcula 
since  the  result  is  indeed  an  estimation  of  the  numerical  value  of  the 
probability  as  calculated  in  the  classical  manner.     The  procedure,  which 
is  called  the  frequency  method,   relies  on  the  intuitive  idea  that  if  the 
number    N,     of  trials  is  large  enough  the  difference  between  the  estiaat 
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vaxu.  for         probaMUty  a„a  .he  vaXu;  ^o.  the  probahUity  as  obtained 

1  n      The  stseed  of  the  tnodem  hig^^ 
in  the  .ore  conventional  nanner  Should  be  0^  speed 

..r    is  such  that  the  mimicing  of    10,000    or  100,000 
speed  digital  computer    is  sucn  znax. 

can  be  done  in  seconds  and  thus  the  mmicxng 
trials  of  simple  experim^ts  can  be  apne 

r.r-r,habilitv  problems.     However,  there  are 
procedure  is  feasible  for  some  probability  p 

.     ,      ^^vx^hiittv  Droblems"  whose  answers  cannot 
a  great  many  "seemingly  simple  probability  problem 

^_     .     ^        *-his  manrfer  because  the  computational  cost 
feasibly  be  obtained  m  this  manner 

„ouia  .e  too  ,reat.     .overt.eless,  there'  are  a  „u«her  of  interesting 
a.„.  non-triviax  pro.le.s  wKose  required  probabilities  can  he  effectxveiy 

This  number  is  sufficiently  large,  and  the 
estimated  in  this  manner.     This  number 

p^ohXe^s  sufficiently  diverse,  so  that  a  discussion  of  see  of  these 
prohie^s  shouXd  he  of  heip  and  interestto  the  student.  Xnaddit.on. 
there  is  a  wide  ran.e  of  problems  which  can  only  he  analysed  in  th.s 

.  .h.™  are  of  sufficient  importance  so  that  the  possi- 
manner  and  many  of  them  are  oi: 

Clonal  cost  is  accommodated.     These  procedures  are 
bit:  large  computational  cose 

called  «onte  Carlo  methods.  Xhey  are  even  useful  in  obtaining  estimates 
.o  answers  to  problems  which  are  not  probabilistic  such  as  deter.in.ng  , 

...  an  irregular  .nape,  calculating  the  heat  distribution  in  a 

.ar  whce  ends  are  maintained  at  different  fixed  temperatures,  .tc. 
Finally,   this  method  of  attacking  probabilistxc  problems  provides  the 
student  a  further  opportunity  in  model  building.     In  this  way  the 
relation  between  the  actual  and  the  theoretical  is  more  clearly 

demonstrated.  ww•n4-^, 
*  flowchart  and  a  computer  program  for  esti».tin,  the  probabxlxty 

Of  throwing  an  ace  in  one  throw  of  a  die  is  given  in    figure  8.1.  The 

^  ^-     «  ^4-  i«  fie»sired  to  perform  the 
Arrr^yyi-  is    N,     the  number  of  times  it  is  desirea  f 
program  input  is     im*  i-**'^ 

•  die  and  the  output  is  the  estimated  probabil- 

experiment  of  thrpwmg  the  die,  and  tne  ou  f 

r    M  accuracy  of  the  estimated 

ity.     By  varying  the  magnitude  of    N    the  accuracy 
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Fig.  8.1 


1  REM  ESTIMATES  PROS.   OF  AN  ACE  ON  SINGLE  THROW  OF  DIE 

5  RANDOMIZE 

10  PRINT  "TYPE  N,   THE  NO.    OF  THROWS" 

20  INPUT  N 

3  0  T=0 

40  FOR  1=1  TO  N 

50  R=RND 

60  IF  R&D.  1666-667  GOTO  80 

70  GOTO  90 

80  T=T+1 

90  NEXT  I 

100  P=T/N 

liO  PRINT  "PROB.   OF  ACE  ON  A  SINGLE  DIE  THROW  IS" 

115  PRINT 

120  PRINT  P 

130  END 
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probability  can  be  dctennined.    The  determination  of  the  throw  of  an 
ace  is  given  in  line    60    of  the  program.     Because  the  number  0.1666G7 
corresponds  to  the  fraction    1/6,    the  perceptive  student  n,ay  well  as., 
won't  you  used  the  ans«er  to  find  the  answer^-.    In  fact,  it  appears 

that  the  exact  answer  has  been  used  tio  find  an  approximate  answer! 

The  explanation  of  this  seeming  enigiiia  is  as  follows.    The  usual  tech- 
unique  for  <ni«icing  the  throw  of  a  die  on  a  computer  is  to  write 

(a) 

LET  R=INT(6*RND+1) 

NOW  the  operation    6*RND.l      produces  a  random  number  between    1  and 
7    and  taking  the  integer  part  of  this  number  yields  an  integer  between 
X    and    6.     we  associate  a    1    with  an  ace  on  the  throw  of  the  die  and 
thereby  mimic  the  throw  of  an  ace.         By       using  the  operation  of 
■integer  parf  we  are  in  effect  subdividing  the  interval     (1.7)  xnto 
6  equal  parts,  each  it  unit  length, and  by  associating  the  interval  - 
,1  2,    with  the  throw  of  an  ace  we  are  determining  when  an  ace  is  thrown. 
This,  we  are  associating    1/6    of  the  interval     (1.7,    with  an  ace. 
•       Therefore,  the  process  defined  by  equation     (a,     above  actually  expands 
:        the  un.t  interval,  partitions  it  into    6    equal  parts  and  then  assign, 
one  of  these  parts  a  desired  interpretation.    Now  the  same  end  can  be 
accomplished  by  directly  subdividing  the  unit  interval  into    6  subinter- 
val  parts  and  then  associating  the  first  of  these  subintervals, (0, 1/6, , 
With  the  throw  o|  an  ace.     This  procedure  requires  less  computational 
,         effort  and  is  muV:h  easier  to  implement.  'Hence  we  are  using  it. 

It  is  certainly  true  that  we  have  ended  up  building  the  answer 
into  our  problem,  albei..  unwittingly    However,  this  turns  out  to  be 
a-  blessing  rather  than  a  curse  since  it  permits  an  easy  recognition 
,,tc  of  our  procedure  with  the  approach  used  in  classical  probability  theory. 


r. 

In  fact,  if  we  associate  the  length  of  the  unit  interval  with  a  large  ^ 
number,    N,    of  throws  we  see  that  the  interval    (0,1/6)  corresponds 
to    N/6    throws  and  hence  the  ratio    (N/6)/N«l/6     is  the  desired 
probability.    This  interpretation  is  very  fruitful  and  we  shall  pursue  j 
it  more  in   the  first  appendix  to  this  chapter. 

In  order  that  the  student  may  better  appreciate  the  above  dis- 
cussion we  consider  the  randcnn  selection  of  the  parental  genotypes  in  ^ 
the  genetics  problem  in  a  similar  manner.     In  the  simple  version  of 
that  problem  the  number  of    AA,     AB    and    BB    parent  genotypes  was 
given  and  it  was  required  to  randomly  select  a  parent  from  such  a  pre- 
scribed  genotypical  distribution.    We  will  illustrate  the  procedure 
for  selecting  a  parent  genotype  by  considering  a  specific  example. 
Assume  that  there  are    200    AA.     500    AB    and    300    BB    parent  genotype^ 
respectively.     Since  there  is  a  total  of    1,000    parents,  it  is  necessai 
to  construct  a  process  for  selecting  a  random. number  between    1  and 
1,000.     The  instruction 

LET  R=INT{1000*RND+1) 

accomplishes  this.     This  instruction  expands  the  unit  interval  to  an 
interval     1000    unit,  in  length  and  ti^  ^vides  this  interval  into  1000 
equal  intervals  of  unit  length.     By  associating  values  of    R  from 
1    to    200.  with    AA    parent  genotypes,  values /if    R    fron.    201  to  700^ 
with    AB    parent  genotypes  and  values' of    'r    from    701  to  1000  with 
BB    genotypes  we  have  constructed  a  process  which  randomly  selects  an 
AA,    AB    or    BB    parent  genotype.     The  procedure  of  comparing  a  random 
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number  in  the  unit  interval  with  the  respective  fractions    0.2,  0.7 
and    1.0    accomplishes  the  same  objective  and  is  easier  to  implement 
and  more  economical  to  use.     In  effect  we  are  saying  chat    0.2 'of  the 
'      parents  are    AA    genotypes,     0.5    of  the  parents  are    AB  genotypes 

and    0.3    of  the  parent^  are    BB    genotypes.     This  seems  a  more  natural 
description. 

In  our  die  problem,  as  the  number  of  throws  increases,  it  will  be 

noted  that  the  estimated  probability  does  indeed  approach  1/6. 

i-hat  Is  about  100  tines 
However,  the  speed  of  this  approach  is  very  slow,^"*^  '■^ 

as  many  trials  are  needed  to  get  a  single  decimal  digit  more  of  accuracy 
,  in  the  estimated  probability.     This  result  is  in  accordance  with  the  well 
k««n  fact  (at  least  arou»J  ca^ater  c«.ters)  that  Monte  arlo  or  MB  based  procedures 
require  a  very  large  nurtoer  of  trials  to  c*tain  reasonable  accuracy.    It  can  be  *c«n 
that  the  accuracy  varies  as  the  square  root  of  the  number  of  trials  and  thus 
an  increase  in  accuracy  of  two  decimal  digits,  that  is  an  increase  in 
accuracy  of    100,     will  require     (100)='    or    10,000    times  as  many  trials. 
Despite  this  very  real  difficulty  in  the  obtaining  of  accurate  answers, 
the  method  is  quite  useful  for  obtaining  reasonable  or  crude  estimates. 
The  student  should  run  the  simple  dice  program  for  different  values  of 
.   N.     He  will  note  that  for  small  values  of    N,     like    12    or  so,  the  results 
vary  dramatically.     This  is  in  accord  with  the  well -known  observation 
that  much  more  frequently  than  one  would  intuitively  expect,  it  is  the 
case  that  the  number  o*>  aces  recorded  in    12    throws  of  a  die  is  not  2. 
A  repetition  of  the  experiment  of  throwing    he  die    100    times  indicates 
less  relative  variation  in  the  estimated  probabilities  and  repeating  the 
e-periment  with    10,000    throws  of  the  die  reveals  approximately  one 
tenth  t^e  previous  relative  variation.     Such  com,|.arisons  also  illustrate 
the  difficulty  in  obtaining  accurate  assessments/ from  small  samples. 
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It  is  natural  to  ask,  "In  view  of  this  uncertainty  about  the  . 
answer,  how  does  one  know  when  a  prescribed  degree  of  accuracy  has 
be^n^tained?"    The  answer  is  "One  cannot  actually  know  for  certain 
if  a  prescribed  degree  of  accuracy  has  been  attained-.    Theory  tells 
us  that  as  Xhe  number  of  experiments  increases  it  becomes  more  and 
more  certain  ihat  the  ratio  of  the  tallied  successful  experiments  to 
the  total  riumber  of  experiments  approaches  the  true  probability.  Your 
author  deliberately  chose  the  word  approaches  rather  than  the  word 
converges  because  the  latter  word  has  a  very  definite  meaning  in 
matliematics.     In  mathematics,  if  a  sequence  of  numbers  is  said  to  con- 
verge to  a  number,  it  is  understood  that  by  "going  out  far  ^nough  in 
the  -sequence"  it  is  definitely  possible  to  find  a  term  in  the  sequence 
of  numbers,  such  that  this  term  and  all  others  succeeding  or  beyond  it 
in  the  sequence,  are  arbitrarily  close  toth^  number.     In  contrast, 
the  sequence  of  probability  estimates  generated  by  repeating  the  ex- 
-  periment  for  successively  larger  numbers  of  tri  cannot  be  said 

to  converge  to  the  probabiUty  in  the  sense  tha.  .t  is  possible  to 
finl  some  finite  value  for  H  such  that  for  all  numbers  of  experiments 
greater  than    N  the  value  of  the  probability  as  calculated  would  be  - 
arbitrarily  close  to  the  true  probability.    The  key  word  here  is  the 
word  'all'.    What  is  true,  and  can  be  shown,  is  that  for  a  large 
enough  value  of  N,  the  probability  as  estimated  fof  larger  and  larger 
numbers  of  experiments,  would  have  less  and  less  of  a  chance  of  dif- 
fering from  the  true  probability  by  an  arbitrarily  small  amount.  In 
other  words,  the  certainty  of  getting  arbitrarily  close  to  the  true 
probability  increases  as  the  number  of  experiments. increases.  A 
rigorous  discussion  of  this  topic  is  presented  in  texts  on  mathematica 

Ik 
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In  light  of-  the  previous  discussion,  the  accuracy  of  the  results 
is  subject  to  question.    Nevertheless,  the  -probability"  of  the  methods 
producing  very  incorrect  estimates  is  very  very  small  providing  that 
the  number  of  experiments  is  large  enough.    We  nbw  present  a  heuristic 
discussion  of  how  to  probably  obtain  a  prescribed  degree  of  accuracy 
using  the  mimicing  technique.     Denote  the  number  of  repetitions  of  N 
trials  by  M  where  M  may  be  3  or  4.     A  crude  method  for  estimating  the 
accuracy  of  the  result  consists  of  M  repetitions  of  N  trials  and  noting 
the  degree  of  agreement  of  the  left  most  figures  of  the  probability 
estimates  obtained  from  each  repetition.     If  the  first  3  figures,  say, 
are  the  same,  then  we  use  these  first  3  figures  as  our  probability 
estimate.     An  obvious  improvement  on  this  iethod  is  to  make  more 
effective  use  o^  the  data  obtained  in  the  M  repetitions^ of  the  N  . 
trials.     By  adding  the  total  number  of  favorable  experiments  in  all  M 
repetitions  and  then  dividing  this  sum  by  the  total  number  of  trials, 
M*N/it  is  possible  to  obtain  a  probability  estimate  corresponding  to 
(M-1)*N    more  mimiced  experiments  with  very  little  extra  effort. 
Anther  measure  of  the  accuracy  can  be  obtained  by  averaging  the 
probab_;ity  estimates  calculated  from  each  of  the  M  repetitions  and 
then  comparing  this  result  to  the  others.     If  the  probability  estimates 
obtained  from  each  of  the  M  repetitions  are  considerably  different,  ^ 
one  from  another,   it  may  be  necessary  to  increase  the  number  of  trials 
by  a  factor  of  10  or  100  (hopefully  not  more  unless  computational  time 
is  of  no  concern)  and  to  then  rerun  the  programs.     "Proper"  comparison 
of  the  results  so  obtained  with  the  earlier  results  should  then  enable 
a  reasonable  estimate  of  the  probability  to  at  least  a  few  significant 
figures.   (Note  all  of  the  hedge  words.) 
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A  Second  Simple  ProbleBS  * 

A  fatmer  has  a  herd  of  20  ranch  cows  which  simultaneously  become 
infected  with  hoof  and  mouth  disease  and  in  four  weeks    15    of  the.  h^ve 
.ecover^i  ^ixe  the  r«naini^  5  ha^  not  yet  Piva  animals  axe  sel^  at 

*.<,v.         ;=,rrf  it  is  desired  to  know  the  probability  that: 
randan  from  the  entire  herd  aiKi  it.  is  oeoii-w*  ^ 

(a)  None  of  the    5    have  recovered  in  four  weeks. 

(b)  Exactly    3    of  the    5    have  recovered  in  four  weeks. 

(c)  -  All    5      have  recovered  in  four  weeks. 

The  first  task  in  the  procedure  for  estimating  the  probabilities 
is  to  construct  a  "real  world"  experiment  which',  if  repeated  often 
enough  and  the  appropriate  results  tallied,  would  enable  the  calcula- 
tion of  the  desired  probability  estimates.     In  this  example  a  realxza- 
tion  of  What  is  required  in  order  to  estimate  the  probabilities  will 
su.,est  the  experiment  to  be  performed.     The  frequency  method  suggests 
that  we  imagine  that  there  exists  a  large  number    N,     of  such  herds 
and  that  from  each  of  these  herds    5    animals  are  selected  at  random, 
^ker  each  selection  of    5    animals,  the  number  of  recovered  animals 
is  tallied  and  running  totals  of  the  results  are  kept.     An  estimate 

V.  K  «-hat  all    5    have  recovered  is  given  by  the  ratio- 

of  the  probability  that  aii  ^ 

of  the  number  of  selections  resulting  in  all    3    animals  having  recovere 
aivided  by    «.     Similar  ratios  give  the  required  probability  estimates 
for  parts  ( b,  and  (c).  An  equally  appropriate  hypothetical  experiment 
•consists  in  randomly  selecting  five  cows,  tallying  the  health  status 
of  each  cow,  then  replacing  the  five  cows.     The  cows  are  allowed  to 
mill  and  mix  together  and  five  cc^  are  agaii,  selected  at  random  and  the 
health  status  is  again  tallied.      The  process  is  Repeated    N  times. 
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The  aevelopnJcnt  of  the  computer  program  requires  a  method  for 
mimicing  the  selection  of    5    cows  at  random  from  a  herd  of    20  cows. 
This  will  be  accomplished  by  a  slight  modification  of  the  technique 
used  to  mimic  the  random  selection  of  a  parental  genotype  from  a 
prescribed  distribution  of  parental  genotypes.    The  mlmicing  of  the 
random  selection  of  the  first  cow  is  based  upon  the  fact  that  the 
proportion  of  recovered  cows  is    15/20.      Recalling  that  the  RHG 
produces  a  random  number,    R,    between    0    and  1,  we  generate    an  R  and 
compare  it  to  the  proportion    15/20.     If    R115/20    we  say  that  we  have 
selected  a  cow  Which  recovered,     if    R>15/20    we  say  the  selected  cow 

.as  not  recovered.     The  selection  of  the  second  cow  is  based  upon  the 

4=  *.>,o  first  COW.  the  herd  consists  of 
fact  that  after  the  selection  of  the  first  cow, 

.     1      .nd  if    it  is  supposed  that  the  first  cow  selected 
only    19    animals,  and  it  i^ 

^t-i^r^  nf  r«acovered  animals  would 
has  recovered,  the  remaining  proportion  of  recoverea 

.   ■        *         eolection  of  a  second  cow  is 
then  be    14/19.    The  mimicing  of  the  selection 

accomplished  by  comparing  a  second  random  nu:^er  with  the  ratio  14/13 
to  determine  the  state  of  health  of  the  animal.    In  a  similar  manner, 
a  .econd  recovered  co«  has  been  chosen,  the  remaining  proportion  of 

11/18    and  a  third    n    is  chosen  and  compared  to  the 
recovered  cows  is    13/18    ana  a  cnii 

ratio    13/18    to  determine  whether  or  not  the  third  selected  cow  has 
recovered.     On  the  other  hand,  if  the  initial    R    had  b^en  such  that 
R>15/20,  we  would' have  said  that  a  sick  cow  had  been  selected.  Since 
15/19    of  the  remaining  herd  has  recovered,  the  next  value  of    R  is 
compared  to    15/19    to  determine  whether  or  not  a  recovered  cow  has 
been  selected.     If  a  recovered  cow  is  then    selected,  a  third  value 
of    R    is  compared  to  the  fraction    14/18    to  determine  the  status 
of  the  health  of  the  third  cow  drawn.       The  procedure  should  now  be-  ' 


clear  and  tUe  process  is  repeated  t«o  »ore  times,  thus  oimlcing  the 
Choosing  of    5  cows  at  random.    Of  course,  for  the  calculation  of 
part  (a,    if  ever  an  unhealthy  cow  is  selected  there  is  no  need  to 
continue  mimieing  the  experiment  since  only  those  experiments  re- 
sulting in  the  selection  of    5      recovered    cows  are  to  be  . 
tallied  along  with  the  total  number  of  experiments.    The  implication 
of  this  fact  Should  be  included  in  the  program  to  minimize  computer 
time,    m  the  program  shown  below  this  was  not  done.  , 

The  selection  procedure  has  been  discussed  in  such  great  detail 
to  emphasize  the  closeness  of  the  computer  based  experiment  to  the 
actual  experiment.    We  again  repeat,  the  procedure  is  to  mimic,  with 
tbe  computer,  the  way  in  which  the  probabilities  would'.ctually  be 
estimated  if  they  were  to  be  estimated  experimentally.     In  a  real 
sense  we  are  constructing  computer  based  experiments.    It  is  usually 
the  case  that  the  most  difficult  part  of  the  problem  is  .J.e  imagining 
of  the  hypothetical  Teal  world'  experiment  which,  if  actually  carried, 
out,  would  yield  the  data  necessary  to  estimate  the  desired  probabili- 
ties,   in  this  regard,  as  an  aid  in  the  imagining  of  the  experiment,  it 
,.,ay  be  of  assistance  to  disregard  the  cost  or  practicality  of  the 
proposed  experiment;  just  assume  that  whatever  the  procedure  is; 
it  could  be  carried  out  regardless  of  cost,  size,  manpower,  etc. 
The  sole  criteria  to  be  met  by  the  hypothetical  experiment  is  that  if 
it  were  carried  out  it  would  yield  data,  which  if  tallied,  could  be 
used  to  form  the  ratios  which  are  to  be  the  estimates  of  the  desired 
■  probabilities.     The  construction  of  the  computer  program  which  mimics 
the  experiment  is  usually  quite  evident  once  the  'real  world'  experi- 
ment has  been  carefully  delineated. 

»  computer  program  vhich  mimics  the  experiment  Is  *c»n  in  figure  9- 
and  the  .  .ocedure  f  or  selecti^    the    5    cows  at  random  is  accompUshed 
in  instructions    120-170.     In  particular,  instruction    140    is  the. 
mechanism  whereby  the  proportions  are  altered  each  time  a  recovered 
o  u  The  initial  proportion  of  recovered  cows  is  specified 
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le  REM  R  SECOND  SIWEkE  PROBlEtl 

30  PRINT  "TVPE  THE  NUMBER  OF  EXPERIl^ENTS 

40  INPUT  N     -  .  ' 

70  LET  5-0 

80  LET  U»15 

90  LET  V=21 

100  TOR  I«l  TO  N 

lie  LET  J«0 

120  FOR  K«l  TO  5 

130  LET  R=RND10> 

140  IF  R<a<U-C:«/<V-K>GO  TO  160 

150  GO  TO  170 
160  LET  J«J+1 
170  NEXT  K 

180  IF  J=5G0  TO^200  -nw  ' 

190  GO  TO  210  ^ 
200  LET  S«S+1 
210  NEXT  I 
220  LET  P=S/N 

220  PRINT  "THE    PROBABILITY  IS";P 
240  END 
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in  instructions    80    and    90.     By  altering  these  data,  other  proportioi 
may  be  examined.     Line     160    in  the  program  tallies  the  number  of  re- 
covered cows  out  of  .the    ^    that  are  selected  and  line    200  tallies 
the  number  of  times    5    recovered  cows  are  selected.     The  probability  . 
ralculated  in  line    220.     By  changing  instruction     180    to  read 

180     IF  J=3  GOTO  200  '  ' 

part  (b)    can  be  answered  and  by  changing  the  nuiSber    3     in  the  above 
line  to  the  number     0,     part    (c)  can  be  answered. 

A  Third, Problem 

A  geneticist  has  a  large  population  of  experimental  white  mice. 
50     percent  of  the  mice  have  short  tails,     25  percent  have  discolored 
eyes  and     40  percent  of  the  mice  with  discolored  eyes  also    have  short 
tails. 

(a)  What  is  the  probability  that  a  mouse  selected  at  randoff 

,.has  discolored  eyes  and  also  has  a  short  tail? 

C 

(b)  What  is  the  probability  that  a  mouse  clxjsen  at  random  has 
neither  of  the  afflictions? 

V:...    'real  world"  exi-friment  would  consist  in  choosing  a  mouse 
at,-andoni  and  then  recording  whether  it  had  a  short  tail,  discolored 
eyes  or  both.     The  experiment  would  be  repeated  a  large  number  of 
times  and  a  tally  nade  of  the  number  of  mice  that  had  the  respective 
^afflictions.     In  order  to  computationally  mimic  the  random  drawing  of 
a  large  number  of  mice  and  to  then  determine  the  respective  afflictioi 
of  each  of  the  mice  so  selected,   it  is  first  necessary  that  the  pro- 
portions of  tnice  having  th^  respective  afflictions  be  designated  prop< 
on  the  interval     (0,1).     The  designation  of  the  proportion  of  mice  ha 
short  tails  is  accomplished  by  letting  the  interval     (0,0^5)  corresp 
to  short  tailed  mice.-    Since    40  percent  of  the  mice  with  discplored 

s 
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eyes  also  have  short  tails,  we  see  that    40    percent  of    25  percent, 
or    10  percent,  of  the  total  mice  population  have  both  afflictions. 
Thus,  the  interval     (0.4, O.S)     corresponds  to  the  proportion    of  the 
,nice  population  having  both  afflictions  and  the  interval     (0.5,0.65)  ^ 
corresponds  to  the  proportion  of  mice  having  only  a  discoloration  of 
the  eye.     A  pictorial  representation  of  the  distribution  of  the  brooor- 
tions  of  the  afflictions  in  the  unit  interval  is 


0.4    0.5  0.65 


0  A  B 


where: 


i)     segment    OB    designates  the  short  tail  mice, 
U!     segment    AC    designates  the  discolored  eye  mice, 
iii,     segment    AB    designates  the  mice  with  both  afflictions,  and 
iv)     segment    CD    designates  the  unafflicted  mice. 
These  segments  are  the  proportions  of  the  mice  population  having 
the  respective  afflictions.     The  selection  of  a  mouse  at  random  and  the 
r......ion  of  its  atfM  -tion  is  accomplished  by  choosing  a  random  - 

n>^.«-  .«a  then  noti^  in  v*ich  interval  the  randr„  no^  falls.    Because  the 
population  is  "largo"  these  proportions  will  not .change  regardless  of 
the  number  of  mice  .elected  from  the  population.     The  construction  of 
the  program  for  part     (a)     is  now  straightforward  and  is  represented 
in  the  flowchart,     figure  8.3. 
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Flowchart  for  Third  Problem 
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The  flowchart  of  the  program  to  mimic  the  experiment  to  obtain  the 
tallies  necessary  to  answer  part     (b)     is  obtained  by  replacing  the  first 
test  by 

I 

YES 

Those  students  who  have  had  the  rudimenrts  of  probability  theory 
will  recall  that  the  answers  are  readily  obtainable  from  the  pictorial 
representation,  on  the  unit  interval,  of  the  respective  afflicted 
proportions  of  the  mouse  population.     Thus,  it  may  seem  that  by  attacking 
the    problem  in  this  manner,  we  have  used  a  megaton  to  only  partially 
shoot  down  a  fly.     However,  the  construction  of  such  c(»iputer  baeed 
experiments  is  an  art.     The  capability  to  readily  construct  such  pro- 
grams  is  very  helpful  when  these  programs  are  to  be  integral  parts  of 
larger  programs.     Thus,  your  author  feels  that  the  more  examples  you 
have  to  look  at,  the  easier  it  is  for  you  to  acquire  the  art. 


A  Fourth     r obi em 

A  biologist  has  two  cages  containing     500     and    1000  flies 
respectively.     Because  of  unsanitary  conditions  ±n  the  laboratory  1/5 
of  the  flies  in  the  first  cage  become  sick  and    1/4    of  the  flies  in 
the  second  cage  become  sick. 

(a)  What  is  the  probability  that  a  fly  chosen  at  random  comes 
from  the  second  box  and  is  ill? 

(b)  If    30  percent  of  the  flies  in  the  second  cage  have  a 

wing  mutation  what  is  the  probability  that    a  randomly 

* 

selected  fly  is  not  ill  but  does  have  the  wing  mutation? 


1A 

^  experiment  whose  repetition  wouXa  produce  data  p.r»ittin.  the 
^- on  of  the  required  probabilities  could  consist  in  randomly 
''^.  Ly  ^^^  -  ^  t.  c^  i.  - 

a«i  then  returning  the  fly  to  its  original  cage.    B«  esttotia.  of  the  ans«er  ^ 

to  part    U,     wUl  be  obtained  by  .i^icin,  the  random  selection  of  a 

tallying  whether  it  ca^e  fro™  the  second  cage  and  was  .11.  and  th  „ 

'  ^  r  4.4m*»c5      The  determination  of 

repeating  this  procedure  a  large  number  of  txn«s. 

.he  cage  fro.  which  the  fly  was  selected  is  made  by  compaUng  a  rand«« 
„o»a,er    HI,     to  the  ratio    SOO/ISOO      or    1/3-     m  discussing  th.s  ^ 

,    „,  etc.    will  denote  random 

problem,  and  others  to  follow,     Rl,  R2,  R., 

numbers  in  the  interval  (0,1)  as  successively    .«=duced  b.  the  PNC.    If  «l>l/3. 
iTfly  is  said  to  come  from  the  second  cage.     Civen  that  the  fly  =a»e 
.rom  the  second  cage,  a  second  random  number    R.     is  chosen  an    com-  . 

The  development  of  the  program  should  now  be  evident. 

.he  answer  to  part  (b,  requires  the  determination  of  whether 
not  the  randomly  selected  fly  came  from  the  second  cage,  had  a  w.ng 
...ation  and  was  not  ill.     To  accomplish  this  we  select    .3    and.  as 

*-rmw»  from  the  second  cage.,  ay 
above,  if    R3il/3    the  fly  is  sa.d  to  come  from 

.omparing  to    3/10.     the  determination  of  whether  or  not  th  flV 

■  a  Wing  mutation  can  be  made  and  by  comparing    RS    to  the  r.t.o 

health  of  the  fly  can  be  ascertained.     Thus,  if  the  --  ---  - 

.n       ^    RB>l/4      are  all  siimiltaneously  satxsfxed.  the  f . 
oi>l/l        R4O/10     and    R5>l/4  are 

R3>l/3,      K*»_^/  mutation  an< 

+-Vi«a  second  cage,  have  a  wxiiy 
.  will  be  said  to  have  come  from  the  secona  g 
<<  ^ 
be  in  qoo^  health. 
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i  REM  PROBLEM  NO.  4  OF  CHAPTER  ^^^^^.^^ur^'* 
20  PRINT  "TVFE  H.   THE  NO.    OF  DESIRED  EKPERIMENT5" 

30  INPUT  N 

90  RT^NDOMIZE 

108  LET  S»0 

lie  FOR  1=1  TO  N 

120  LET  RsRNP 

120  IF  R>»  333333G0  TO  150 

140-60  TO  210 

150  LET  RsRND 

160  IF  R<«. 3G0  TO  180 

170  GO  TO  210 

180  LET  R»RND  \ 
190  IF  R<«».  2500  TO  21© 
200  LET  S«S+1 
210  NEXT  I 
220  LET  P«S/N 
PRINT 

230  PRINT  "THE  ESTIMATED  PROBRBILITV  IS" 
240  PRINT  P 
2S0  END 
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The  cofflputer  progra»  for  part  (b)  is  listed  in  figure    8.4  and 
the  determination  of  which  cage  the  fly  is  selected  from  is  acco,.pliBhed 
in  lines    120    and    130.     Lines    150    and    160    determine  whether  or 
not  the  fly  has  a  wing  mutation  and  lines  180  and  190  determine  the  health  of 
the  fly.    The  tallying  is  done  in  line    200.  , 
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A  Fifth  Problem 

Three  large  cities    CI,     C2,     and    C3    experience  a  simultaneous 
epidemic  of  both  influenza  and  measles.     In  city    CI,     the  proportion 
of  people  having  influenza  is    1/8    and  the  proportion  having  measles 
is    1/16    while  in  city    C2    the  respective  proportions  are  1/10 
and    3/10,  and^^nally  in  city    C3    the  respective  proportions  are 
1/25    and    1/5.     It  is  assumed  that  all  individuals  are  equally  likely 
to  have  either  disease  or  both.     The  populations  of  the  cities  are  such 
that  city    CI    is  twice  as  large  as    C2    and  three  times  as  large  as  03 

(a)  What  is  the  probability  that  a  person  selected  at  random  frc 
one  of  the  three  cities  has  only  measles? 

(b)  What  is  the  probability  that  a  person  selected  at  random  fr« 
one  of  the  three  cities  -has  both  influenza  and  measles? 

(c)  A  person  is  selected  at  random  from  e^ch  city.  What  is  the 
probability  that  exactly  one  of  these  people  l^s  only  one  o 
the  illnesses? 

(d)  If  a  person  is  selected  at  random  from  one  of  the  three 
cities,  and  has  both  diseases,  what  is  the  probability  that 
the  selected  individual  caa©  from  city  C2? 
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For  parts  (a) ,  (b)    and    (d)  tte  experiment  will  coaisist  in  randomly  selecting 
an  individual  from  one  of  the  three  cities,  aiui  then  based  ^jpon  the  epidanic  data 
of  that  city,  determining  the  state  of  the  health  of  the  chosen 
individual.     In  order  to  use  the  RNG  to  select  an  individual  from  one 
of  the  three  cities  it  is  first  necessary  to  properly  subdivide  the 
unit  interval  in  accordance  with  the  relative  proportions  of  the 
populations  of  the  thr,2e  cities.     This  may  be  accomplished  by  letting 
the  entire  unit  interval  represent  the  total  population  of  the  three 
cities  and  then  determining  that  part  of  the  interval  each  city  should 
occupy.     A  little  thought  suggests  that  the  required  subdivision  is 
obtained  by  designating  the  first  6/11  of  the  unit  interval  as  repre- 
senting city  CI,  the  second  3/11  of  the  interval  as  representing  city 
C2  and  the  last  2/11  as  representing  city  C3.     Thus,  the  choice  of 
which  city  the  randomly  chosen  individual  comes  from  is  given  by 
the  three  possibilities: 


(a)     if    R1<6/11     the  individual  is  from  city  Cl, 

if     6/ll<Rl^'^   •  1     the  individual  comes  from  city    C2,  and 
ic)     if    9/ll<Rl£l.O    the  individual  comes  from  city    C3.  ' 

Thf  development  of  the  computer  program  to  answer  part     (a)  is 
explained  below  and  in  the  flowcharts  shown  in     figure    8.5a,  8.5b 
and     8.5c  paqes  B.26,   8.27,  and  8.28. 
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Instruction    120    o£  figure    8.5a    determines  if  the|  randon»ly 
selected  individual  comes  from  city    CI    and    if  he  does,  lim  X40 
ascertains  whether  or  not  he  has  influenza.    Assuming  that  he  does  hav 
influenza,  a  marker,     C,     is  set  equal  to  one     (line    170)    to  denote 
this,  and   the  number  of  individuals  with  influenza  is  increased  by  one 
(line  180).     If  the  individual  does  not  have  influenza  the  marker  is 
set  equal  to  zero.     The  marker  proyides  a  method  for  noting  whether 
or  not  an  individual  has  inflWnza  and  this  capability  is  used  in 
instruction    230    to  separate  those  individuals  having  only  measles 
from  those  that  have  both  measles  and  influenza.     Instruction  210 
decides  whether  or  not  the  individual  has  measles.    Councors  have  been 
inserted  at  the  proper  places  to  provide  for  the  counting  of  the  number 
of  individuals  having  the  various  diseases.     Counters    Fl  and 
Ml    count  the  number  of  individuals  from  city    CI    who  have  only 
influenza    or  only  measles  respectively  and  counter    Bl    counts  the 
number  of  individuals  having  both  diseases.     Similarly  in  figures  8.5b 
and    8.5c    counters    F2,     M2,     B2     and    F3,     M3,     B3    count  the 
respective  number  of  such  individuals  in  cities    C2  and  C3.  ThdT" 
estimated  probability  for  part  (b)   is  obtained  by  replacing  line  810 
by 

810     LET  P=(B1+b'2+B3)/N 
and  rewriting  line  820  as 

820  PRINT  "THE  P^BABILITY  OF  HAVING  BOTH  MEASLES  AND  INFLUENZA  IS" 
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Part  (c)    requires  the  ^mimicing  of  the  experiment  which  consists  of 
the  random  selection  of  3  individuals,  one  from  eaidn  city,  and  the  determina- 
tion of  the  hoalth  status  of  each.    This  experiitient  is  r^jeatod  a  large  numiaer 
of  times  and  all  occurrences  in  which  exactly  one  of  the  three  selected 
individuals  has  only  one^isease  are  tallied.     The  ratio  of  the  number 
so  tallied  with  the  number  of  experiments  provides  an  estimate  of  the 
required  probability. 

The  previous  program  needs  only  slight  modifications  to  obtain 
a  program  which  will  permit  an  estimation  of  the  answer  to  part  (c) 
Because  an  individual  is  selected  from  each  city,  the  determination  of 
which  city  tne  individual  originates  from  can  be  omitted  anSftherefore, 
lines    110,     120,     320    and    330    may  be  deleted.    iSie  determinati<»i  of  the 
health  status  of  a  ran^mly  selected  individual  from  a  given  city  is  acoowplished  ty 
comparing    R,     a  random  number  produced  by  the  RNG,  to  the  appropriate 
proportion  of  sick  individuals  in  the  given  city.    Hiis  selection  must  be  r^)eated 
three        .;;  each  time  with     r?ifferent  randcro  nunter.    For  each  individual  the  health 
status  IS  recorded  and  a  determination  is  made  of  wnetner  or  not  exactly  one 
of  the  three?  individuals  has  only  one  of  the  diseases.     If  this  is 
so,    a  tally  is  recorded!       The  experiment  is  then  repeated    N  times 
regardless  of  whether  or  not  exactly  one  of  the  individuals  has  only 
one  of  the  diseases.     The  quotient  of  the  tally  and    N    yields  the 
desired  probability  estimate.         To  obtain  an  answer  to  part  (d)  it 
is  first  necessary  to  understand  what  is  called  for.     In  terms  of 
our  frequency  interpretation  of  probability  we  see  that  this  question 
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is  equivalent  to  asking  what  proportion  of  all  the  individiials  having 
both  diseases  is  the  number  of    C2    individuals  having  both  diseases. 

The  modification  of  the  computer  program  to  obtain  an  estimate 
to  the  probability  asked  for  in  part  (d)    is  quite  simple.     This  is 
because  provision  has  already  been  made  for  tallying  the  number  of 
individuals  in  each  city  having  both  diseases  (lines    260,     460  and 
660) .     Since  the  probability  is  estimated  by  the  ratio  of  the  number  C 
city    C2   individuals  having  both  diseases  to  the  total  number  of  in- 
dividuals having  both  diseases  it  is  only  necessary  to  alter  line  81( 
to  read; 

810     LET  P=B2/(B1+B2+B3) 

and  to  rewrite  line     820  as: 

820     PRINT  "PROS.    THAT  AN  INDIVIDUAL  HAVING  BO'^H  DISEASES  IS  PROM  C 
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M1=M1+1 
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il^C     li;  the  individual 
from  city  .CI? 


V-^Q    Does  the  ijitfividual 
have  i  nf luenza? 


c?l  0    Doetf^  the  individual 
have  meai^lesV 


Flowchart  for  Problem  /^S 
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Fig.  8.5a 


-lO  Does  the 
individual 
have  both?  1^30 

YES 


1+60 


B2=B2"»-1 


1+70 


320    Is  the  individ'.  il 
from  city  C2? 


3U0    Does  the  individual 
have  influenza? 

i 


1*10    Does  the  individual 
have  measles? 


800 


800 


Flowchart  for  Problem  (continued) 
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I  nJ  ivi dual 
h'iV^-"  both? 


660 
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5U0    Does  the  Ind^idual 
have  infliifeilta? 


610    Does  the  individual 
have  measles? 


Rio 
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1  P?EM      THIS  1?  THE  FIFTH  PRPBLEM 

2  REM 

3  REM  •  .  ' 

20  PRINT  "TVPE  N.    THE  NO.    OF  TIMES  WISH  TO  DO  EXPERIMENT" 
25  INPUT  N 
40  PRiNT 

44  REM 

45  REM  LINES  50-72  INITIflLZE  THE  COUNTERS 

46  REM 

50  LET  F1=0 

51  LET  F2=0 

52  LET  F3=0  r      ».  ,  . 

60  LET  B1«=0 

61  LET  62=0 

62  LET  B3=e 

70  LET  Ml-0 

71  LET  M2=0 

72  LET  M3=0 
90  RANDOMIZE 
100  FOR  1=1  TO. N 
110  LET  R1=RND 

120  IF  Rl<=.  54545400  TO  120 
122  GO  TC  320 

124  REM  »       .  ♦ 

125  REM  INSTR5.    120  TO  260  ESTABLISH  HEALTH  OF  IND.    FROM  FIRST  CI TV 

126  REM 

120  LET  R2=RND 

140  IF  R2<«=  125G0  TO  170 

150  LET  C=0 

160  GO  TO  200 

170  LET  C=l 

180  LET  F1*F1*1 

200  LET  R3-RND  ^ 

210  IF  R3<=.  0625GO  TO  230 

220  GO  TO  800 

220  IF  C=1G0  TO  260 

240  LET  M1=M1+1 

250  GO  TO  800 

260  LET  Bl=Bi+l 

270  GO  TO  800 

320  IF  Rl<=.  818181G0  TO  220 
222  GO  TO  520 
224  REM 

325  REM  INSTRS.  220  TO  460  ESTABLISH  HEALTH  OF  IND.  FROM  SECOND  CITV 
226  REM 

220  LET  R4=RND  '  — 

240  IF  R4<=  IGO  TO  278 
250  LET  C«=0 
360  GO  TO  400 
270  LET  C=i 
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380  LET  F2«F2*1 

400  LET  R5=RND 

410  IF  P5<:=.  3G0  TO  428 

428  GO  TO  see 

430  IF  C*iQO  TO  46© 
440  LET  H2»M2"M 
450  GO  TO  800 
460  LET  B2«B2+1 

4?0  GO  TO  800  '  * 

520  REM     INSTRS.    530  TO  66©  ESTABLISH  HEftLTH  OF  IND.    FROM  THIRD  CITV 
•  521  REM 
530  LET  R6=RND 
540  IF  R6C=.  04GO  TO  570 
550  LET  C«0 
560  GO  TO  600 
570  LET  C=l 
580  LET  F3=F3-»'l 

600  LET  R7*RND  ' 
610  IF  R7<=.  260  TO  63© 
620  GO  TO  800 
630  IF  C=1G0  TO  66i 
^  6^  LET  M3=M3+1  ' 
650  GO  TO  800 
660  LET  B3=B3+1 

670,  GO  TO  800  ^ 
800  NEXT  I 

810  LET  P=<M1-»'M2*M3>^N 

820  PRINT  "THE  PROB.    OF  AN  IND.    HAVING  ONLV  MEASLES  IS" 
830  PRINT 
840  PRINT  P 
850  END 
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h  Sixthv Problem  - 

In  three  large  southern  pine  forests,  sane  of  the  trees  are  infected  with 
^  Stem  disease.    One-third  of  the  trees  in  the  first  forest  are  in- 
fectfed,  one- fourth  of  the  trees  in  the  second  and  one-fifth  of  the 
trees  in  the  third  forest  are  infected.  "  A  tree  is  selected  at  random 

from  each  forest;  .  ' 

(a)  What  is  the  probability  that  exactly  one  tree  has  the  diseast 

(b)  If  exactly. one  of  the  trees  selected  has  the  infection,  what 
is  the  ^Probability  that  the  infected  tree  came  .from  the  secox 

forest? 

The  experiment  for  part     (a)     is  readily  imagined.     It  consists . ix 
merely  drawing  a  tree  from  each  forest  and  tallying  one  marker  if  only 
one  of  the  selected  trees  is  infected.   ,The  trees  are  then  "replaced" 
and  the  experiment ' is  repeated.     The  ccanputer  based  mimicing  of  the 
experi/nent  consists  in  comparing  three,  dif feren-t  random  numbers  to 
1/3,     1/4    and    1/5    respectively;  and,  whenever  only  one  qf  the  R*S' 
is  less  than  its  respective  ratio,  a  number  is  tallied. 

The  obtaining  of  an  answer  to  part     (b)     is  not  so  straightforwar 
since  i  not  readily  inddent  what  data  should  be  tallied.  If 

probability  is  thought  of  as  a  proportion  or  a  ratio,  it  is  recognized 
that  the  question  in  patt     (b)     is  equivalent  to  asking  what  proportio 
of  the  total  number  of  selections  resulting  in  exactly  one  infected 
tree  is  the  number  of  selections  resulting  ^  exactly  one  infected  tre 
coming  from  the  second  forest?    The  experiment  ip  thus  the  same  experi 
ment  used  to  answer  part     U) ,   only  an  ^iUonal  record  is         d^ignating ' 
forest  produced  the  infected  tree.    As  the  experiment  is  repeated, 
tallies  are  kept  of  the  number  of  times  the  infected  tree  comes  from 
each  forest  whenever  only  one. infected  tree  is  recorded  among  all  thre 
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Of  the  trees  ' selected.    The  proportion  of  the  nun^er  of  tallies  of 
exactly  one  infected  t.ee  comin.  fron.  the  second  fpre.t  to  the  total 
nu^her  of  experiments  in  which  exactly  one  infected  tree  is  selected 
fro.  all  three  forests  is  the  desired  prohahility.      The  computer 
pro^ra.  to  answer  part     <a,     would  only  need  to  be  slightly  altered 
,.o  count  the  number  of  ti^es  that  the  selected  tree  coMes  fro»  a 
,ive„  forest  and  is  also  the  only  infected  tree  selected  fro»  the  three. 
«e  Will  not  develop  the  con^uter  program;  that  task  will  be  left 
.  .o  the  student  as  a  problem.     However,  it  is  necessary  to  point  out 
that  the  procedure  described  abov.  for  estinatin,  the  probability 
could  be  very  expensive  of  computing  ti^.  is  because  the  pro- 

^«        ^lat-a  from  data  which  is 
cedure  depends  upon  generating  large  sets  of  data  from 

,..elf  a  subset  of  generated  data.     In  this  example  -it  is  necessary 
to  generate  a  set  of  data  consisting  of  a  large  n»*=er  of  experl^ts  in  ^ 
only  one  tree  was  infected  ^  the  three  randomly  selected  trees. 

set  must  be  large  enough  so  that  it  contains  a  reaso^ble  repre- 
sentation Of  infe.-t«a  tr..s  drawn  frc  .ch  forest.    Since  the  pr«^ure  for 

.  t-    ^.,^4-1 VI  nnp  tree  is  infected  may 
determining  an  experiment  in  whxch  exactly  one 

4 nf Parted  or  in  wnxcn 
produce  ..ny  experiment,  in  which  no  trees  are  xnfected 

•„f,,.    J     .t  is  seen  that  the  building  up  of  a  , 
2    or     I     trees  are  mfcc^. 

•...nts  could  require  considerable  computing 

large  number  of  desired  exporiments  could  req 

.  that  only  one- thousandth-  of  the  trees  m 
...e.     .or  example,   suppose  that  only  ^^^^^^ 

each  forest  were  infected.     Then,  given  that  exactly 

■    f  .ted     it  is  evident  that  the  probability  that  the  infected 
trees  was  infected,   it        ev  .veneration  of  a 

A  f^y^'^t.  is  /I/ 3.     However,  the  generaT:iu» 
tree  came  from  the  second  forest  is  ./i/ 

tree  came  three  randomly 

V,      of  trials  in  which  exactly  one  tree  of  the  tnr« 
large  number  of  trials  m  „^^„T>fi 

•   <!     ^f  trials  would  result  m  trials 
1 1  /^f  the»  triple  of  trials  wui4j.« 
because  nearly  all  of  the  trxp 
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in  which  no  tree  was  infected.    This  type  of  computational  difficulty 
is  frequently  encountered  when  using  a  computer  to  estimate  probabilities 
by  mimicing  an  experiment.     Frequently,  alternative    but  valid,  experi- 
ments can  be  constructed  which  can  be  more  economically  mimiced  on  the 
computer.     However,  the  construction  of  such  experiments  may  require 

considerable  ingenuity. 

AS  an  example  of  a  problem  for  which  experiments  can  be  imagined 
and  which  require  different  amounts  of  computational  effort  we  consider 
the  problem  of  determining  the  probability  of  a  three-nothing  split  in 
trump  in  a  bridge  hand,  given  that  the  declarers  have  ten  trump  between 
rnem.     For  those  who  are  unfamiliar  with  bridge  we  state  the  problem  in 
™ore  famiU terms.     All  of  the  cards  of  a  52-card  deck  are  randomly 
dealt    out  to  form  .four  distinct  hands  of  13  cards  each.     It  is  g^ven 

Lwo  of  the  hands  contain  a  total  of  10  cards  in  one  suit.  Wl.at 
^■^  the  probability  that  the  remaining  three  cards  of  the  suit  all  lie 
in  only  one  of  the  two  remaining  hands? 

At  first  sight  it  would  seem  that  the  experiment  would  be  to 
deal  out  four  hands  and  then  to  note  if  there  was  a  total  of  10  cards 
in  one  suit  in  two  of  the  hands.     If  this  was  found  to  be  the  case, 
then  this  fact  would  be  recorded  and  it  would  further  be  recorded  whethei 
or  not  the  three  remaining  cards  of  that  suit  were  all  in  one  of  the  oth. 
two  hands.     The  drawback  to  such  a  procedure  is  obvious;   it  might  be 
necessary  to  deal  several  sets  of  four  hands  before  a  set  of  four  hands 
was  dealt  which  had  the  required  10  cards  of  the  single  suit  in  two 
hands.     Furthermore,  the  mimicing  of  the  dealing  of  52  cards  requires 
at  least  51  uses  of  the  random  number  generator  together  with  a  large 
number  of  shift  operations.     Such  a  procedure  would  require 
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a  very  large  number  of  conputer  based  mimiced  deals  before  a  sufficient 
number  of  deals  with  10-0  suit  splits  occurred.    Thus,  it  seen.s  ad- 
visable to  attempt  to  construct  another  experiment  which  would  require 
less  computational  effort  to  mimic.     A  little     (or  maybe  consider- 
able)  thought  will  show  that  an  equivalent  experiment  is  to  deal  26 
cards  to  2  hands  with  the  restriction  that  there  are  only  3  cards  of  one 
suit,  say  spades,  among  the  26  cards.    There  may  be  13  hearts  and  9 
clubs  arri  1  diarord  or  some  <kher  distriJ«tion  of  cards  in  the  ranaining  three 
suits;  the  important  point  is  that  there  ar^kly  3  spades  among  the 
■  26  cards.     Now  the  computer  mimicing  of  this  deal  requires  far  less 
computer  effort.    The  mO  is  used-  to  produce  an    R,,    the    R    is  compared 
t-o  3/26.     If    R<3/26,  we  assign  a  spade  to  the  firit  hand,  and  proceed 
to  "deal  the  next    card"  to  the  second  hand.     If  a  spade  was  dealt  to 
the  first  hand,  the  proportion  of  spades  in  the  remaining  25  cards  xs 
now    2/25    and  the  next    R    must  be  compared  to    2/25    to  determine  if 
a  spade  is  to  be  dealt  to  the  second  hand.     The  procedure  is  now 

.      ,„„  -f  -ards  a  test  should  be  made 
evident.    To  avoid  unnecessary  dealing  of  cards 

to  ascer.U.  after  the  third  card  is  dealt.     if  3  spades  have  yet  been 
dealt.     If  they  have,  the  should  be  terminated  and  a  newdeal 

„<:  nrocess  can  be  attained  by  noting 

begun.     A  further  shorteninq  of  the  process  can 

1         h-4r,ri«      If  this  is  the  case,  then 
if  there  exists  one  spade  in  both  hands.     It  cm 

Ki.,  h,.  three  spades  dealt  to  one  hand  so  the  deal 
there  cannot  possibly  be  three  spauea 

should  again  be  stopped  and  a  now  deal  begun. 

Thus  it  is  seen  that  with  some  thought  it  is  possible  to  con- 
struct experiments  whose  mimicing  requires  considerably  less  computer 
power  than  would  other  experiments.     In  this  sense  our  computer  esti- 
mation of  probabilities  is  somewhat  of  an  art,  UKe  programming.  We 
have  dwelt'on  this  seemingly  simple  problem  at  some  length  iust  to 
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illustrate  some  of  the  consideration  necessary  to  effectively  carry 
out  a  computer  based  mimicing. 

We  again  remind  the  student  that  our  purpose  is  to  illustrate 
the  gieat  potential  of  the  computer  as  an  aid  in  quantitative  analysis. 
The  very  act  of  constructing  the  experiment  to  be  mimiced  frequently 
contributes  to  a  deeper  understanding  of  the  phenomena  in  quest xon. 
It  is  hoped  that  the  techniques  of  solution  outlined  above  for  these 
simple  examples  will  be  of  assistance  in  the  estimation  of  probabilitife 
for  more  complicated  problems.     Sophisticated  analysis  of  complex  pro- 
blems will  require  a  good  knowledge  of  probability  theory  and  inqonuitSr 
with  a  compyter. 


9 
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Seventh  Problem 

In  a  certain  large  turest  there  are  twice  as  many  larch  trees 
as  there  are  white  pine  and  three  times  as  many  spruce  as  white  pine. 
It  is  known  that    40%    of  the  larch,     25%    of  the  white  pine  and 
33  1/3%    of  the  spruce  are  suffering  a  worm  infestation.    A  tree  is 
selected  at  random  and  is  found  to  be  infected.    What  is  the  proba- 
bility that  the  selected  tree  is  a  white  pine?    This  question  is 
equivalent  to  asking,  "What  proportion  of  the  total  number  of  infected 
trees  is  the  number  of  infected  white  pine  trees?".    The  hypothetical 
'real'  experiment  consists  in  selecting  a  tree  at  random,  determining 
which  species  it  is,  and  then  determining  if  it  is  infected.  The 
experiment  will  be  repeated  a  large  number    N,     of  tiroes  and  a  tally 
kept*of  the  number  of  expeiTiments  in  which  a  selected  tree  is  infected 
and  of  the  number  of  experiments  in  which  a  selected  white  pine  tree 
is  infected.     In  order  to  mimic  the  selection  of  the  species  of  the 
tree  it  is  first  necessary  to  partition^  the  unit  interval  into 
subintervals  whose  lengths  are  in  the  same  ratios        the  relative 
sizes  of  the  corresponding  species.     Thus,  since  the  unit  interval 
corresponds  to  the  entire  forest,   it  is  evident  that    3/6    or  1/2 
of  the  unit  interval  must  correspond  to  spruce  trees,     2/6    or  1/3 
of  the  unit  interval  must  correspond  to  larch  and  the  remaining  1/6 
of  the  interval  should  be  assigned  to  white  pine.     The  unit  interval 
is  thus  partitioned  as 

0                              1/2                   5/6  1 
•  1  •  • 

O  ABC 


Unit  Interval  Partition 
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The  random  selection  of  a  tree  from  this  distribution  is  miaiced 
by  generating  a  randora  niirober    Rl    and  comparing  it  to  the  fraction 
1/2.     If    Rl<l/2,    a  spruce  tree  is  selected,  if    Rl    is  such  that 
l/2<Rl<5/6    a  larch  tree  is  selected  and  if    Rl>5/6    a  white  pine  is 
selected.        For  eKample,  suppose    Rl-0.638f    this  means  that  a  larch 
is  selected.    The  health  of  the  larch  tree  is  determined  by  generating 
another  random  number    R2    and  comparing^it  to  the  fraction    1/4.  If 
R2<l/4,     the  tree  is  said  to  be  infected  and  a  tally  is  made.  If 
R2>l/4,     the  tree  is  said  to  be  healthy  and  another  tree  selected 
from  the  forest.     The  process  for  arbitrarily  selecting  the  species 
and  then  determining  the  state  of  health  of  the  tree  should  now  be 
apparent.     The  ratio  of  the  number  of  infected  white  pine  to  the  total 
number  of  infected  trees  is  the  desired  probability. 


The  Eighth  Problero 

A  large  number  of  mice  are  treated  for  cancer   by  radiation 
therapy.     It  is  noted  that    40%    improve,     35%  remain  unchanged 
and    25%    actually  become  worse.     Six  mice  are  selected  at  random. 
What  are  the  probabilities  that: 

(a)  All  six  of  the  mice  have  improved? 

(b)  Two  of  the  mice  have  improved,  three  remain  unchanged 
and  one  has  becoin^  worse? 

(c)  one  has  improved,  one  remains  unchanged  and  four  have  become 

worse? 

The  experiment  to  be  performed  is  the  random  selection  of  six  mice  frOTi 
those  that  have  been  treated  for  cancer  radiation    and  tha  determination 
of  the  number  of  mi<:e  so*Sv.€ecfeed  whose  health  has  improved,-^ the  number 
whose  health  has  not  changed,  and  the  number  whose  l«alth  has  actuaUy  beocwe 
worse,     in  order  to  mimic  the  experiment,  it  is  necessary  to  establish 
a  method  for  randomly  selecting  the  mice.     This  is  easily  done  by 
recalling  the  procedure  used  to  select  an  individual  in  problems 
3,     5    and    7.     Thus,  the  unit  interval  is  partitioned  into  intervals 
of  lency,h^    0.4,     0.35    and    0.25    respectively  as  shown  below 

0                               0.40                           0.75  1 
 •  —  • —  • 
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In  accoidance  with  the  data  of  the  problem,  the  segment    OA  is 
assigned  to  those  mice  who  have  improved,     the  segment    AB    to  those 
who  showed  no  change  and  the  segment  .BC    to  those  who  actually  became 
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worse,    using  the  RNG,  a  random  number  R  is  produced  and  the  status  of 
the  health  of  the  mouse  is  determined  by  noting  which  segment  contains 
R.     This  process  is  repeated  six  times  and  each  time  the  status  of  the 
mouse  so  chosen  is  noted  and  the  appropriate  sub'  tallies  are  kept. 
The  experiment,    v*iidi  consists    in  mimicing  of  the  selection  of  the  six 
mice,     the  determination  of  the  health  of  each  mouse,  and  the  appropriat 
tallying  of  the  three  state^of  health  is  repeated    N    times.  For 
part  (a),  a  tally  is  kept  of  the  number "^of  times  all  six  mice  have 
shown  improvement.     For  part  (b),    tallies  are  kept  of  the  number  of  • 
times  that  two  mice  have  improved,  three  mice  have  remained  unchanged 
and  one  mou'se  actually  became  worse.     Similar  tallies  are  kept  for 
part  (c).     The  flowchart  shown  in  figure    8.6  depicts  the  organization 
of  the  computer  program  to  obtain  an  estimate  to  part  . 
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F  counts  favorable 

experiments 
W  counts  improved 

mice 

U  counts  not  improved 
mice 

S  counts  mice  who 
'    becaxne  worse 


I  w=o,u*o,s=o  I 
■  


Has  the  mouse 
improved? 


ave  N 
experiments 
been  mimiced? 


Did  2  mice 
Improve? 


■  YES 


Have  6  mice 
been  chosen? 


Did  3  mice  remain  unchanged? 
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Flowchart  for  Problem  8b 

Fig.  8.6 
8.40 


Ninth  Problem  .  . 

In  a  northwestern  connaunity  there  is  considerable  discussion 
concerning  the  advisability  of  spraying  forests  with  DDT  to  attempt  t< 
halt  a  r.pruce  budworm  infestation.  The  officials  have  decided  to 
poll  each  of  the  community  members  of  which  ^here  are  .  1750.  The 
results  of  the  poll  reveal  that  900  are  in  favor  of  using  DDT, 
500  are  opposed  to  its  use  and  the  remaining  350  have  no  opinion. 
Nine  people  from  the  community  are  chosen  at  random.  What  is  the 
probability  that: 

(a)  All  nine  are  in  favor  of  spraying? 

(b)  Five  are  in  favor  of  spraying  and  four  are  against  it? 

(c)  Three  are  in  favor,  two  are  Opposed  and  four  have  no 
opinion? 

This  is  a  problem  with  a  finite  nund^er  of  individual^  (elements 
or  events)  to  choose  from  and  so  it  is  called  a  probability  problcim 
with  a  finite  sample  space.     Data  to  calculate  the  estimates  to  all 
three  parts  of  the  problem  can  be  obtained-  by  repeated  performance 
of  the  following  experiment.    Nine  individuals  in  succession  are  selec 
from  the  community  and  their  opinion  concerning  the  advisability  or 
non-advisability  of  spraying  with    DDT    is  detemineil.     For  each  such 
experiment  a  tally  is  made  of  the  number  in  favor,     F,     the  number 
opposed.     A,    and  the  number  with  no  opinion,     D-     The  indiv^iduals 
are  replaced  after  each  experiment  and  the  entire  experiment'  repeated 
N  times.     As^  each  experiment  is  repeated  the  following  tallies  are  kep 

(1)     The  number  of  experiments  for  which    F=9.     This  will  provide 
the  data  to  estimate  the  answer  to  part  (a) . 

t 
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(2)  The  number  of  experiments  for  which    F=5    and    ^^4,  This 
will  provide  the  data  to  estimate  th6  answer  to  part  (b)  , 

(3)  The  number  of  experiments  in  which    F»3,    A=2    and  0=4': 
This  will  provide  the  data  to  estimate  the  answer 'to  part(c). 

The  computer  mimicing  of  the  experiment  requires  the  repeated 
pa*^titioning  of  the  unit  interval.     The  determination  of  the  opinion 
of  tte  first  individual  to  be  chosen  at  random  requires  the  initial  partitioniwj  of  ttfe 
unit  interval  into  three  subintervals    of  lengths    900/1750,     500/1750  and 
350/1750    respectively.     Pictorially  this  subdivision  is  represented 
on  the  unit  interval  as  » 


0  900/1750  1400/1750  1 

t_  ■  — 


4  ^  • 


O       ,  A  B  C 

UNIT  INTERVAL  PARTITION 

The  segment    OA    represents  the  people  in  favor  of  spraying, 
the  segment    AB    represents  the  people  opposed,  ai^the  segment  BC 
represents  those  individuals  who  have  no  opinion  concerning  the  ad- 
visability of  spraying  with  DDT.     The  de^rmination  of  a  random  sam- 
pling CI  opinions  of  each  of  the  9  succeslively  selected  individuals 
is  accomplished  by  altering  the  three  proportions  in  accordance  with 
the  resultant  opinion  expressed  by  the  last  chosen  individual.  The 
next  paragraph- gives  an  example  of  this. 

The  opinion  of  the  first  individual  selected  is  determined  by 
using  t^e  RNG  to  obtain  a  random  number    Rl    and  then  noting  the 
location  on  the  unit  interval  of    Rl    relative  to  the  points    A  and 
B.     Suppose    that    Rl=0.612;     then  it  is  seen  that    Rl    lies  in  the 
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Interval    AB    and  so  wehave  selected  an  individual  who  is  opposed  to 
the  spraying  of  DT)T.    As  a  Result  of  having  selected  such  an  individu' 
the  proportion  of  the  nuxnbers  of  individuals  holding  the  various 
opinions  has  changed,  albeit  not  very  much.    The  proportions  now  are: 
900/1749    in  favor,     499/1749  against  and    350/1749    with  no  opinion. 
Thufe,  the  selection. of  the  opinion  of  the  second  individual  requires 
the  altering  of  the  proportions  used  to  select  the  opinion  of  the 
first  or  previous  individual.     Poijit    A    now  has  the  coordinate  900A' 
point    B    has  the  coordinate    900/1749  +  349/1749    or    1249/1749,  '  anc 
point    C    remains  the  end-point.     A  second  random  number    R2    is  se- 
lected and  compared  to  these  proportions  tc^  determine  the  opinion  of 
the  second  individual.      Suppose  the  number  is    RS=0.915,     then  the 
second  individual  is  said    to  have  no  opinion  and  the  new  coordinates 
used  to  find  the  opinion  of  the  third  individual  are  900/1748, 
1399/1748    and    1.     A  third  random  number,     R3,     is  selected  and  the 
process  repeated  for      total  of  nine  times.     The  denominator  u«ed  to 
determine    the  opinion  of  the  ninth  individual  selected  is  1742.  A 
flowchart  and  computer  program  for  the  estimation  of  the  probabilities 
of  part    c     is  shown  in  figure  8.7    and  8.8.     The  remarks  inserted  in 
the  program  should  assist  the  student  in  following  the  work.     On  two 
runs  of  the  program  for  10,000  experiments  probability  estimates  of 
0.0247    and    0.0214    were  obtained.     Your  author  got  careless  and  let 
the  program  run  for  210,000  experiments  and  obtained  the  estimate  of 
0.022319.     The  actual  probability  is     0.0223423.     See  appendix  A. 
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C  -  wuunts  experiments 

K  -  counts  opinions  in  experiments 


Is  sample 
size 

complete? 


Is  ind.  in  favor 
of  spraying? 


Fig.  8.T 
Flowchart   for  Problem  #9 


.1  REM  THIS  IS  PROBUM  9C  ' 

2  REH  .  \  V 

2  REM 

16  PRINT  "TVPE  IN  THE  NUMBER  OF  EXPERIMENTS. 

15  INPUT  N 

16  PRINT 
80  LET  C=0 
90  RRNDOMIZE 

94  REM. 

95  REM  LINES  110-^120  INITIALIZE  THE  OPINION  COUNTERS 

96  REM  AT  THE  BEGINNING  OF  EfiCH  EXPERIMENT 

97  REM 

10^  FOR  K*»i  TO  N 
lie  LET  U=0 
112  LET  V«0 
114  LET  W=0 
116  LET  fl=0 
•  118  LET  F-0 
120  LET  D«0 
125  FOR  I«l  TO  9 
jb30  LET  R=RND 

134  REM 

135  REM     INSTR.    140  DETERMINES  IF  IN  FflVOR  OF  SPRflVING 

136  REM 

•^140  IF  R<=f900*-U>/<1750-U-V-W>6O  TO  160 
150  GO  TO  200 
160  LET  F«F+1 
162  LET  U«U+i 

164  REM 

165  REM       INSTR.    170  DETERMINES  IF  MORE  THAN  3  IN  FRVOR 

166  REM 

170  IF  F>3Q0  TO  800  * 
180  GO  TO  700 

194  REM 

195  REM         INSTR.    200  DETERMINES  IF  OPPOSED  TO  SPRRVING 

196  REM 

200  IF  R<=<1400-U-V>/<1750-U-V-W>QO  TO  226 
210  GO  TO  300 
220  LET  fl«=fl+l 
222  LET  ,\V=V*1 

224  REM 

225  RfM      ^INSTR.    220  DETERMINES  IF  MORE  THAN  TWO  RRE  OPPOSED 

226  REM 

230  IF  ft>2G0  TO  800 
240  GO  TO  700 
300  LET  D=D^1 
302  LET  W=W+1 
O04  REM 

305  REM       INSTR.    310  DETERMINES  IF  MORE  THAN  4  HAVE  NO  OPINION 

309  REM 

310  IF  D>4G0  TO  800 
700  NEXT  I 

710  LET  C=C+1 
800  NEXT  K 
810  LET  P=C/N 

820  PRINT  "PROB      3  IN  FAVOR.    2  OPPOSED  &  4  WITH  NO  OPINION  IS" 
830  PRINT  P 
900  END 

*  Fig.  a.8 
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The  mechanism  for  changing  the  proportions  in  accord  with  the 
selection  of  an  individual  with  a  specified  opinion  is  accom- 
plished with  the  aid  of  counters.    The  countets  are  designated  by 
the  letters  U,  V  and  W  respectively  and  they  tally  the  respective 
numbers  of  individuals  who  are  in  favor  of  spraying  with  DDT,  the 
numbers  of  individuals  who  are  opposed  to  such  spraying  and  the 
number  who  have  no  opinion  about  the  spraying.    These  counters 
are  used  to  propeifly  alter  the  proportions  in  accord  with  the 
ndhbers  of  individuals  who  have  previously  been  r^ndc^&ly  selected 
and  polled  during  the  experiment.    The  incrementing  of  the  counters 
is.  shown  in  figure  8,7  above  the  respective  nusabers  170,  230  and 
310.    The  latge  diamond  shaped  de«::ision  figures  contain  the  calcu- 
lation necelssary  to  establish  the  proper  proportions.    The  term 
U-fV+W    represents  the  total  number  of  individuals  so  far  selected 
in  the  experiment.    The  expression 

(900-U>/{1750-|l^-W),  ^ 

which  appears  in  the  diamond  under  the  number  140,  is  the  fraction 
of  the  remaining  total  population  that  is  in  favor  of  spraying 
with  DDT  after  a  total  of  U+V+W  individuals  have  been  polled  of 
^hich  U  were  in  favor  of  spraying.  *  This  method  of  calculating  the 
/fraction  of  the  remaining  population  which  is  in  favor  of  spraying 
/  is  extremely  useful  in  a  great  many  probability  problems  wherein 
/     the  probabilities  change  after  each  increment.    The  reader  will 
recall  that  this  procedure  was  introduced  in  the  second  problem  in 
this  chapter  and  also  used  in  the  chapter  on  Genetics. 

It  is  interesting  to  note  that  by  simply  holding  the  proportions 
constant  and  equal  to    900/1750,     500/1750    and    350/1750  respectively 
for  the  selection  of  of  the  9  individual's  opinions,  we,  have 

roimiced  the  selection  of  opinions  from  a  "large"  population  in  which 
it  is  given  that!  900/1750    of  the  population  favor  the  use  of  DDT, 
500/1750    of  the^  oppose  its  use  and  the  remaining    350/1750    have  no 


opinion,    in  our  problem,  because  of  the  large  number  of  people, 
1750.    and  the  small  number  of  individuals  in  the  sample  size. 
9,    the  successive  proportions  generated  are  nearly  constant  and  each  is  very  close  tt 
the  respective  proportions  for  the  large,  peculation.   Bb^,  with  minimallosa  in  aocun 
and  with  considerable  savings  in  con^iutational  effort,  ve  could  have 
used  the  original  proportions  to  randomly  select  all  9  of  the  indivi- 
duals.   This  fact  is  used  to    advantage  statisticians  because 
it  greatly  simplifies  the  calculation  of  the  probabilities  involving 
repeated  trials.    See  the  further  discussion  of  this  problem  in 
appendix    A.      If,  however,  the  number  of  people  in  the  community 
had  been  smaller,  say    100,    and  the  size  of  the  sample  larger,  say 
35,     then  the  proportions  used  in  determining  the  last    10    or  so 
opinions  would  have  been  considerably  different  thau  the  proportions 
used  to  select  the  first  3  or  4  individuals.     Thus,  it  may  be  seen  that 
by  running  the  program  with  different  initial  proportions  and  different 
sample  sizes  that  the  effect  of  both  population  and  sample  size  can 
be  investigated.     This  is  another  example  of  the  flexibility  of 
general  computer  programs. 
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Discussion 

The  technique  of  obtaining  estimates  to  probabilities  by  mimiclng 
the  random  process  on  a  computer  is  an  easy  technique  to  learn  and  to 
use.    However,  the  methogi,  like  any  method,  is  not  a  panacea  and  must 
be  applied  with  some  care.    Some  of  the  considerations  that  need  to 
be  recognized  in  using  the  mimicing  method  are: 

1.  The  possibility  of  excessive  c<^utational  time  required  to 
mimic  the  required  number  of  experiments. 

2.  The  difficulty  of  assessing  the  correctness  of  the  results. 
This  is  due  to  the  fact  that  the  mimicing  process  produces 
approximate  results  and,  moreover,  the  results  are  not 
replicable  because  of  the  very  randomness  of  the  process. 

3.  The  rapid   increase  in  the  computational  effort  to  obtain  more 
accurate  answers.     This  consideration  has  been  discussed 
earlier  in  the  chapter.  ^ 

4.  The  very  heavy  reliance  on  the  randcHB  number  generator  sub- 
routine.   Because  this  subroutine  is  utilized  so  frequently, 
any  inaccuracies   It  pc^seses,    evai   if  they  are  small,  will 
certainly  manifest  themselves.    We  have  not  discussed  the 
effect  of  such  inaccuracies  or  inconsistencies  in  random 
number  generator  subroutines  because  our  purpose  is  merely  to 
illustrate  an  approach.     This  topic  is  discussed  in  texts 

♦  * 

on  simulation.  / 
Despite  these  difficulties,  the  method  is  useful  and  does  assist' 
in  providing  an  intui*kive  understanding  of  random  processes.  In 
addition,  the  very  fact  that  the  results  are  not  replicable,  serves 
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to  confirt,  the  expected  lack  of  agreement  when  comparing  empirically 
aetarmined  results  of  a  random  process  with  numerical  results  obtained . 
from  a  theoretical  analysis.    By  varying  the  number  of  experiments 
in  these  programs,  the  student  can  obtain  an  intuitive  feel  for  the 
inherent  variation  in  a  random  process  thus  acquiring  some  estimaUon 
of  the  possible  variation  in  the  exoected  difference  of  the  results. 

The  mimicing  method  does  permit  the  approximate  analysis  of 
random  processes,  which  if  aiJalyzed  in  the  classical  way,  would  be 
intractable  or  at  the  very  least  would  require  computer  based  mi-icing 
of  part  of  the  problem.    The  method  frequently  is  usefal  wnen  em- 
pirical data  is  used  in  conjunction  with  the  theoretical  formulation^ 

A  final  reason  for  presenting  this  method  is  the  fact  thkt  the 
computer  based  simulation  of  stochastic  processes  is  acco-pUshed 
by  mimicing  a  sequence  of  random  events.    Thus,  the  understanding  of 

=  <o  fAoilitated  by  a  familiarity  with  the  miinicin< 
stochastic  processes  is  facilitatea  oy  a 

method  of  estimating  probabilities. 


I 
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APPENDIX  A 


•  The  Relation  to  Classical  Probability  Theory 

The  student  who  is  familiar  with  the  classical  method  for  cal- 
culating simple  probabilities  should  have  noted  the  very  close  relation- 
ship between  this  method  and  the  c€ffliputer  based  itethod  of  estimating 
probabiliti£g.      Our  computer  based  method  o£  estimating  the  probabilities 
required  three  steps.    They  were: 

(a)  The  visualization  or  construction  of  a  hypothetical  experiment 
which,  if  actually  carMed  out  a  large  number  of  times,  would 
yield  the  data  permitting  an  estimate  of  the  probabilities. 

(b)  The  construction  of  a  computer  program  which,  if  run  on  a 
computer,  would  mimic  the  experiment.* 

(c)  The  actual  running  of  the  program  a  sufficiently  large  number 
of  times  in  order  to  obtain  the  needed  data. 

It 'is  the  purpose  of  this  appendix  to  illustrate  how  the  analysis  of 
these  steps  frequently  can  suggest  a  method  for  actually  calculating 
the  probabilities.     The  methods  will  require  the  repeated  application 
of  the  notion  of  proportion  and  usually  will  involve  only  simple 
arithiE^tic.    Our  procedure  will  be  to  discuss  ««ch  of  the  preceding 
examples  and  thus  it  will  be  assumed  that  the  student  is  familiar  with 
the  preceding  work.     In  particular,  it  will  be  assumed  that  the  reader 
completely  understands  the  statement  of  each  problem,  since  in  the 
interests  of  saving  space,  the  problems  will  not  be  restated.    We  will 
not  introduce  such  notions  as'  conditional  probability,  Bayes*  Theorem, 
etc.    and  then  show  how  these  notions  can  be  utilized  to  obtain  the 
solutions  to  certain  classes  of  probability  problems.     Rather  our 
approach  will  be  to  illustrate,  by  example,  a  general  method  of  approach 
which  should  permit  the  student  to  solve  many  kinds  of  simple  probability 
ERlQblemfl.  4^0 


The  elementary  example  of  calculating  the  probability  of  tKrowinc 
an  ace  on  the  single  throw  of  a  die  has  already  been  discussed  on 
page     8.7.     In  that  example  it  was  noted  that  the  interval  (0,1/6) 
was    1/6    of  the  unit  interval  and  this  proportion  was  indeed  the 
desired  probability.    A  discuss|.on  of  the  secoi\d  problem  will  be 
given  later  in    this  appendix.     m  tte  third  piroblem,  paqe  8.16,  it  will  be 
recalled  that  in  order  to  mimic  the  experiment  it  was  necessary  to 
subdivide  the  unit  interval  in  sections  v^ose  lengths  "were  equal  to 
th&  respective  proportions  of  the  numbers  of  mice  haviiig  the  different 
characteristics.    The  pictorial  representation  of  this  subdivision 
is  given  on  page  8. 16.  With  the  aid  of  the  various  lengths  of  the 
subdivisions  it  is  quite  apparent  how  the  probabilities  called  for 
in  this  problem  should  be  calculated.     For  part     (a)     the  segment  AB 
designates  the  proportion  of  mice  with  both  afflictions.     Since  this 
segment  is    0.1    of  a  unit,  this  means  that    0.1    of  the  mice  popula- 
tion have  both  afflictions.     Thus,     1  out  of  10    mice  have  both 
afflictions  and  according  to  the  classical  theory  Qf  probability 
this  is  the  desired  probability.     For  part     (b)     the  section  CD 
corresponds  to  the  portion  of  the  unit  interval  having  no  afflictions 
and  so  the  proportion  of  the  population  having  no  afflictions  is  35/IOC 
which  is  the  probability  of  a  mouse  having  neither  affliction  as  cal- 
culated in  the  classical  manner.     It  is  equally  easy  to  answer  the 
following  problem.     Sm>pose  a  mouse  is  selected  at  random  from  this 
population  and  that  it  has  discolored  eyes.    What  is  the  probability 
that  it  also  has  a  short  tail?    Again,  thinking  of  probability  as  a 
proportion  this  question  is  equivalent  to  asking  what  proportion  of 
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the  population  having  discolored  eyes  is  the  population  having  short 
tails,     i.e.    what  proportion  of  the  segment    AC    is  the  segment  AB7 
The  answer  Is    0.1/0.25    or    0.4    and  hence  the  desired  probability  is 
0.4    or    4  out  of  10 . 


The  fourth  problem,  p^  8.18,  corKseming  tJ«  in  tl^  tsro  cages 

necessitated  the  comparison  of  a  random  number    Rl    with  the  proportion 
1/3    to  determine  if  the  randomly  selected  fly  came  from  cage  number^ 
one;    Thus,     1/3    of  the  chosen  flies  would  come  from  cage  one  and 
2/3    would  come  from  the  second  cage.    The  health  of  a  randomly 
selected  fly  f^rcm  the  second  cage  was  determined  by  ccHoparing  a  second 
random  number    R2    with  the  proportion    1/4    because    1/4    of  the  flies' 
in  the  second  cage  were  ill.    Thus,     1/4    of  2/3,     or    1/6    of  the 
original  number  of  flies  came  from  the  second  cage  and  were  ill.  Be- 
cause we  are  assuming  it  is  equally  probable  that  any  fly  is  selected 
from  the  original  population,  the  proportion    1/6    is  also  the  de- 
sired probability  of  selecting  a  sick  fly  from  the  second  cage. 


ERIC 


8.  52 


To  answer  part    (b)    of  the  fourth  problem  it  is  necessary  to 
determine  what  is  the  proportion  of  flies  that  have  a  wing  mutation  but 
are  not.  ill.    This  proportion  will  be  determinea  by  examining  how  the 
computer  generated  estimate  of  the  probability  was  accomplished. 
Since  the  fly  has  a  wing  mutation  it  must  have  come  from  the  second 
cage.    Thus,  it  must  have  come  from    2/3  ^  of  the  original  pojMiiation- 
Now  since    R4    was  compared  to    3/10^   to  determine  whether  or  not  the 
fly  had  a  wing  mutation  it  is  evident  that    3/10    of    2/3,    or  1/5 
of  the  original  population  came  from  the  second  cage  and  had  a  wing 
mutation.     R5    was  compared  to    1/4    to  determine  if  a  fly  from  the 
second  cage  was  ill?  thus    3/4    of  the  flies  in  the  second  cage  were 
not  ill.     This  means  that    3/4    of    1/5,     or    3/20    of  the  original- 
population  had  a  wing  mutation  and  was  not  ill.    Thus,  the \ probability • 
of  selecting  such  a  fly  is  3/20. 

The  obtaining  of  the  answers  to  the  fifth  proislem,  page  8.21,  is  not  as 
straightforward  as  the  obtaining  of  the  answers  to  the  previous  four 
problems.     Our  discussion  will  be  rather  lengthy  because  it  introduces 
a  useful  technique  for  obtaining  probabilities.     This  technique  is 
based  upon  the  notion  of  calculating  the   nuiriaer  of  favorable  experiments 
in  tenas  oS^fJie  total  msttoer  of  ez^m^ta.^   These  results  are  then  used  to 
calculate  the  desired  proportions  and  these  proportions  are  the  proba- 
bilities.    We  will  consider  the  parts  of  the  problem  separately. 

The  answer  to  part  (a)     requires  the  determination  of  the  number 
of  individuals  from  each  city  who  have  only  measles  since  the  total 
number  of  such  individuals       divided  by  the  total  population  is 
then  the  required  probability.     To  determine  the  number  of  such 
individuals  in  each  city  we  follow  the  computer  based  experiment  which 
first  determines  from  which  city  the  individual  is  selected  and  then 

determines  whether  or  not  the  individual  has  only  measles. 
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randomly  selecting  an  individual  from  any  one  of  the  three  cities,  on 
the  basis  of  the  relative  sizes  of  the  three  cities,  implies  that  the 
number  of  individuals  selected  from  a  city  is  in  direct  proportion  to 
the  size  of  the  city.    Hence,    if    n    individuals  are  selected,  it  follows 
that  such  a  random  selection  will  produce    6N/11    individuals  from 
city  3N/11    individuals  from  city    C2    and    2N/11  individuals 

from  city    C3.     Now  having  determined  how  many  individuals  w^re  selected 
from  each  city  we  again  follow  the  coir^uter  program  and  note  that  of  th^ 
individuals  chosen  from  city    CI    that    1/16    of  them  have  measles.  . 
Since    6N/11    individuals  come  from  city    Cl,     it  follows  that, 
6N/11    X    1/16,     or    3N/88    of  them  have  measles,     and  because  1/8 

of  the  citizens  of  city    Cl    have  influenza,     7/8    of  them  do  not  have 
influenza.     Thus,  since  the  possibility  of  an  individual  having  influ- 
enza  is  independent  of  whether  or  not  he  has  a  disease,  it  follows  that 
7/8    of  all  of  the  individuals  of  cijty    Cl    do  not  have  influenza. 
This  implies  that         7/8    of     3N/88,     or    21N/704    of  the  Cl 
citizens  have  measles  but  do  not  have  influenza. 

In  a  similar  manner,  of  the    3N/16    number  of  individuals  selected 
from  ci*v    C2,     3N/11  x  3/10,     or    9N/110    of  these  have  measles. 
Because     9/10    do  not  have  influenza,     9/10    of     9N/110,     or  81N/1100 
do  not  have  influenza  but  do  have  measles.     Finally,  for  city  C3, 
2N/11  X  1/5,     or     2N/55    have  measles  and     2N/55  X"  24/25>     or  48N/1375 
have  measles  but  not  influenza.     Now  the  total  number  of  such  individuals 
from  all  three  cities  is      12177N/88000    or    0.1384N.     Therefore,  the 
probability  of  randomly  selecting  a  person  with  only  measles  is  0.1384N/N 
or    0.1145.     Your  author  apologizes  for  this  rather  ilong  winded  expla- 
nation.     However,  he  wanted  to  emphasize  that  by  reasoning  in  analogy 
with#  and  in  the  order  of,  the  computer  programs  the  answer  can  be 
^obtained. 
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The  answer  to  part     (b)     is  obtained  in  a  very  similar  manner. 
In  contrast  to  part  (a),     it  is  necessary  to  obtain  the 
proportion  of  the  number  N,     of  people  selected  that  have  both  measles 
and  influenza.     Of  the    6N/11    people  in    CI,     1/8    of  them  or  3N/44 
have  influenza.     Since  the  proportion  of  all  citizens  of    Cl  having 
measles  is    1/16,      it  follows  that    1/16    of    3N/44,  or 
3N/704    individuals    from  this  city  have  both  diseases.  Analogously, 
3N/11  X  1/10,     or    3N/110    citizens  from  city    C2    have  influenza  and 
3N/110  X  3/10,     or    9N/1100    have  both  diseases.       Finally,     2N/11  x  1 
or    2N/275    of  the  residents  of    C3    have  influenza  and    2N/275  x  1/5, 
or    2N/1375    have  both  diseases.     Thus,  the  total  number  of  people 
from  all  three  cities  having  both  diseases  is  1223N/88000. 
Since  the  proportion  of  people  from  all  three  cities  having  bpth 

diseases  is  the  total  number  of  individuals  having  both  diseases 
divided  by  the  total  number  of  residents,  the  proportion  is  J  1^3^/88000 
.r    0.0139.     This  is  the  required  probability. 

Part  (d)     of  the  problem  is  equivalent  to  determining  the  number 
of  residents  of  city    C2    having  both  diseases  is  what  proportion  of  t 
total  number  of  residents  having  both  diseases.     Since  the  number  of 
residents  of  each  city  having  both  diseases  has  already  been  calculate 
above  in  obtaining  the  answer  to  part  (b) ,  the  desired  proportion  is 

(9N/1100)   /  (1223N/88000)     or     720/1233  -  0.5^87 
This  is  the  desired  result. 
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The  obtaining  of  the  answer  to  part,  (c)     is  ©ore  difficult  and 
requires  a  different  method  of  attack  because  the  experiment  is 
different.    Here  the  experiment  consists  of  drawing  3  individuals #  one 
from  each  city,  and  it  is  this  experiment  that  is  repeated  N  times. 
This  results  in  the  selection  of    3N    individuals  and  it  is  the  determi- 
natfon  of  what  proportion  of  these    3N    individuals  is  the  number  of 
individuals  selected  such  that  they  have  only  one  disease  among  the 
three  simultaneously  seledted.    Thus,  the  number  of  such  individuals 
must  be  determined.     The  student  will  note  that,  for  each  experiment, 
one  citizen  is  {^elected  frcan  each  city  and  so  the  relative  sizes  of 
the  cities  is  not  a  consideration  in  the  calculation.     The  number  of 
individuals  from  the  first  city  that  have  only  one  of  the  diseases 
is  obtained  by  adding  the^^iumber  of  individuals  who  have  measles  but 
not  influenza  to  the  number  who  have  influenze  but  not  measles. 
Thus  for  city  CI,  which  is  assumed  to  have  N  people,     N/16  citizens 
have  measles  and    7/8  x  N/15,     or    7N/128    have  measles  but  not  influenza 
Similarly,     N/8     of  the  people  have  influenza  and     15/16    of  N/8, 
or    15N/128    have  influenza  but  not  measles.     Thus  the  number  of  people 
from  ci^v     Cl    having  only  one  of.  the  diseases  is     llN/64.     A  similar 
calculation  shows  that  there  are     )n/100    people  in  city    C2    who  have 
influenza  but  not  measles  and    27N/100    who  have  measles  but  not 
influenza  for  a  total  of     17N/50    people  who  have  only  one  of  the  di- 
seases.    Finally,     N/25  x  4^5       plus     N/5  x  24/25,     or  28N/125 
of  the  people  in  city  C3  have  only  one  of  the  diseases. 

It  is  now  necessary  to  determine  the  number  of  individuals  chosen 
from  city  Cl  who  have  only  one  of  the  diseases  and  which  corresponds 


to  a  selection  of  a  pair  of  individuals  from  the  other  two  cities 
having  no  diseases.    A  similar  determination  must  be  made  for  cities 
C2  and  C3.    This  determination  is  possible  because  we  are  assuming 
that  the  choice  of  a  diseased  or  healthy  individual  from  any  city 
does  not  depend  upon  the  health  of  the  residents  of  the  other  cities. 
This  means  for  example  that  if  a  healthy  individual  is  chosen  fr^" file 
first  city,  this  fact  has  no  effect  on  the  status  of  the  health  of  tht 
individuals  chosen  from  the  other  two  cities.     Thus,  if  for  example, 
3/4    of  the  individuals  in  city  C2  are  r^althy  then  because  the  indi- 
viduals are  picked  simultaneously  from  each  city,  3/4    of  the 
citizens  selected  from  cities    CI    and    C3,     regardless  of  their  healt 
will  be  accompanied  by  the  selection  of  a  healthy  individual  from  cit: 
C2.     Hence,   if    400    sick  persons  are  selected  from  city    CI    then  3< 
healthy  persons  are  simultaneously  selected  from  city    C2.     Thus,  froi 
both  cities     300  individuals  are  selected  who  are  ill.     If,  in  additic 
3/5    of  the  individuals  chosen  from  city  C3    were  healthy,  then  3/5 
of    300    or    18  0    individuals  selected  from  all  three  cities  would  be 
ill  and  these    180    would  all  come  from  the  first  city.     It  is  seen 
therefore  that  out  of    N    individuals  selected  the  calculation  of  the 
number  of  individuals  selected  from  a  given  city  who  have  only  one  disi 
and  who  are  accompanied  by  the  choice  of  a  healthy  individual  from  ed< 
of  the  two^^^^aining  cities  requires  the  determination  of  the  proports 
of  healthy  individuals  in  each  of  the  cities. 

The  proportion  of  healthy  individuals  selected  from  city  CI  is 
obtained  by  first  calculating  the  number  of  healthy  members  of  CI.  T 
number  of  individuals  in  the  first  city  who  have  either  disease  or  bo 
diseases  is    N/16  +  N/8,     or    3N/16    and  hence  the  number  of  healthy 
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individuals  is    13N/X6.    Thus  the  proportion  of  healthy  individuals 

in  the  first  city  is    13/16.    A  similar  calculation  for  city  C2 
reveals  that  the  proportion  of  healthy  individuals  is    3/5    and  for 
city  C3    the  proportion  is    19/25.    Hence,  when  choosing  an  i^ndividual 

from  each  city  the  probability  of  choosing  a  healthy  individual  from 

I 

the  first  city  is    13/16,    from  the  second  city    3/5,    and  from  the 
third  city  19/25. 

Since  the  number  of  people  from  the  first  ci€y  that  have  only  one 
of  the  diseases  is    llN/64,    3/5    of  these,  or    33N/320  will  correspond 
to  the  simultaneous  selection  of  all  healthy  individuals  from  city  C2 
and  in  turn    19/25    of  these,  or    627N/88000    will  correspond  to  the 
simultaneous  selection  of  no  sick  individual  from  city  C3.    Hence,  of 
the  total  number,    3N,    of  individuals  selected  from  all  three  cities, 
the  number  of  individuals  having  only  one  of  the  diseases  and  coming 
from  the  first  city  is    627N/8000.    Similarly,  the  number  of  individuals 
selected  from  the  second  city  having  only  one  disease    is    1711/50  and 
13/16    of  these,  or    221N/800      correspond  to  the  simultaneous  selection 
of  a  healthy  individual  from  the  first  city.    Then,  because  19/25 
of  the  individuals  chosen  from  the  third  city    are  healthy, 
19/25  X  221N/800      or    4199N/20000        inc^viduals    selected  from  the 
second  city  are  simultaneously  selected  with    healthy  individuals  from 
each  of  the  other  two  cities.     Finally  an  analogous  calculation  showis 
that      273N/2500      individuals  selected  from  the  third  city  |re_simul- 
taneously  picked  with  healthy  individuals  from  the  first  and  second 
cities- 


8.58 


HenceV  the  total  imn^r    of  individualfl  seX«cted  such  that  they 
only  have  one  disease  among  the  three  simultaneously  Belected  is 


/  < 


IIS    +    4199N  #*•    273N  or  0.397525N 


The  proportion  so  chosen  is  0. 3S7525N/3J9-.1325  and  this  is  the  re^ 
probability.    Whew  1 1 1 


/ 


I 
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The  method  o£  solution  of  this  problem  was  based  upon  calculating 
the  numbers  of  individuals  having  various  characteristics  and  then 
forming  the  desired  proportions  or    ratios.  The 

numbers  were  expressed  as  fractions  of    N,    where    N    was  the  number 
of  times  the  experiment  was  repeated.    This  notion  of  expressing  the 
numbers  of  Individuals  or  events  in  terms  of  a  fraction  of  the  number 
of  experiments  is  a  very  fruitful  one.    In  fact,  alSKist  all  of  the 
problems  could  have  been  solved  using  this  idea.    As  an  example  we 
"redo"  the  third  problem  using  this  notion  of  expressing  the  number  of 
occurrences  of  the  various  e^^ts  in  terms  of  the  nunber  N  of  esepexissmtB* 

From  the  data  of  the  problem,    N/2    of  the  mice  have  short  tails, 
N/4    have  discolored  eyes  and      0.40    of    N/4    or    N/10    of  the  mice 
have  both  afflictions.     Thus,      N/4  -  N/10      or    3N/20    have  only 
disco lorCd  eyes  and      N/2  -  N/10      or    2N/5    have  only  short  tails. 
To  answer  part     (a)    we  note  that  the  proportion  of  mice  having  both 
afflictions  is     <N/10)/N    or    1/10    which  agrees  with  the  answer 
obtained  previously.     The  answer  to  part     (b)     requires  the  deter- 
mination of  the  number  of  mice  having  no  afflictions.    This  number  is 
given  by  h-ubtracting  the  number  of  mice  having  only  short  tails, 
the  number  having  only  discolored  eyes  and  the  number  having  both 
afflictions  from  the  total  number,  N.     Thus,     N  -  2N/5  -  N/20  -  N/10«7N/2( 
mice  are  healthy.     The  probability  is  then  given  by  the  ratio 
(7N/20)/N    or    7/20    which  again  agrees  with  the  previous  result. 
The  student  should  work  out  on  his  own  the    fourth  problem  uSina  thft 
"number  of  experiments"  method.     It  is  a  very  useful  and  auite  intuitivp 
technique  and  for  these  reasons  we  shall  frequently  use  It. 


Tto  answer  the  sixth  {sdalOB,  paige  3.31,    we  note  that  part  (a)  is^ 
similar  to  part    (c)    of  the  fifth  problem.    The  experiCient  con- 
sists in  selecting  a  tree  from  each  forest  and  a  tally  is  to  be  fsade 
whenever  only  one  of  the  three  trees  selected  is  healthy.    Now  the 

problem  is^^a  calcftl^te  the  proportion  of  the  number  of  experiments  

that  resulted  in  the  selection  of  exactly  one  infected  tree  of  the 
three  trees  chosen.    Because  the  experin^nt  is  done  a  large  number 
^f  times  part  of  tte  (fesired  tallies  will  ootiespo»a  to  cases  vtierein  the 
infected  tree  came  from  the  first  forest  and  simultaneously  only 
healthy  trees  came  from  the  other  two  forests.    Similarly,  part  of 
the  tallies  will  correspond  to  infected  trees  being  chosen  from  the 
second  forest  with  the  other  forests  having  had  healthy  trees  selected 
from  them.    An  analogous  remark  may  be  made  about  the  infected  trees 
from  the  third  forest.     It  is  necessary  to  calculate  the  number  of 
trees  corresponding  to  each  of  the  above  cases  in  order  to  arrive  at 
a  total. 

The  number  of  infected  trees  selected  from  the  first  forest  is 
N/3.    Simultaneous  with  the  selection  of    N/3    infected  trees  from 
the  first  forest  was  the  selection  of  a  number  of  healthy  and 
unhealthy  trees  from  the  second  and  third  forests-    Because    3/4  of 
the  trees  in  the  second  forest  are  healthy,   3/4    of  the  selections  of 
any  tree  from  the  first  forest  will  be  accompanied  by  the  selection  ot 
a  healthy  ^ree  from  the  second  forest.     It  is  assumed  that  there 
is  no  preference  in  the  selection  of  the  trees  and  this  assisqption  holds 
throughout  the  problem.    Thus    3/4    of    N/3    or    N/4    of  the  trees 
selected  from  the  first  forest  were  infected  and  accompanied  by  the 
choice  of  a  healthy  tree  from  the  second  forest.    Similarly,  because 
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4/5    of  the  third  forest  is  made  up  of  healthy  trees »    4/5    of  N/4 
or    N/5    trees  selected  from  the  first  forest  are  infected  and  were 
selected  simultaneously  with  healthy  trees  from  the  other  two 
forests.    The  procedure  for  calculating  the  number  of  cases  wherein 
exactly  one  tree  was  infected  and  the  tree  came  from  the  second  forest 
is  the  same.    Thus,  of  "the    N    trees  selected  from  the  second  forest, 
N/4    of  them  are  infected.     2/3    of    N/4    or    N/6    of  the  selected 
trees  are  infected  and  are  accompanied  by  a  choice  of,  healthy  trees 
from  the  first  forest.    Finally,  the  number  of  infected  trees  chosen 
from  the  second  forest  and  corresponding  to  the  choice  of  no  infected 
trees  from  the  first  or  third  forest  is    4/5  x  N/6    or  2N/15. 
Similarly  the  numb«^r  of  infected  trees  chosen  from  the  third  forest 
along  with  no  infected  fees  from  the  other  two  forests  is 
N/5  X  2/3  X  3/4    of    N/10.    Therefore,  the  total  nianber  of  experi- 
ments in  which  exactly  one  infected  tree  was  selected  is 


N/5  +  2N/15  +  N/10  or  13N/30. 

The  propurtion,  and  hence  the  probability,     is  13/30. 

The  problem  posed  in  part     (b)     is  equivalent  to  the  determination 

of  what  proportion  is  the  number  of  times  exactly  one  infected  tree  is 

selected  and  that  tree  comes  from  the  second  forest  to  the  total 

number  of  times  in  which  exactly  one  of  the  selected  trees  was 

infected.     From  part  (a),  the  number  of  experiments  resulting  in  the 

selection  of  only  one  infected  tree  and  that  tree  came  from  the  second 
forest  is    2N/15.     In  addition,  the  number  of  experiments  which  corre- 
spond to  exactly  one  infected  tree  regardless  of  which  forest  it 
came  from,  was    i3N/30,     Therefore,  the  desired  probability  is 
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The  calculation  of  the  probability  required  in  the  seventh  pro- 
blem, page  8.36,  is  strai^ttforvjard.   The  studait  shexxld  rere^  the  section  de- 
scribing the  computer  roimicing  of  the  experiisent.    We  begin  our 
calculation  by  letting    N    be  the  number  of  experiments  and 

calculate  the  number  of  infected  trees  of  eUch  species  in  tenns  of  N. 
Now  in  accord  with  the  partitioning  of  the  unit  interval,    N/2  of 
the  trees  selected  will  be  spruce,     N/3    will  be  larch  and  N/6 
will  be  white  pine.     Of  the  white  pine,     1/4    are  infected  and 
therefore     the  number  of  infected  white  pine  trees  is    N/24.  A 
similar  calculation  shows  that  the  number  of  infected  larch  is  2N/15 
and  the  number  of  infected  spruce  ife    N/6.    Thus,  the  probability 
is 

N/6 

  or 

24      15  6 


^ .  ^2-  ^ 


20/41 

i 


We  now  consider  the  calculation  of  the  probabilities  asked  for  in 
the  secc»id  problem,  page  8.11.    Since  tiie  experiio^t  of  selectijnq  5  cows  is  repeated 
N  times,  the  answer  to  part  (a)  is  obtaii^  by  calciilatinq  the  msiiber  of  experimaits 
in  which  all  five  of  the  selected  cows  had  not  recovered.    This  calcu- 
lation is  done  in  the  following  way.     Because  the  herd  consists  of  5 
animals  who  have  not  recovered,     5N/20    is  the  number  of  experiments  in 
which  a  sick  cow  may  be  selected  on  the  first  draw.     For  these  selec- 
tions, since  a  sick  cow  was  selected,     4  out  of  the  19  remaining  cows 
are  ill.     Consequently,     4/19  of  the  N    second  draws  will  result  in  a 
sick  cow  being  chosen.    This  means  that  of  the  a?/20  experimait  vtfiich 
resulted  in  the  initial  selection  of  a  sick  cow,  only    4/19  of  these, 
or    N/19    experiments  will  result  in  a  sick  cow  being  selected  on  both 
the  first  and  second  draw.     For  these  cases,     3/18  of  the  experiments 
will  result  in  the^hird  draw  yielding  an  ill  cow.     Thus,  of  the  N/19 
experiments  resulting  in  the  selection  of    2    ill  cows  on  the  first 
2  draws,  only    3/18    of  them,  or    N/114    experiments  will  result  in 
the  selection  of  a  sick  cow  on  each  of  the  first  three  draws.  The 
procedure  for  completing  the  calculation  should  now  be  evident.  2/17 
of    N/lli,     or    N/969    experiments  will  result  in  the  first  four  draws 
selecting  an  ill  cow  on  each  draw.     Finally,     1/16  x  N/969  or 
N/15504     experiments  will  result  in  recovered  cows  being  selected 
on  each  of  the  five  draws.     Therefore,  the  probability  that  none  of 
the    5    selected  cows  has  recovered    is  1/15504. 

The  student  should  have  noticed  that  this  answer  was  obtained 
by  multiplying  the  successive  proportions  of  sick  animals,  i.e. 

5/20  X  4/19  X  3/18  x  2/17  x  1/16  =  1/15504. 
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This  fa^*  suggests  hcjw  to  calculate  such  probabilities  for  similar 
problems.    If  these  proportions  are  interpreted  as  proh||ilities, 
the  above  calculation  is  an  example  of  the  product  law  Ih  classical 
probability. 

Part  (c)   is  done  in  a  very  similar  manner.    The  experiment  is  the 
same,  but  the  initial  and  successive  proportions  are  different.  Our 
method  of  explanation. will  be  to  again  work  out  the  number  of  success- 
ful evaits  for  ea«^  svKXjessive  draw  of  an  animal.   Out  of  N  selections  of  5  animals 
per  each  experiment,  1W20  selections  wUl  ct^ist  in  having  dioeen  a  reoowered  ani- 
for  the  first  of  the  5  animals  to  be  selected.   IMs  being  the  case,  the  ^cc^octim  c 
ranaininq  healthy  animals  is  14/19.    Hsk^,  14/19  of   im/2Q  or   2W38  e«perimatts  ^ 
result  in  the  selection  of    2    healthy  animals  on  the  first  two  draws, 
using  the  hint  described  in  the  previous  paragraph,  the  procedure  for  c 
culating    the  probability  of  picking  three  healthy  cows  on  the  remain- 
xng  three  draws  should  be  evident.     The  probability  is 


15/20  X  14/19  X  13/18  x  12/17  x  11/16        or  351/5168. 
Part  Cb)   is  more  difficult  and  requires  an  examination  of  the  i 
computer  based  mimicing  of  the  selection  process.     It  will  be  recalled 
that  the  program  shown  estimates  the  probability  that  all    5    cows  hai 
recovered  and  that  by  changing  line    180    to  read 

180     IF  J  «  3     GOTO  200 

the  estimation  of  the  probability  of  drawing  exactly    3  recovered 
animals  may  be  obtained.    Because  only    3    recovered  animals  are  to  b 
chosen,  an  examination  of  how  the  computer  could  pick  exactly  three 
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recovered  cows,  reveals  that  it  could  have  acc^plished  this  selection 
in  a  variety  of  ways.     For  example,  a  healthy  cow  could  have  been 
picked  on  the  first,  third  and  fourth  draws  and  a  sick  cow  picked 
on  the  second  and  fifth  draws,  or  healthy  cows  could  have  been' 
chosen  on  the  second,  fourth  and  fifth  draws  and  cows  still  suffering 
•  frcan  hoof  and  raouth  disease  picked  on  the  first  and  third  draws. 
Other  orders  of  selection  (combinations)  are  also  possible  which 
would  result  in  the  selection  of  exactly    3    healthy  cows  being 
picked  out  of  the    5    animals  drawn.     Furthermore,  each  of  these 
selections  appear  to  be  equally  probable  since  there  is  no  priori 
reason  that  the  random  selection  procedure  should  prefer  one  of 
these  combinations  to  another  such  combination  of    5    selected  cows. 
Thus,  the  calculation  of  the  probability  that  exactly    3  recovered 
cows  were  chosen  out  of  the    5    selected  requires: 

(a)  The  calculation  and  listing  of  all  possible  combinations 
-fa  sample  of    5    animals  containing  exactly    3  recovered 
cows , 

(b)  The  calculation  of  the  number  of  experiments  that  will 
result  in  the  selection  of  each  of  the  combinations  found 
in  part     (a) ,  and 

(c)  Adding  the  results  obtained  in  part     (b) ,     and  dividing 
by    N    to  obtain  the  desired  probability. 

We  will  next  illustrate  how  each  of  these  calculations  may  be 
performed  and  then  we  will  show  that  the  above  set  of  tasks  is 
equivalent  to  carrying  out  the  follbwing    4  calculations. 


(1)  The  calculation  of  the  iiunber  of  ways  in  which    3  distinct 
objects  may  be  selected  from    5  objects. 

(2)  The  calculation  of  the  number  of  experiments  corresponding 
to  any  one  combination  o^"*;;^    draws  yielding  exactly  3 

recovered  animals. 

(3)  The  multiplication  of  the  number  of  oxperimeftts  obtained 
in  step  2  by  the  number  of  ways  obtained  in  step  1. 

(4)  Dividing  the  result  of  step  3  by    N,    the  number  of  experi- 
ments . 

n»e  latter  set  of  4  calculations  requires  much  less  oonputatlonal  effort  ttan 
formex  set  of  3  calculations.  Ftor  those  students  «hD  are  familiar  with  ptobabiUty 
the  ptocaiure  is  equivalovt  to  using  the  binomial  distribution  to  calculate  ths  pxl 
biUtiee  for  a  finite  sample  space  as  is  done  in  classical  pK*abUity  theory. 

NOW  the  listing  of  the  combinations  of    3    healthy  animals  from 
5    animals  can  be  accomplished  with  the  aid  of  a  6omput§r  program. 
In  order  to  not  interrupt  the  discussion  of  the  method  for  calculatln 
the  probability,  we  will  Simply  list  the  possible  combinations.  A 
description  of  a  computer  program  which  both  lists  and  counts  the 
combinations  is  given  in  Appendix    B.      I^t    R    and    S    denote  the 
selection  of  a  recovered  animal  and  a  sick  animal  respectively,  then 
the  possible  selections  are:     RKRSS,     RRSRS,     RRSSR,    RSRHS.  MRSR, 
RSSRR.    SRRRS,     SRSRR    and    SSRRR.     Hence!  there  are    10  possible 
selections  of  exactly  three  recovered  anl^>als  out  of    5  animals, 
in  the  canuter  based  eKperlmajt,  to  qrterate  the  regutod  tallies  for  preWm  2. 
if  the  nodnr  of  experiments.  H,  is  very  large,  each  of  aiese"  ampliations  wiUt 

..w,  ■--.Tii-l.T-    -rtils  amaests  that  we  calculate  the  nwt 
selected  several  times  by  the  ctmputer.   Tnis  aofsesu,  u» 

of  experlnents  resulting  li.  the  choice  of  each  of  these  oa*lnfltions.  Consider 
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the  choice  BBSS.   At  the  risk  of  torixig  the  stutot,  «e  work  this  calcvOatix^  out  ii 
complete  detail  so  that  the  sudbeeding  comments  and  work  are  easier 
to  appreciate.     Prom  our  previous  work,  the  number  of  experiments 
resulting  in  the  selection  of  an    R    on  the  first  draw  is  15N/20 
and  the  number  of  experiment's  resulting  in  the  selection  of  an'  R 
on  each  of  the  first  two  draws  is    14/19  x  15N/20    or  21N/38 
experiments.    Since  the  proportion  of  sick  cows  in  the  remaining  herd 
is    5/18,     it  is  evident  that    5/18  x  21N/38    or    35li/204  experiments 
resulted  in  the  selection  of  a  recovered  cow  on  each  of  the  first  two 
draws  and  the  selection  of  a  sick  cow  on  the  third  draw.    Now,  13/17 
of  the  remaining  animals  have  recovered  and  so  the  number  of  experi- 
ments resulting  in  the  selection  of    RRSR      on  the  first  four  draws 
is    455N/3468.     Finally,  since    4/16    of  the  herd  has  not  recovered, 
the  number  of  experiments  resulting  in  the  choice  RRSRS  is  455N/13872. 

A  review  of  this  calculation  reveals  that  the  result  was  obtained 
by  multiplying  the  respective  proportions  15/20,     14/19,  5/18, 
13/17,     and    4/16    and  then  multiplying  the  result  by  the  number  of 
experiments.     Furthermore,  the  proportions  were  obtained  by  noting 
whether  a  recovered  or  a  sick  cow  was  selecfted  and  then  subtrac-  ^ 
ting  one  from  the  respective  number  of  remaining  healthy  or  sick  cows. 
The  product  vas  divided     by  the  number  of  animal^  remaining  in  the  herd 
to  give    the  respective  successive  proportions.     The  analogy  between 
this  process  and  line      140    of  the  program  listed^in    figure  8.2 
should  be  noted.     This  procedure  for  calculating  the  number  of  experi- 
ments corresponding  to  a  particular  combination  of    5    cows  wherein 
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exactly    3    of  them  have  re<ipvered  suggests^hat  the  number  of  experi- 
ments resulting  in  any  other  such  combinatioii,  for  exajaple  SRRSR,  can 
be  obtained  by  successively  multiplying  the  respective  proportions  ^ 
5/20,     15/19,     14/18,     4/17    and    13/1*6    and' then  multiplying- by  the 
number  of  Experiments.    Th«s,  the  number  of  experiments  yielding  the 
combination    SRRSR    is    5/20  x  15/19  x  4/1'^  x  13/1^  x  N  or 
455N/13872.    This  is  the  same  as  the  previous  result  and  should  not  b« 
.surprising  since  the  previous  result  may  be  written  as    15/20  x  14/19 
5/18  x  13/17  x  4/16  x  N      and  a  comparison  of  the  two  products  shows 
that  the  multiplicands  in  the  numerators  and  denominators  respectivel" 
are  the  same  but  appear  in  a  different  order.     The  student  should  ver 
for  himself  that  the  same  result  holds  for  the  remaining  eight  combin' 
tions.     In  fact,  the  generalization  of  this  result  is  clear  and  is  ve 

ft 

useful.     Because  the  number  of  experiments  is  the  same  for  each  choic 
and  there  .are  ten  possible  choices,  the  total  number  of  experiments 
resulting  in  the  selection  of  exactly    3    recovered  cow§  out  of  the 
5     selected  is  10x455N/13372    or    '2275N/6936  and  hence,  the  desired 
probability  is  2275N/6936. 

We  will  apply  this  procedure  to  another  similar  problem  in  order 
to  assist  the  student  in  fixing  the  procedure  in  his  mind.  Suppose 
that  a  grove  of    50    spruce  trees  has  been  infested  by  a  spruce  bud 
worm  infestation  and  that    20    of  the  trees  had  become  infested.  If 
seven  trees  are  selected  at  randonv  what  is  the  pr9bability  that  ex- 
actly four  had  become  infested?    As  before,  it  is  first  necessary  to 
recognize  that  the  experiment  to  be  mimiced  consists  in  the  random 
selection  of    7    trees  from  the  grove  and  the  attendant  determination 
of  the  well  being  of  each  of  the      7    trees.     Th/ experimentP is  to 
be  simulated    N    times  on  the  computer  and  the  above  aethod  of  cal- 
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culatin^  the  probabilities  consists  in  the  determination  of  the 
number  of  ex||iriments  resulting  in  exactly  four  infested  trees  being 
among  the  seven  trees  selected  in  the  sample.     If  it  is  known  that 
there  are  four  infested  trees  in  the  sample,  there  are  many  ways  in 
which  four  infested  trees  can  be  chosen  frcsn  the  sai^le  of  seven 

trees.    Now,  the  total  number  of  experiments  resulting  in  the  selec- 

I 

tion  of  exactly  four  infested  trees  from  the  seven  which  are  sampled 
is  determined  by  the  product  of  the  number  of  ways  in  whi^h  four 
such  tree?!  can  be  selected  from  seven  trees  #nd  the  number  of  ex- 
periments resulti!^g  in  just  one  of  the  combinations  of  four  trees 
out  of  the  seven.  Vb^  actually  listing  the  possible  combinations  it 
may  be  seen  that  there  are   35  such  possible  ways.     As  an  example,  tWo 

0 

of  the  combinations  are    HHSSHSS    and    SHSHSHS    where    H    and  S 
denote  a  healthy  and  an  infested  tree  respectively.     Since  N 
experiments  are  performed,  the  number  of  experiments  in  which  the 
combination    HHSSHSS    is  achieved  is 

30/50  X  29/49  x  20/48  x  19/47  x  28/46  x  18/45  x  17/44  x  N 

or     9367N/1664740.       The  corresponding  expression  for  the  number  of 
experiments  in  which  the  coitibination    SHSHSHS     is  se^tfCted  is 

20/50  X  30/49  x  19/48  x  29/47  x  18/46  x  28/45  x  17/44  x  N 

or  9367N/1664740,  and  it  is  seen  tl)at  the  two  exp-essirais  are  equal  in  nuinerical  value. 
The  equality  of  the  two  results  should  not  be  surprising  in  view  of  the  previais  dis- 
cussion.   SirK:e  the  total  nmbsr  of  experiments  resulting  in  a  dioice  of  exacUy  four 
infested  trees  out  of  the  seven  selected  is   n/:'5,  the  desireh  probability  is  thei 
times  the  above  expression  or  9367N/47564.  ,  r.iis  oarpletes  cxor  discussion  of  the  . 
^  second  problem.  0  4  i  0 
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We  now  consider  the  solution  of  the  ^ghth  problem.    The  cal- 

culation  of  the  nuintoer  of  experiments  for  ^a^h.  part  of  the  problem 

*  * 
is  accomplished  in  a  manner  entirely  analogous  to  that  developed  to 

calculate  the  similar  quantities  in  the  second  probli^.    For  part 
•(a),  since  there"TLS^ly  one  sfessible  way  of  selecting  six  mice  and 
since  the  proportion  of  micfi^hat  improved  is    2/5,    it  follows 
that     (2/5) ^xN  is  the  number  of  mice  that  improved  in    .N  experi- 
ments.    The  proportion  interpretation  of  probability  then  implies  . 
that  the  probability  of  chobsing  an  improved  mouse  on  each  of  the 
six  draws  Is     (2/5)^    or  0.004096. 

The  answer  to  part  (b)   is  obtained  by  following  th^  four  steps 
listed  in  the  discussion  of  the  second  problem.    The  number  of  ways 
of  selecting  two  improved  mice,  three  ^^ice  which  are  unaffected  and 
one  mouse  which  has  become  worse  from  six  such  mice  can  be  obtained 
by  the  use  of  the  qomputer  program  described  in  Appendix  B.  This 
niay  be  done  by  letting  the  digit    3   .denote  an  improved  mouse,  the 
digit    2    an  unaffected    mouse  and  the  digit    1    a  mouse  who  became 
worse.    The  computer  /ill  then  list  the    60    combinations.  The 
next  step  is  to  calculate  the  number  of  experiments  correpponding 
to  just  one  of  the  combinations  of  six  mice.     We  will* describe  the 
calculation  for  six  mice  listed  in  the  order    3,  3,  2,  2,  2,  1. 
The  number  of  experiments  resulting    in" the  selection  of  an  improved 
mouse  on  both  the  first  and  second  draws  is     (2/5) ^xN.     Since  the 
-p^^ortion  of  unchanged  mice  is  now   7/20,    the  number. of  experiments 
resulting  in  the  selection  of  improved  mice  on  the  first  two  draws 
and  unchanged  mice  on  each  of  the  next  three  draws  is 
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(2/5)^  X  (7/20)^  X  N.    Finally,  because    1/4    of  tfce  mice  are  actually  • 
in  worse  shape  after  th$  treatment,  the  number  of  exi>eriments  re- 
sulting in  Ufe  required  c^abination  is     (2/5) ^  x  (2/20)^  x  (1/4)  x  N. 
Since  there  are    60    such  combinations  the  total  number  of  Experiments 


probability  is  1029/10000. 

Part  (c)  is  done  the  same  way.    There  are    30    ways  of  selecting 
one  improved  mouse,  one  unchanged  mouse  and  four  mice  which  have 
become  worse  from  six  such  mice.    By  now  the  student  should  have 
recognized  that  the  number  of  experiments  corresponding  to  one 
specified  combination  of  the    30    ccanbinations  is  merely  the  product 
^of  the  respective  proportions  corresponding  to  the  state  of  health  . 
of  the  mice.    Thus    2/5  x  7/20  x  (1/4)^  x  N    is  the  number  of  ex- 
"/  periments  in  which  one  specified  combination  is  selected.     The  total 
'    number  of  experiments  corresponding  to  ali  possible  combinations  is 
2/5  X  7/20  X  (1/4)'*  X  30  X  N      and  ^ence  the  probability  is  21/1280. 
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The  ^IcHlation  of  the  designated  probabiUties  iox  the  ninth 
problem  requires  a  slight  alteration  of  the  pr€Kjedure  for  ealcttl«tlai^ 
the  xramber  of  experiments  corresponding  to  a  specific  combination. 
This  alteration  is  due  to  the  fact'  that  the  population  is  finite  and  ^ 
thus,    as  -citizens  are  selected,  the  proportion  of  the  remaining 
individuals  holding  a  prescribed  opinion  changes.    The    situation  is 

n  * 

I 

entirely  analogous  to  that  encountereid  in  the  second  proble^.  Part 
(a)  requires  the  calculation  of  the  number  of  experiments  resulting 
in  samples  all  of  whose  citizens  opposed  the  spraying.    By  recalling 
the  method  of  calculation  used  i^i  the  second* problem  it  is  seen  that 
the  number  of  such  experiments  is 

■'■  I 
50Q/1750  X  499/1749  x  498/1748x497/174?  x  496/1746  X  495/1745 

'    ,    ■  ■  '      -5  ■ 

X,  494/1744  X  493/1743  X  492/1742  x  N-   or    •1A20473  X  10      x  N. 

Since  there'^is  only  one  way  to  select    9    such  opini'ons  from    9  .pedp 

this  number  is  a;.so  the  total  number  of  experiments  in^wjiich  all.  9 

people  are  opposed  to  spraying  with  DDT.     The  probabili^|y  is  then  ^i 

number  divided  by    N    or  1.20473  x  10~5. 

Fbr  part  (b),  the  number  of  possible  combinations  of    9  opinions 
of  which    5    are  opposed  to  spraying  and    4    are  in,  favor  of  spraying 
is    126.     To  calculate  the  number  of  experiments  corresponding  to  iuE 
one  of  these  combinations,  we  note  that  the  number  of  experiments  in 
whfch  the  first    5    draws  in  succession  result- in  a,n  opposing  vote  is 

500/1750  X  499/1749  x  498/1748  x  497/1747  x  496/1746  x  N. 
Hence,  the  number^of  experiments  resulting  in  the  specified  combina- 
tion  for  all    9    opinions  is 
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500/1750  X  499/1749  X  498/1748  x  497/1747  x  496/1746  x  900/174-S 
X  899/1744  X. 898/1743  x  897/1742  x  N-  or    1.32378  x  lO'^N 

m 

% 

•        e  *"  .  • 

Multiplying  this  nuB^ber  by    126        obtain  the  niaaber  of  experiinenta 
c€?rrespohding  to  all  possible  combinations  and  then  dividing  by  N 
gi^es  a  probability  of    .00166796.  • 

The  number  of  possible  combinations  in  part,  (c)  is  1260  and  the 
number  "of  e^tperlpents  corresponding  to  Just  one  of  these  oo»a>ination8 
is       .         ■  '  ' 

■  • 

900/1750  X  899/1749  X  898/1748  x  500/1747  X  499/1746  x  450/1745 
X  349/1744  .  X  . 348/1743  x  347/1742  ?  N      or    1.77320  x  10"^»I 

The  probability  is  obtaiJ^  by  multiplying  this  number  by  the  number 
of  combinations  and  dividing  by  the  number  of  experiments  to  give 

0.0223423. »  , 

Your  author  purposely  chose  this  problem  because  it  il lustra tW 
the  computational  difficulties  than  can  aris#  even  when  an  exact 
answer  can  be  obtained.     The  numerical  evaluation  of  the  products  of 
the  fractions  is  time  consuming  and,  when  done  on  a  coiq^uter,  can 
lead  to  serious  loss  of  accuracy  since  only  limited  precision 
arithmetic  can  be  used.  ^  It  is  also  the  case  that  overflows  can 
easily  occur  in  the  computer  if  the  order  of  the  arithmetic  is 
not  chosen  properly.     For  example,  suppose  that  the  method  of  nu- 
merically evaluating  the  product  is  to  first  ntultiply  all  of  the 
nuitierators,  then  multiply  all  of  the  denominators  and  then  divide 
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the  former  product  by  the  latter  prc^uct.    As  the  student  can  note^  '| 

each  of  these  products  could  be  quite  larger    In  fact,  if  the  sffii^l«^  | 

had  contained    80    individual's  opinions*  the  products  would  be 

larger  than    10^^^.      One  method  for  minimizing  the  numerical  difficiti 

ties       associated  With  the  evaluating  of  suc|i  products  is  to  alter-  ^ 

nate  the  order  of  the^  operations  of  multiplication  and  division,  special 

programs  have  been  developed  to  evaluate  such  products  and  your  locaL 

computer  -center  should  be  able  to  provide  them. 

The  initial  proportion  of  citizens  in  favor  of  using  DDT  is 

900/1750    and  the  initial  proportion  opposed  to  the  use  of  DDT  is 

5P0/1750    whereas  the  initial  proportion  having  no  opinion  is  350/17 5C 

Now,    if  these  proportions  were  representative  of  a  "large**  population 

that  is  a  population  in  which  it  is  assumed  that  the  proportions  do 

not  change  as  individuals  are  selected,  then  the  answer  to  part  a 

would  be  (500/1750)^    or    1.2688  x  10~^    which  is  very  close  to  the 

previous  answer.    Thus,  again  we  see  that  if  the  ratio  of  the  total 

population  to  the  sample  population  is  greater  than    10    or  so  that 

very  little  error  is  made  if  no  correction  is  made  to  the  proportions  - 

while  doing  the  calculation. 

Similarly,  the  answer  to  part  (b)  would  be      (500/1750)^  x  (900/1750) 

3 

X  126    or    0.0167822    and  the  answer  to  part  (c)  would  be  (900/1750) 
X   (500/1750)^    X  (350/1750)^  x  1260    or  0.0223856. 

r 
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APPENDIX  B 


In  the  previous  appendix  it  was  stated  that  a  listing  of  all 
possible  ways  of  selecting  3  recovered  cows  fr«n  5  cows  could  be 
accomplished  with  the  aid  of  a  computer.    This  appendix  describes 
the  development  of  the  computer  prc^ram  for  obtaining  such  a 
listing.    Even  though  such  a  listing  was  not  needed  €o  calculate 
the  probability  (only  the  number  of  such  ways  was  ne^ed),,  the 
program  may  be  of  interest  in  its  own  right.    The  program  to  be 
deve.loped  wil^  list  all  of  the  possible  distinct  ccsnbinations  of 
n  objects  and,  if  some  of  the  objects  are  identical,  the  listed 
combinations  will  be  distinct.    It  is  the  ability  to  list  only 
distinct  combinations  which  makes  the  program  useful  since  the 
listing  of  all  possible  combinations,  regardless  of  whether  or  not 
they  are  distinct,  is  not  very  helpful. 

If  a  recovered  cow  is  associated  with  the  digit  2  and  a  cow 
who  has  not  yet  recovered  associated  with  the  digit  1,  it  is 
evident  that  the  determination  of  the  number  of  possible  ways  of 
sele'2ting  3  recovered  cows  from  a  group  of  5  cows  is  equivalent 
to  determining  the  numer  of  possible  orderings  of  the  numbers 
2,  2,  2,  1  and  1.    There  are  ten  such  orderings  and  they  ares 
2,2,2,1,1;     2,2,1,2,1;     2,2,1,1,2;     2,1,2,2,1;  2,1,2,1,2; 
2, 1,1,.:, 2;     1,2,2,2,1;     1,2,2,1,2;     1,2,1,2,2;     and  1,1,2,2,2. 
The  order  of  the  digits  describes  the  order  in  which  the  cows 
were  chosen.'  For  example,  the  order    2,1,2,1,2  corresponds 
ta  first  choosing  a  recovered  cow  and  then  alternately  choosing 
a  cow  which  has  not  yet  recovered  followed  by  a  recovered  cow, 
etc.    This  suggests  the  development  of  a  program  which  receives 
as  input  several  numbers  and  then  as  output  lists  them  in  all 
possible  distinct  orders.     For  example,  if  it  is  desired  to  list 
all  possible  ways  of  selecting  3  recovered  cows  from  a  group  of  5 
cows,  the  input  would  be  the  five  digits    2,2,2,1  and  1  and  output 
would  be  the  10  five  digit  numbers  as  listed  above.    As  a  further 
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example,  suppose  it  is  desired  to  know  the  nuaber  and  ways  in 
which  it  is  possible  to  selefct  2  brown  horseSf  2  red  horses  and 
^  black  horse  from  a  grou^  of  5  such  horses «    By  identifying  the 
digit  3  with  a  brown  hor^e,  the  digit  2  with  a  red  horse  and  the 
digit  1  with  a  black  horse,  the  input  to  the  program  would  be  the 
set  of  numbers    3,3/2,2,  and  1.    The' possible  ordei^ings  are  (for 
brevity  the  commas  are  omitted):    33221,     33212^^  ^312  31322, 
31232,     31223,     13322,     13232,      13223,     12323    and  122233 
and  the  number  of  such  selections  is  12.    Each  set  numbers 
prescribe  an  order  in  which  the  horses  are  to  be  chosen. 
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Each  pf  the  preceding  sequences  of  nuabers  were  listed  in  ^ 
decreasing  order  and  it  is  the  property  of  decreasing  order  that 
shall  be  exploited  in  the  development  of  the  computer  program. 
It  is  helpful  to  note  that  because  the  numbei^s  of  the  listing  are 
to  appear  in  decreasing  order  that  any  nuiober  in  the  list  is 
smaller  than  all  those  preceding  it  and  larger  than  all  those 
numbers  following  it  in  the  list.    This  fact  provides  the  key  to 
the  develojanent  of  the  program  because  it  ensures  that  all  of  the 
numbers  will  be  distinct,     i.e.    there  will  be  no  repetitions, 
even  if  the  original  number  has  repeating  digits.    With  these 
remarks  in  mind  we  proceed  to  discuss  the  following  problem. 
Suppose  the  first    K    numbers  in  the  list  have  been  constructed, 
how  then  is  the  next  number  to  be  oraistnKJted?   Such  a  oonstiuction 
requires  a  procedure  for  insuring  that  the  largest  of  all  possible 
smaller  numbers  is  the  next  number  selected.     To  this  end  we 
examine  a  numerical  example  and  see  if  we  can  "divine  out"  a 
method. 

First  of  all,  we  adopt  the  convention  that  the  rastors  for 
which    'r-  are  going  to  find  all  possible  listings  must  be  entered 
in  such  a  way  that  the  number  formed  by  them  is  the  largest  possible 
such  number.     Thus,  the  initial  arrangement  of  the  digits  must  be 
such  that  they  do  not  increase  as  they  are  read  from  left  to  right. 
For  example,   if  the  digits    5,   9,   1,  3,  8    are  to  be  so  listed, 
they  must  be  entered  in  the  order    9,  8,   5,   3,  1    and  if  the 
digits    3.4,3,5,4,6,5        are  to  be  so  listed,   they  must  be  ini- 
tially entered  in  the  order      6,   5,   5,  4,  4,  3,  3. 
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Foe  our  nanericai  eaa^,  we  cansider  the  digits  5.8,1.3,9  and  ftar  the  sate  | 
convenience  i*e.will  omit  the  ccMoaas  when  writing  feh«a.  -Hie  fiJrst  .4^ 
several  entries  in  the  output  of  the  computer  program  should  Appear 


as 


98531 

98513  / 

98351 

98315 

98153 

98135 

95831 

95813 

95381 

95318 

95183 

95138 

93851 


etc. 


There  are    120    such  numbers  and  the  student  should  extend  the 
list  up  to    50    or  so.     Reading  from  the  bottom  up.  the  last  few 
numbers  in  the  list  are      13589,     13598,     13859,     13895,  13958, 
13985,     15389,     15398,     etc.     The  student  should  study  this  Ust 
and  attempt  to  make  up  the  rule  for  determining  the  subsequent 

entries  in  the  table.  , 

NOW  we  recall  that  if  any  sequence  of  digits  is  in  non- 
decreasing  order  when  read  from  left  to  right  then  the  number 
formed  by  these  digits  is  the  smallest  number  that  can  be  formed 
by  them.     This  fact,  when  applied  to  the  number      95138  shows 
that  any    interchange  in  the  last"  three  digits    1,  3,     or  8 
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would  only  serve  to  increase  the  numerical  value  of  the  number 
95138.    The  digit  in  the  second  place,     5,     is  the  first  digit 
not  in  decreasing  order  when^reading  from  right  to  left.    It  is 
the  first  digit  out  of  non-decreasing  order  and  it  is  this  very 
property  that  indicates  that  the  digit    5,    and  all  the  digits 
to  the  right  of  it  must  be  interchanged  to  insure  the  ol^aining 
of  the  next  smallest  number  in  the  listing.    The  determination 
Of  how  these  digits  must  be  interchanged  is  fascilitated  by  the 
introduction  of  the  following  notation.    Let    S(J)    denote  the 
digit    J    places  from  the  left.     Thus,  for  the  number  95133 
we  have    S(l)-9,     S{2)=5,     S(3)«l,     S(4)«3    and    S(5)=8.  In 
this  example  the  sequence      S(3),     S(4).    and    S(5)    was  non- 
decreasing  and    S(2)    was  the  first  digit  out  of  non-decreasing 
order.      With  the  aid  of  this  notation,  a  flowchart  of  the  pro- 
cedure for  determining  the  first  digit,  counting  from  the  right, 
that  is  in  non-decreasing  order  is: 


£ 


S(J)  is  the 
first  non- 
dec  reasinp 
digit 


Further  study  of  the  sequence,  reveal*  that  the  out  of  order- 
digit  ie  always  interchanged  with        neirt  «aaller  number  to  the 
right  of -the  out  of  order  number.    Morever,  there  will  always  be  ; 
such  a  number  unless  the  end  of  the  listing  has  been  reached. 
If  this  interchange,  is  made,  the  number     95138    is  tjpansformed  ^ 
to    93158    which  is  not    the  next  smaller  number.    However,  it  is  " 
evident  that  by  reversing  the  order  of  the  last  three  „digits  to 
give    93851    that  the  next  smaller  number  is  obtained.    Thus  a  ^ 
suggested  procedure  for  obtaining  the  next  smaller  number  consists 
of  the  four  steps  in  the  order  in  which  they  are  stated: 
^         1.     Reading  the  number  from  right       left  and  determining 

the  first  digit  which  is  increasing  and  denotir:-  this 

digit  by    S(L) . 

2.  Reading  from  left  to  right  beginning  with  the  digit  S(L) 
and  determining  the  next  smaller  digit  to    S (L) .  Denote 

thir.  digit  by    S  (R) . 

3.  Interchanging    S(L)  and^S{R). 

4.  Reversing  the  order  of^all  of  the  digits  to  the  right 

of  the    l}^    digit.  ^ 
It  should  be  noted  that  these  steps  have  been  devised  f*om  an 
examination  of  a  listing  of  a  number  all  of  ^ose  digits  are  dis- 
tinct.    The  steps  may  have  to  be  modified  if  the  number  is  something 
like      95533.    We  are  considering  the  easiest  case  first.     The  student 
should  recall  that  thi3  is  in  ke^inqwith  our  philosophy  of  first  de- 
vising a  program  to  solve  the  easy  problem  on  the  theory  that  if  we 
cannot  solve  the  easy  problem  our  chances  of  solving  the  harder 
problem  are  certainly  not  better. 


V 
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The  transformation  o£    95138    to    93851    by  the  preceding  steps 
can  be  represented  schematiciilly  as 


9    5    1   .3  8 


X 


9    3    1.  5  ^8 


9    3    8    5  1 


Other  transformations  appear  as 


95831  98513  81     3     5  9 


X  9«8  3^S 


95813  9*^3     1^  5  1 


1  X 


95813  98351  598 


To  insure  that  the  procedure  does  indeed  produce  the  next  smaller 
number  in  the  list,   it  is  Instructive  for  the  student  to  choose 
other  numbers  and  construct  the  schematics  for  their  transformation 
using  the  above  steps. 

The  determination  of  the  digit  to  the  right  of    S(L)     that  is 
to  be  interchanged  with    S(L)     is  based  u.^on  the  fact  that  all  of 
the  digits  to  the  right  of    S(L)     are  in  increasing  order;   that  is, 

S(L+1),     S{L+2),     S(L+3),   ,     S(N)     are  a  non-decreasing  sequence 

of  digits.     This  means  that  in  order  to  find  the  next  smaller  digit 
than    S(L)     we  have  merely  to  search  for  the  first  digit  to  the  right 


of  .S(L)    that  is  smaller  than    sa).    Thus  if    S(R)    denotes  the 
first  digit  to  the  right  of    S{h)  .  such  th^t    S(L)>S(R)  th^igit 
S(R)     is  the  digit  to  be  interchanged  with  the  digit    S(L).  To 
minimize  the  number  of  operations  the  search  procedure  is  made  from 
right  to  left.    See  instruction    240    or  260. 

The  basis  for  the  transformation  has  now  been  described  and  the 
interchanging  is  repeated  until  the  digits  are  all  in  ascending  order.' 
The  program  as  written  will  accept  numbers  up  to    20-    digits.  There 
are  many  BASIC  dialects  and  it  may  be  the  case  that  the  computer 
accessed  by  the  reader  has  a  dialect  which  permits  easier  entry  of  . 
the  initial  number.  •  Should  this  be.  the  case  the  reader  can  easily 
modify  the  program.     A  flowchart  of  the  procesfe  is  shown  in  figure  8.8 
ai^  the  program  is  listed  in  figur^  9.9^    Figure  8.10  ^^xsxi^yik  the  progpram  . 
listing,  is  a  typical  ou4:put  listing  the  number  of  distinct  combina- 
tions of  choosing    3    recovered  cows  from    5    cows.     The  notation  is 
that  used  in  the  discussion. 

•nie  printing  of  all  of  the  canbii?ations  can  be  si^jpressed  by  making  1;he 
following  modifications  to  the  program.  ^ 

1.  Eliminate  lines  105,     110,     112,     113,     114,    and  115 

2.  Change  line     570     to  read,    '570  GOTO  150 

By  increasing  the  nuiftber     1000     appe^rin^  in    lines  565  and 
705k   the  program  can  accommodate  problems  having  more  than  1000 
distinct  combinations. 

\ 
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Input  initial  seqxience 
in  descending  order, 
also    N,  the  number  of 
elements  in  S(0) 


Print  out 

initial  . 
sequence 


150  I 


Finding  number  to 
right  of  S(L)  that 
is  equal  to  or 
smaller  than 
S{L) 


Interchanging  S(L) 
and  S(R) 


A=S(L) 
S(L)nS(l|) 
S(R)nA 


Interchanging  ozder 
of  digits  from 
S(L+1)  to  S(N) 


FOR  Q-L+1  TO 
n  T(Q)«S(Q) 
NEXT  Q 


FOR  U=L+1  TO^- 
N  S{U)= 
T(N+L+1-U) 
NEXT  U 


„  PRINT 
SEQUENCE" 


Flowchart  for  Listing  Combinations 
Figure  8.8 


1  REM  <:0nBINRTION  COUNTING 
20  DIN  S<2e>^T<2e> 

58  PRINT  "THE  NUMBER  OF  ELEHENTS  IN  THE  SEQUENCE  I5» 
55  INPUT  N  V 
60  PRINT 

70  PRINT  "THE  SEQUENCE  NUST  BE  IN  DESCENDING  O^ER" 
75  PRINT  "TVPE  IN  THE  SEQUENCE"  ^ 
80  FOR  I»l  TO  N 

82  INPUT  S<I>' 

83  NEXT  I 
85  PRINT 
90  PRINT 
100  K»± 

105  PRINT  "SEQUENCE";  K 
110  FOR  I»l  TON 

112  PRINT  S<l>i 

113  NEXT  I 

114  PRINT 

115  PRINT 
150  LET  J»N 
170  LET  JaJ-1 

200  IF  J«0GO  TO  780 

210  IP  S< J><=SCJ+1>G0  TO  170 

220  LET  L«J 

225  REM      L  POINTS  TO  THE  LEFTMOST  NUMBER  TO  BE  SWITCHED 
230  LET  R-N 

235  REM    R  POINTS  TO  THE  NEXT  NUMBER  E0URL  TO  OR  SMRLLER  THAN  S<L> 
240  IF  S<L>>S<R>GO  TO  300 
260  LET  R=R-1 
270  GO  TO  240 

295  REM       INSTRS     300  TO  J2B  INTERCHRNGE  S<L>  RND  S<N> 

300  LET  R«S<L> 

310  LET  S<L>«S<R) 

320  LET  SCR>«fl 

330  GO  TO  450  v 

445  REM     INSTRS.    458  TO  500  SWITCH  ORDER  OF  L+1  TO  N  DIGITS 
450  FOR  Q«L*i  TO  N 
460  LET  T<Q>«S<Q> 

470  NEi<T  Q  i 


500  NEXT  U 
560  LET  K=K-ft 

565  IF  K=1000QO  TO  705  ^ 
S70  GO  TO  105*it 

700  PRINT  "THERE  IS  fl  TOTRL  OF»i K; "COMBINRTIONS" 
702  GO  TO  710 

705  PRINT  "MORE  THAN  1008  COMBINRTIONS.  PROGRAM  flUTROMRTICRLLV  STOPS 
710  END 


480 
490 


FOR  U»L*1  TO  N 

LET  S<U>*TCN<t-L-H-U> 


RERDV 


Figure  8,9 
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THE  NUMBER  OF  ELEMENTS  IN. THE  SEQUENCE  IS 

THE  SEQUENCE  MUST  BE  IN  DESCENDING  ORDER 

TVf^E  IN  THE  SEQUENCE  « 

?2 

?2 

?2.  • 

?1  *  • 

?1 


SEQUENCE  1 
2    2    '  1 

SEQUENCE  2 
2    2  12 


SEQUENCE  3  . 
2    2  112 

SEQUENCE  4 
2    12    2  1 

SEQUENCE  5 
2    12  12. 

SEQUENCE  6 
2     112  2 

SEQUENCE  7 

1     2     2     2\  1 

SEQUENCE  8 
12     2  12 

SEQUENCE  9 
12     12  2 

ii 

SEQUENCE ^10 

112     2  2 

THERE  IS  fl  TOTAL  OF  10  COMBINRTIONS 
RERDV 


!i3t> 

A  Typical  ReiELult  from  the  Program  listed  in  Eigure  8. 

Figure  8.10  • 


CHAPTER  VIII  •  ^1 

"I 

In  a  zoo  exhibition-  there  are  five  white  tail  deer  and  three 

mule  deer.    Three  deer  are  selected  at  raitdon  fraa  the  area.  | 

What  is  the  pribability  that  all    are  white  tail  deer?  TvfO 

are  white  tail  deer  and  one  is  a  mule  deer?    ^One  is  a  white  ^ 

tail  deer  and  two  are  mule  deer?    All  three  are  mule  deer? 

A  monkey  sits  at  a  typewriter  containing  -  the  letters    A,       D,  - 

G  and  o.    What  is  the  probability  of  the  monkey  typing  the  word 

BAD?    the  vword  GOOD?  V 
A  laborator/mouse  is  placed  in  a  maze  consisting  of  five  doorwayii^ 
through  which  it  must  pass  in  order  to  obtain  a  reward  of  food. 
There  are  four  paths  leading  f rcaa  one  doorway  to  another  and 
from  the  start  to  the  first  doorway  there  are  three  paths. 
Assuming  that  no  two  paths  have^the  same  -^.ength  and  also  assttnting 
that  it        equally  likely  that  the  mouse  chooses  any  path, 
what  is  the  probability  that  the^^use  chooses  the  sequence  of 
paths  Whose  total  length  is  a  minimum? 

Ther^  are  three  spotted  deer  in  an  enclosure  each  having  three # 
four  and  ^ve  spots  respectively. 

(a)  What  is  the  probability  that  a  deer  selected  at  random 
has  four  spots? 

(b)  Two  deer  a^e  selected  at  random.    What  is  the  probability 
that  the  sum  of  the  number  of  spots  is  greater  than  eight? 

(c)  A  deer  is  selected  at  random  and  the  number ^of  spots  it 
has  is  recorded.        The  deer  is  t^en  replaced.    A  second 
deer  is  selected  at  randcOT  and  its  number  of     spot&  re- 
corded.   Wha\  is  the  probability  th^t  the  sum  of  the 
number  of  spots  appearing  on  each  deer  is  greater  than 
eight?     '  • 
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In  a  large  city    4C%    of  the  population  has  contacted  influenza. 
What  is  the  prgbability  that  in  a  randcMi  sample  of    10  people 

6    of  them  have  influenza? 
In  an  elk  herd  consisting  of    1000  elk,     200    elk  are  over  5 
years  of  age  and    100    of  the  elk  are  underfed.    An  elk  is 
selected  at  random. 

(a)  What  is  the  probability  the  elk  is  over    5    years  of,  age? 

Is  underfed?  •    .  - 

(b)  What  is  the  probability  the  elk  is  over    5    years  of  age 

and  underfed? 

(c)  If  the  elk  is  underfed  what  is  the  probability   that  he  Is 
under    5    years  of  age? 

in  a  fish  hatchery  of  lOOlo  fish,  it  is  noted  that   ,3000  of  the 
fish  have  become  infected  with     parasite    A  ,    2000  with  parasite 
B,    and      1000       of  the  fish  hare  been  under  attack  fron  both 
parasites  simultaneously.    A  fish  is  chosen  at  randan, 
(a)    What  is  the  probability  that  the  fish  is  subject  to 

attack  by  parasite    A?     By  parasite  B?    By  both  parasites? 
^      (b)     If  the  fish  is  under  attack  by  parasite    A    what  is  the 
probability  .t  is  under  attack  by  both  parasites?    If  it 
is  under  attack  by  parasite  /B    what  is  the  probability 
it  is  under  attack  by  both  parasites? 
Let  two  fair  dice  be  thrown. 

ta)    What  is  the  probability  that  both  numbers  are  odd? 
(b)    What  is  the  probability  that  only  one  of  the  numbers 
qhowing  is  a  37 
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(c)  What  is  the  probability  that  the  sum  is  8? 

(d)  If  the  staai  is    7    what  is  the  proliability  one  of  the  nua-  | 
besrs  is  a    2?  *  ,f 

<e)     If  the  sum  is    7,    what  is  the  p^bability  the  numbers  " 
differ  by  more  than    1?  ^ 

(f)    What  is  the  probability  one  number  is  odd  and  the  other 

ik 

even? 

9.  There  are    4    collies,  three  bulldogs  and    5    terriers  in  a 
kennel.    Four  dogs  are  selected  at  random. 

(a)  What  is  the  probability  the  first  two  dogs  selected  are 
terriers  and  the  third  and  fourth  dogs  collies? 

(b)  If  a  terrier  is  selected,  what  is  the  probability  a 
bulldog  .and  collie  are  also  sd.ected? 

(c)  If  a  terrier  is  selected  on  the  first  draw,  what  is  the 
probability  a  bulldog  and  a  collie  are  also  selected? 

(d)  What  is  the  probability  that  three  bulldogs  are  selected?  . 

10.  Three  fair  dice  are  thrown. 

(a)  What  is  the  probability  that  their  sum  is  greater  than  10? 

(b)  How  many  throws  must  be  made  so  that  the  prctoabiiity  of 
of  the  sum  of  the  numbers  being  greater  than    10  is 
greater  than  80%? 

(c)  What  is  the  probability  that  the  numbers  on  the  three  dice 
can  be  arranged  in  succession. 

11.  A  good  mile  runner  can  run  the  mile  in  under  4  minutes  in  8  out 
of  10  races  whereas  a  fair  mile  runner  can  run  the  mile  in  under 
4  minutes    2  put  of  10  races.     A  man  runs  the  mile  in    3:59.  . 
What  is  the  probability  he  is  a  fair  mile  runner? 
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In  a  corn  fam  there  are  twice  as  many  corn  plants  with  tall 
stalks  as  short  stalks.      60«    of  the  corn  with  tall  stalks 
produces  long  ears  of  corn  and    50»    of  the  short  stalk  corn 
produces  long  ears  of  corn.    A  stalk  of  corn  is  chosen  at  random. 

(a)  Vlhat  is  the  probability  it  is  tall  and  has  short  eared  com? 

(b)  If  the  stalk  has  short, ears  of  corn,  what  is  the  probability 
it  is  a  short  stalk? 

use  the  data  of  problem  12.    Two  stalks  of  corn  are, selected  at. 

random. 

(a)  What  is  the  probability  that  each  stalk  is  short  and 
produces  short  corn? 

(b)  If  both  stalks  have  long  ears  of  corn,  what  is  the 
probability  one  stalk  is  short  and  the  other  stalk  long? 

Forest    A    is  four  times  as  large  as  forest    B  .  and  both  are 
infected  with  spruce  bud  worm.     Forest    A    is    20%,    infected  and 

Forest  B    3^%  infected. 

(a)  A  tree  is  selected  at  random  and  found  to  be  infected. 
What  is  the  probability  it  cMie  from  Forest  A? 

(b)  TWO  trees  are  selected  at  random  and  one  is  observed  to 

be  infected  and  the  other  healthy.    What  is  the  probability 
the  infected  tree  came  fr«n  Forest  B  and  the  healthy  tree 
came  from  Forest  A? 

(c)  What  is  the  probability  that  three  trees  selected  at 
random  came  from  Forest  A  and  are  health^? 

An  epidemic  breaks  out  in  a  population.'    30%    of  the- population 
is  infected  the  first  week,     20%  is  infected  the  sed&d  week  and 
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10%    is  infected  the  third  week.    After  the  fourth  week,  there 
are  no  new  infections.    An  individual  is  selected  at  randcaa  in 
the  population  and  found  to  be  infected.    What  is  the  probability 
the  individual  was  infected  in  the  second  week?  What  is  the 
probability  that  of  three  people  selecteid,  one  was  infected  each 

week?  <^  ' 

.orest  is  sprayea  «itK  0=T  wMcn  is  .  70»    elective  i»  eXi«i„at 

ing  a  parasite.    After  spraying,    5  ^ trees  are  selected. 

•    (a)    What  is  the  probability  that  all  five  tree^.  ace  still 

afflicted  with  the  parasite?    ,  ' 

(b)  What  is  the  probability  that  three  trees  are  not  infected? 

(c)  What  is  the  probability  that  at  least  three  trees  are 
infected? 

Ten  patients  are  in  an  operating  ward.  Five  patients  have  had 
apendectortiies,  two  have  had  tonsils .removed  and  three  have  had 
ski  accidents.    Pour  patients  are  selected  at  random. 

(a)     What  is  the  probability  all  four  have  had  their  appendix 
removed? 

it)     What  is  the  probability  at  least    2    have  had  their 
appendix  removed? 

(c)  What  is  the  probability  each  of  the  four  selected  has  had 
each  of  the  operations? 

(d)  If  two  have  had  their  appendix  removed  what  is  the 
probability  that  one  of  the  remaining  two  individuals 
had  his  tonsils  removed  and  the  other  had  a  ski  accident? 
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Ten  hotees  in  a  racing     -table  of    15    hot.eB  are  known  to  be 
ill.    Pour  horsss  are  selected. 

(a)  What  is  the  probability  only  one  is  ill? 

(b)  What  is  the  probability  at  most  one  is  ill? 

(c>    If  two  are  ill.  what  is  ^e  probability  all  four  are  ill? 
A  hunter  is    20%    successful  in  his  <iueet  for  elk.    30»  successful 
in  hunting  for  white  tail  deer  and    40ft    successful  in  hunting 

antelooe  on  any  given  hunting  trip.  ^  ^  . 

for  antelc^e  on^^  three  animaXs  on  a  siggle  trip^  what  is 

the  probability  he  will  bag  all  three  on  a  sinqle  trip? 
What  is  the  probability  he  will  bag  all  three  on  five 


(b) 


(c) 


trips? 

w»w^  1  i*-x,  he»  will  aet  at  least  one  animal 
What  is  the  probability  ne  wiaa  get- 

in  three  trips?  \ 
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Uspensky,  J*  V.    1937.    introdiKJtion  to  Mathenatical  Probability. 
McGraw-Hill.    New  York,  NY. 
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CHAPTER  IX 
CQMPARTMENTMi  ANALYSIS  . 


Introduction 

This  chapter  presents  the  development  of  a  technique # 
called  compartmental  analysis,  that  is  useful  in  describing 
the  flow  of  a  quantity  or  quantities  in  biological  and 
ecological  systems.    Typical  examples  of  such  flws  are: 

(a)  The  flow  of  thyroxine  as  it  passes  from  the  blood 
to  the  liver  and  is  absorbed  into  bile. 

(b)  The  flow  of  energy  in  an  ecosystem.  , 

(c)  The  exchange  of  ^organic  phosphate  between  the 
blood  and  tissues. 

(d)  The  movement  of  DDT  in  a  human  f<K>d  chain. 

(e)  The  transfer  of  organic  matter  in  a  peat  bog. 


Compartmental  Analysis  is  also  useful  in: 

(a)     Analyzing  rotifer  populations  viewed  as  energy 

transferring  systems., 
(h)     The  analysis  of  enzyme  kinetic  problems. 

The  method  of  presentation  will  be  to  discuss  examples 
and  to  develop  the  necessary  computer  programs  for  their 
solution.     It  will  be  seen  that  the  solution  of  iach  example 
requires  the  use  of  the  fundamental  law  of  change.  Because 
these  problems  are  usually  formulated  in  terms  of  the  simul- 
taneous ordinary  differential  equations,  we  will  indicate 
the  connection  between  the  two  procedures  to  enable  the 
student  to  read  the  relevant  literature. 


A  fundamental  problem  in  physiology  is  the  detemination 
of  the  flow  of  various  fluids  from  one  part  of  the  hody  to 
another  part  of  the  Ix^y.    This  problem  is  of  interest  because 
a  knowledge  of  the  transport  of  fluids  within  the  body  is 
very  helpful  in  determining  the  function  and  method  of  opera- 
tion of  component  parts  of  the  body.     In  the  following  sec- 
tions, a  very  effective  technique  for  analyzing  such  flows  will 
be  described.    The  technique  is  called  compartmental  analysis. 

In  the  literature,  the  term  'fluid'  is  usually 
replaced  by  the  terra  'substance*.    This  r^:aacement  occurs 
because  it  is  frequently  quite  difficult  to  identify  the 
particular  fluid  or  substance  which  is  flowing  or  diffusing 
into,  and/or  out  of,  the  conpartment  of  interest.     It  is 
known  that  substances  which  exist  in  one  part  of  the  body 
are  sometimes  transferred  or  diffused  to  adjacent  parts  of 
the  body.-    However,  the  mechanism  by  which  the  transfer 
takes  place  is  not  always  completely  understood.  One 
pos&ible  explanation  is  based  on  the  postulation  of  the 
existence  of  a  fluid  or  substance  which  flows  or  diffuses 
from  one  compartment  to  another  compartment  and  which  trans- 
ports the  substance  of  interest.    This  postulation  provides 
the  basis  for  compartmental  analysis  in  physiology. 

T^e  analysis  consists  in  modeling  the  fluid  behavior 
by  assiiming  the  existence  of  compartments  into  which,  and 
out  of  which,  the  fluid  flows.    Assumptions  are  th^n  made 
which  specify  the  amount  of  fluid  which  enters  and/or  leaves 
a  ctanpartment  in  a  small  increment  of  time.     These  assump- 
tions enable  the  writing  of  equations  relating  the  change  in 
the  amount  of  fluid  in  the  compartment  in  a  small  increment 
of  time  to  the  amount  of  f  lu'id*  entering  and/or  leaving  the 
cat?artir»it  in  the  same  unit  of  time.    THiaia,  it  is  evident  that  the  fundanental 
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law  of  change  will  form  the  basis  of  the  formulation  of  the 
equations.    The  student  who  is  familiar  with  hydraulics  will 
note  the  very  close  analogy  between  the  method  of  analysis 
and  that  used  in  hydraulics. 


Transfer  of  the  Flui 


d  from 
:aiDple , 


the  Muscle  Tl^Sue 


As  the  ^irst  exkrople,  we  consider  the  analysis  of  the 
transfer  of  a  fluid  from  the  muscle  tissue  of  a  guinea  pig 
to  the  extracellular  fluid  of  the  muscle  tissue.    Since ^it 
is  very  difficult  to  directly  measure  the  rate  of  fluid  trans-' 
fer  without  disturbing  the  actual  flow  of  the  fluid,  indirect 
methods  have  been  developed.    ForeiiK>st  among  these  methods  is 
the  tracer  method.    This  technique  consists  in  labeling  the 
fluid  being  transferred  with  radioactive  ions.    The  time 
variation  of  the  transfer  of  these  ions  can  then, be  detected 
by  radioactive  sensors.     Since  it  is  asstimed  that  the  trans* 
fer  of  the  ions  is  caused  by  their  being  transported  by  the 
flowing  cr  diffusing  fluid,  the  measured-  rate  of  transfer 
of  the  ions  is  assumed  to  be  the  actual  rate  of  transfer  of 
th^  fluid.     In  this  way,  the  effective  transfer  rate  of  the 
fluid  can  be  deterniir^.    Before  presentii^  a  discussia  of  the  tracer  method 
(see  the  section  entitled,  "Trac^  ftethods"),  we  illustrate  our  method  of 
analysis  of  same  sinple  problats  30  that  the  stiid^t  can  more  reaiily 

a^reciate  the  ideas. 

Using  the  tracer  technique.  Born  and  Bulbring  (1956), 
radioactively  labeled  the  fluid  with  potassium  ions ^and 
succeeded  in  analyzing  the ^transter  of  these  ions  from  the 
guinea  pig  muscle  tissue  to  the  extracellular  flui  1. 

In  this  experiment,  the  smooth  muscle  of  quin  ia  pigs 
was  permitlted  to  take  up       K      ionS  until  the  radioactivity 
had  become  constant  in  the  muscle.    The  muscles  VBp6  then 

immersed  in  a  constantly  flowing  non-radioactis^e  extracellular 

uC'  42  + 

fluid  and  the  time  variation  of  the  concentration  of  the  K 


in  the  muscles  was  recorded.    The  observed  r/psults  indicated 

fir 

a  decreasing  loss  in  concentration  of  the  {^tassiuin  ions  and 
hence  the  ions  were  being  transported  froiythe  muscle  to  the 
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extracellular"^  fluid.     It  is  desired  to  construct  a  simple 
expIanation^wh<5^s^  quantitative  prediction  would  agree  with 
the  empirical  results. 

This  may  be  done  by  assuming  that  the  muscle  acts  like 
_  a  compartment  or  a  container  in  which  the       K     ions  are 
•  deposited.    The  compartment  ip  filled  with  potassium  ions, 
and?.the  stored  ions  are  then  permitted  to  diffuse  out  of 
the  "6ompa^*ment.    The  process  may  be  conveniently  depicted 
in  terms  of  a  flow  diagram  in  which  the  muscle  is  imagined 
to  be  a  cordp^rtment  or  tank  into  which  potassium  ions  are 
deposited  and,^from  which  tliey  are  diffusing.    The  flow  of 
ions  into  the  muscle  is  denoted  by    Fl(t)    and  the  transfer 
of  ions  from  the  titssue  to  the  extracellular  fluid  is  de- 
noted by    P2(t).    Both  of  these  flows  may,  and  usually  do, 
vary  in  tiJie.    Q(t)  will  denote  the  quantity  of  the  potassium 
ions  in  th^muscle.    Using  this  notation,* the  flow  diagram 
of  the  proctess  appears  in  figure  9.1  as: 


Pl(t) 


F2(t) 


A  Single  Compartment  Model 
Fig.  9.1 


in  this  work  the  flow  of  a  quantity  is  the  rate  at  which 
that  quantity  is  adding  to.  or  editing  from,  a  eoBipartaent. 
Thus,  the  unit  of  flow  is  expressed  in  voluine  per  uhit  time  or 
<nass  per  unit  time.    These  units  are  usually  written  as 
volun.e'time-1    „^    ^ss-time'V  respectively.    The  use  of  the 
term  flow  in  this  work  sho^ild  not  be  confused  with  the  term 
mass  flow  or  volume  flow  as  used  in  hydrodynamics.    In  this 
latter  usage,  these  terms  designate  the  transport  through  space 
of  a  specified  amount  of  mass  or  volume  in  a  wit  time.  We 
again  remind  the  student  that  the  use  of  argument    t    in  the 
flow  variables  and  the  volume  variable  indicates  that,  sxnce 
the  quantities' vary  in  time,  the  quantities  are  to  be 
evaluated  at  a  specified  time,     t.      In  other  words,  such  a 
notation  indicates  that  the  variables  are  functions  of  time, 
in  this  example,  the  ions  do>vot  return  from  the  extracellular 
fluid  to  the  tissue.       Since  „e  are  interested  only  in  the 
variation  in  time  of  the  concentration  of  ions  in  the  tissue, 
there  is  no  need  to  depict  the  extracellular  fluid  as  a  compart- 
ment.   This  simplification  also  means  that  it  is  only  necessary 
to  depict  the  ions  entering  and  leaving  the  "muscle  tissue 

'"""^inon^e^tuali.ing  a  model  /or  the  transfer  of  the  potassium 
ions  from  the  tissue  to  the  extracellular  fluid,  it  is  helpful  to 
think  of  a  fluid  flowing  into  and  out  of  a  tank.     A  hydrodynamxc 
model  anal^ous  to  the  single  compartment  system  ^is  displayed  in 

figure  9.2: 


Wl(t) 


W2(t) 
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Hydrodynamic  Analogy 
Fig.  9.2 


where    Q(t)     denotes  the  amount  of  water  in  the  parallel-^ided 
tank  and    Wl(t)     and    W2{t)     denote  the  respective  input  and 
output  flow  rates.     Q{t)_is  measured  in  volume  units  and  accord- 
ingly the  flow  rates    Wl(t)     and    W2 (t)     are  expressed  in  units 
'of  volume  per  unit  time.     Typical  volume  units^for    Q(t)  are 
cubic  centimeters,  liters,  gallons,  etc.,  and  the  corresponding! 
typical  units  for  the  flow  rates' are  cubic  centimeters  per  secdnd, 
liters  per  miWe,  galliJn?  per  hours,  etc.      Frequently,  the  , 
amount       ^^(t)     is  expressed  in  units  of  mass  such  as  grams  or 
pounds.     In  thi6  event,  the  quantities    Wl (t)     and    W2(t)  are 
called  mass  flow  rates  and  are  expressed  in  units  of  mass  per 
unit  time,     i.e.  grams  per  second,  pounds  per  minute,  etc.  In 
this  hydrodynamic  analogue  the  input  flow  rate  is  prescribed, 
as  is  the  cross-sectional  area    A    of  the  tank,  and  it  is  desired 
to  c<llculate    Q(t).     This         be  accomplished  by  using  the 
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fundamental  law  of  change  to  writes  ^  . 

Q(I+1)  =  Q(I)      C(I)  (9.1) 

where    C<I)    denotes  the  change  in  the  amount  of  the  fluid  in 
the    I^**    time  increnent.    For  convenience  we  will  assume  that 
the  time  increment    Dl    is  small  and  constant  and  therefore, 
the  actual  time,    T(I),     is  given  by 

T(I)  =  T(|l)  -I-  I  *  Dl.  (9.2) 


In  equation     (9.1),     C(I)  is  equal  to  the  change  in  the  amount 
of  fluid  in  the  tank  in  a  time  increment.     If    El (I)  represents 
the  amount  of  fluid  entering  the  tank  and    E2(I)    denotes  the 
amount  of  fluid  leaving  the  tank  during  the  time  increnent,  then 


C(I)       El(I)   -  E2(I) 


V 


Moreover,  if    Al  and    A2    denote  the  cross-sectional  areas  of  , 
the  respective  pipes  through  which  the  fluid  enters  and  exits, 
then 


El(I)  =  F1(I)  *  Dl, 


and 

E2(I)   =If2(I)   *  Dl. 


Fttsn  elsnsitary  pities  it  is  known  that  the  rate  of  the  fluid  exitii^  throu^  an 
orifice  of  imit  cross-secticsial  arta  is  prqportional  to  the  d^>th  (or  head)  of  the 
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fluid        the  tank.  Thus, 

* 

F2(I)  «  Kl  *  H(I) 

where    H(I)    denotes  the  depth  of .the  fluid  in  the  tank  during 
,  the    I^^    time  increment  and    Kl    is  the  constant  of  propor- 
tionality.    If    A3    denotes  the  cross-sectionaX  area  of  the  tank, 
we  can  write 

Q(I)  «  A3  *  H(I) 
or  F2{I)  ^  Kl  *  Q(I)/A3. 

Hence, 

E2{I)   =  Kl  *  Q(I)    *  D1/A3, 
knd  the  fundamental  law  of  change  may  be  used  to  give 


Q(I+1)    =  Q(IK(F1(I)*  D1-K1*Q(I)*D1/A3)  .  (9.3) 


If  the  ratio    K1/A3     is  denoted  bv    K,     this  eauation  can  be 
siinp^-ified  to  g^ivfe 

Q(I+1)   =  Q(I)+F1{I)*D1-K*Q(I)*D1.  (9.4) 


The  t^m 


K*QXI)*D1 


repres^ts  the  amount  of  fluid  being  transferred  from  the  tank 
in  the  time  increment,  and  it  is  seen  that  this  amount  is  propor- 
tional to  the  quantity    Q(I),    of  fluid  in  the  tank.    The  term 
F1(I>*D1    represents  the  amount  of  fluid  entering  the  tank  in 
the  time  increment.  * 
We  now  return  to  the  potassium  ion  transport  problem  and  note 
that  there  is  a  direct  analogue  to  the  relation  just  derived. 
This  follows  from  the  fundamental  assumption  concerning  the 
transport  of  a  substance  out  of  a  compartment  in  a  small  incre- 
ment of  time    Dl.     The  assumption  is;     "In  a  small  increment  of 
time,  the  amount  of  the  substance  leaving  a  compartment  is  pro- 
*portional  to  the  concentration  of  the  substance  in  the  compart- 
ment".    This  is  frequently  called  Pick's  law.    Thus,  fo;"  this 
particular -problem,  the  law  states:     "In  a  small  time  increment, 
Dl,  the  amount  of  the  ionized  potassium  leaving  the  muscle  tissue 
compartment  to  enter  the  extracellular  fluid  is  proportional  to 
the  concentration  of  the  potassium  ions  in  the  muscle  tissue". 

If    Q(I)     now  denotes  the    amount  of  ionized  potas- 
sium at  the  beginning  of  the    I^^    time  increment,  the  quantity 
of    ionized  potassium  leaving  the  ti-ssuejo  enter  the  extracellular 
fluid  during  the     ime    Dl    may  be  written  as 

K1*Q(I)*D1. 

Kl    is  the  constant  of  proportionality  and  is  measured  in  units 
of  reciprocal  time.     Such  constants  are  called  rate  constants  or 
transfer  coefficients  and  their  determination  is  of  fundamental 
ijTportance.    Tt»e  antount  of  ionized  ootassium  eiterinq  the  tissue  in  the  time 
increment    Dl     is    F1(I)*D1    where  F1(I)     denotes  the  rate  of  flow 
of  the  entering  ionized  potassium  at  the  time    t.    Tte  eq^jation  ^jveming  the 
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time  variation  of  the  concentration  of  the    ionized  potassium  in  the 
tissue  is  obtained  by  using  the  fundamental  law  of  change.     This  gives 

Q(I+1)  =  Q(I)+F1(I)*D1-K1*Q(I)*D1.  (9.5) 

If  there  is  no  addition  of  potassium  ions  after  the  start  of 
the  experiment, 

F{I)  =  0,  1=1,2,3...... 

and  equation     (9.5)     may  be  written  as 

Q(I+1)   -  Q{I)-K1*Q{I)*D1.  (9.6) 

This  is  the  equation  describing  the  simple  diffusion  of  the  potassium 
ions  from  the  tissue  to  the  extracellular  fluid.     Equation  (9.5) 
is  just  a  different  form  of  the  equation  governing  the  flow  of  a 
fluid  from  a  tank  or  of  the  equation  describing  Malthus  population, 
growth.     This  may  be  seen  by  noting  that  the  change  in  the  variable 
in  eAch  of  the  fundamental  equations  has  the  same  form.  The 
respective  changes  in  the  variables  are    Fl(I) *D1-K1*Q(I) *D1, 
Fi (I)*D1-K*Q(I)*D1    and    B*P (I) -M*F (I) .      Each  of  these  terms  is 
a  difference  between     "what  comes  in  and  whit  goes  out"   in  the 
time  period,   and  therefore,   each  is  a  statement  about  the  conserva- 
tion of  the  respective  variables.     This  suggests  that  there  is 
a  general  conservation  principle  governing  many  diverse  phenomena 
and  this  is  indeer?  the  case.     It  is  possible  to  use  such  a 
principle  as  a  basis  for  th§  derivation  of  the  preceding  equations. 
In  fact,  the  equations  governing  many  diverse  physical  phenomena 
are  usually  derived  from  conservation  principles.     In  this  way. 


conservation  principles  form  a  basis  for  demonstrating  the  unity 
of  the  physical  sciences.    The  occurrence  of  the  same  equation 
under  different  guises  is  thoroughly  exploited  by  mathematicians 
to  also  illustrate  the  unity  of  the  disciplines  in  which  the 
equations  occur.     In  addition,  mathematicians  use  these  sitai- 
larities  to  extend  and  derive  solutions  of  the  equations. 

The  student  who  has  studied  the  calculus  will  note  that  a 
mathematical  formulation  of  this  problem  is  given  by 


dQ  ^    _Ki.Q  -  (9.7) 

at 


Q(t-0)=QQ, 


and  the  solution  is  a 


Q(t)   =  Qn     exp(-Kl-t) . 


(9.8) 


The  appearance  of  the  exponential  function  accounts  for  the  term 
-exponential  decay"  with  a  decay  or  loss  rate  of    Kl.  Since 
equation     (9.7)     describes  many  diverse  phenomena,  its  solution 
(9.9)   is  very  useful  and  has  been  well  studied.     It  is  frequently 
1-he  case  that  the  results  obtained  from  compartmental  analysis 
are  better  graphically  portrayed  with  the  aid  of  a  logarithmic 
scale      This  fact  suggests  the  use  of  the  technique  developed 
in  the  first  chapter  for  compressing  the  variation  of  the  con- 
centration to  assist  the  graphical  representation  of  the  program 
results. 


There  is  no  acceptable  format  for  the  depiction  of  coro- 
partmental  models.    A  frequently  encountered  format  correspond- 
ing to  the  single  compartment  potassium  ion  model  is  shown  in 
figure  9.3  below: 


Fl(t) 


Kl*Q{t) 


Fig.  9.3 


Another  format  is  shown  in  figure  9.4  below; 


Fl 


Kl 


Fig.  9.4 
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where  it  is  understood  that  the  amount  of  the  substance  leaving^the 
compartment  in  a  small  increment  of  time,    Dl,     is  e<^^to  the  product 
of  the  constant  of  proportionality    Kl,     the  concentr^on  Q{t)  present 
in  the  compartn^nt  during  the  time  inctement,  and  Dl. 

As  a  nifinerical  exaiple,  we  consider  the  Ic^  of  ^^K      ions  from  the  muscle 
to  the  extracellular  fluid  when  the    muscle  has     an  initial  ion  concen- 
tration of  unit  strength.     The  program  is  shown  in  figure    9.5  and 
line  95    of  the  program  specifies  the  initial  strength  of  the  ion 
concentration  in  the  muscle.     The  constant  of  proportionality  or 
rate  constant  wasiychosen  to  be    0.19  mint*,  the  time  increment  was  set 
at     1  min.   and  the  program  run  for   20  time  increments  for  an  actual  total 
of     20    minutes.     In  the  program.     C(I)  denotes  the  concentration  of 
the  ionized  potassium  and  line  120  expresses  the  governing  equation, 
equation    9.6.     Lines    140  and  145    are  insbrted  merely  to  illus- 
trate the  use  of  the  compressed  scale,     S(I),.   and  line  100  initializes 
the  value  of     SCO)     to  coincide  with  the  actual  value  of  the  natural 
loqarithn.  of  the  initial  concentration.     The  elapsed  time  is  calculated 
in  lines  105  and  130.     The  results  are  portrayed  in  both  tabular 
and  graphical  form  in  figure  9.6. 
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I  REM        THE  SIMPLE  DIFFUSION  OF  POTASSIUM  IONS,     EQ.    9.  6 

le  DIM  c.<i05>' T'iieS  ',  S':i05> 

2e  „E„    C.:l  .     DENOTES  THE  CONCENTRftTIDN 

II  Te'm  :      ENO  eI  't^E  K.r!oNCEi?RfinON  ON  «  ^^^'^^fl"'  f^^^-,^,,, 

30  PRINt'-TVPE  the  TRftNEFEP  COEFFICIENT     Kl     flNl-  THE  TIHE  INCPEMfcHl  CI 

60  INPUT  Kl,  OX  ^ 

rO  PRINT   "TVPE  THE  NUMBER  OF  TIME  INTERVALS-  N" 
eO  INPUT  N 

85  PRINT  , 
It  REm'''c.0..=1     CORRESPONDS  TO  UNIT  STRENGTH  INITIAL  ION  C ONCENTRHT ION 
QS   I  FT   C  •"0  >  ==1 

*99  REM     INITIALIZING     S- O:-     TO  CORRESPOND  TO  LOG^CcO:-.' 
too  LET  S' e,>=LOG<C':  ei 

104  REM     EXPERIMENT  STARTS  AT  TIME  T=0 
1©5  LET  T'  Ci:'=0 

lit  REM  'INS^°/'  Xl'O     IS  'THE  FUHDftMENTRL  SIMPLE  DIFFUSION  EQUATION 
k-EM       INSTR     lie  CRLCULflTEE  THE  ELftPSEO  TIME 

rIJ  L^'l^l^  CHLC      THE  COMPRESSED  SC«LE  VfiLUES  OF   THE  CONC, 
14-0  LET  R=<C<I-H>-Ca    '/C'  I  ■ 
145  LET  S'  I-H '^S';  I  '-^R 

150  NEXT  I  ,  IV 

180  PRINT   "I         .  T-  I  • 

185  PRINT 

190  FOR   1=0  TO  N 

210  PRINT   I, T' I>. C>  I S' I > 

220  NEXT  I 

230  END 

READV 


Single  Diffusion  Program 
Fig.  9.-- 
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Results  Prom  Simple  Diffusion  Program 
Figure  9.6 


In  developing  the  expressions  fox  the  amount  of  the 
substance  entering  or  exiting  from  a  compartment  in  a  small 
increment  of  time,  we  postulated  that  this  amount  could  be  repre- 
sented as  a  flow  rate  multiplied  by  the  small  increment  of  time. 
However,  it  was  also  stated  that  the  flow  rate  varied  in  time. 
Now  the  critical  reader  might  well  ask  about  the  accuracy  of 
statements  like,  "the  amount  of  the  substance  entering  the  |::ompart- 
ment  in  the  small  time  increment,  Dl,  is  equal  to  Fl(i)*Dl  where 
Fl(l)   is  the  entering  flow  rate  at  the  beginning  of  the  time  incre- 
ment*'.     Such  a  statement  is  not  precise,  that  is,  it  is  not 
rigorously  true;  however,   if  Dl  is  sufficiently  small,  the  statement 
is  "very  nearly  true".     An  alternative  argument  for  justifying 
our  approach  is  noted  that  if  the  flow  rate  changes  smoothly  in 
time,  by  making  Dl  sufficiently  small,  the  error  committed  in 
using  the  expression    Fl{I}*Dl    to  represent  the  amount  of  fluid 
entering  the  compartment  in  the  time  increment,  can  be  made  as 
small  as  is  desired.     The  student  who  is  familiar  with  the 
calculus,  will  recall  that  an  application  of  the  mean  value  theorem 
can  be  used  to  justify  the  assertion. 

In  essence  we  are  saying  there  is  very  little  or  negligible 
error  incurred  by  assuming  that    Fl(t)  does  not  change  during  the 
tine  increment  Dl.     For  this  reason,   it  is  convenient  to  speak  of 
the  value  of  Fl  ( t)  during  the*  time  increment  as  the  value  of  Fl (t) 
at  the  beginning  of  the  time  increment.     Similar  comments  are  to 
be  mnr*  •  about  other  variables  which  change  during  the  entire  time 
cf  interest.     It  is  important  to  note  that  by  making  the  above 
assuniptions,  we  are  not  restricting  the  variation  of  the  flow 
rate  from  one  time  increment  to  another  time  increment,   rather  we 
are  assuminq  that  the  flow  rate  is  constant  during  the  time  incre*- 
ment.     Graphically,  we  are  replacing  a  smooth  or  continuous  curve 
by  a  set  of  steps  and  using  a  "step  like"  approximation  to  the  curve • 

Since  the  amount  of  fluid  is  continuously  changing,  the 
rigorous  analysis  of  such  flows  would  require  the  use  of  differen- 
tial equations.     If  the  problem  is  described  by  differential  equa- 
tions but  becomes  at  all  complicated,  a  digital  computer  must  be 
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employed  to  effect      solution.    The  resultant  computer  based-^ 
solution,  is  equivalent  to  dividing  the  time  of  interest  into 
small  time  increments  and  assuming  that  the  flows  are  constant 
in  each  time  increment.    This  latter  procedure  is  analogous  to 
our  procedure.     However,  in  fairness  it  should  be  pointed  out  that 
very  accurate  methods  have  been  developed  for  the  numerical  solu- 
tion of  differential  equations.     The  formulation  that  we  have 
used,  and  will  continue  to  use  in  this  chapter,  is  equivalent  to 
a  first  order  Euler  method  of  solution.     We  will  continue  to  use 
this  method  of  presentation  because  it  permits  an  easier  concen- 
tration on  the  formulation  of  the  problems  and  the  development  of 
programs.     This  is  the  primary  purpose  of  the  course.     More  accu- 
rate methods  of  solution  of  the  model  equations  will  be  left  to 
other  more  advanced  courses. 

In  c^se  the  student  feels  he  is  being  given  an  incorrect 
formulation,   it  should  be  pointed  out  that  the  fundamental  model 
is  Itself  a  very  crude  approximation  to  the  actual  biological 
phenomena  even  if  ut  is  formulated  in  the  language  of  mathematics. 
Elegant  and  sophisticated  analysis  of  an  incomplete  or  irrelevant 
model  is  far  less  satisfactory  than  an  approximate  analysis  of  a 
realistic  model.     In  addition,  the  experimental  and  data  collection 
errors  associated  with  the  obtaining  of  the  necessary  data  fre- 
quently mitigate  against  an  overemphasis  on  the  numerical  accuracy 
of  the  solution  of  a  prescribed  set  of  model  equations. 
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Example  #2  .     i  • 

This  example  develops  a  simple  compartmental  model  for  the  kx-ne- 
tics  of  the  transfer  of  inorganic  phosphate  in  a  physiological  system 
over  a  period  of  time.     It  is  assumed  that  iiiorganic  phosphate  enters 
the  blood  from  some  source  and  that  a  certain  portion  enters  the 
tissue  surrounding  the  blood  and  the  remainder  goes  elsewhere.     It  is 
further  assumed  that  the  phosphate  entering  the  tissue  is  returned  to 
the  blood  at  a  different  rate  than  it  entered  the  tissue.     The  prbblem 
is  to  describe  the  time  variation  of  the  internal  exchange  of  the 
inorganic  phosphate  between  both  the  blood  and  the  tissue. 
/  -me  discussion  of  this  example  will  be  more  complete  and  will 

*  include  a  delineation  of  the  assumptions,  and  some  of  the  restric- 
tions, of  compartmental  analysis. 

Let  the  blood  be  designated  as  compartment  1,  and  the  -tissue 
as  compartment  2.     A  diagramatic  representation  of  the  two 
compartment  system  is  shown  in  figure  9.7. 

ft 


Fl 


*1 

(Blood) 


K3 


Two  Compartment  Model  of  Transfer 
of  Inorganic  Phosphates 

Fig.  9.7 
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The  diagram  is  an  oversimplification  of  the  actual  pr<3iless  by 
which  the  inorganic  phospliate  enters  the  blood,  is  transferred  to 
the  tissue  and  is  then  returned  to  the  blood.    Many  cpmplex  biochemi 
processes  are  involved  in  the  transfer.     For  example,  the  inorganic 
phosphate  could  enter  the  blood  from  several  sources  and  with  differ 
flow  rates  from  each  source.     Since  an  accurate  accounting  of  the 
dif feren^^processes  by  which  each  source  contributes  inorganic  phos- 
phate to  the  blood  is  far  too  complicated,  the  mass  flow  of  the  phoS 
phate  into  the  blood  is  assumed  to  be'  some  average  of  the  total  of 
the  flows  of  inorganic  phosphate  entering  the  blood.     This  flow  is 
denoted  by    Fl.     A  similar  remark  obtains  about  the  flow  of  the  phof 
phate  leaving  the  blood.     Th<5re  are  several  avenues  by  which  the  phe 
phate  may  leave  the  blood  and  the  exiting    mass  flows  of  each  avenue 
are  different.     It  is  assumed  that  the  total  of  these  mass  flows  car 
be  represented  by  an  average  exiting  flow    F3.       it  is  further  assisned 
that  the  exiting  average  mass  flow  is  proportional  to  the  concentra- 
tion  of  the  inorganic  phosphate  in  the  blood. 

The  mass  f4ow  at  which  the  phosphate  leaves  the  blood  to  enter 
the  tissue  is  also  assumed  to  be  a  total  mass  flow  since  there  i's 
more  than  one  process  by  which  such  a  transfer  of  phosphate  may  occv 
An  analogous  statement  may  be  made  about  the  flow  of  the  inorganic 
phosphate  from  the  tissue  Co  the  blood.     Jhe  constants  of  proportior 
ality  associated  with  each  of  the  flows  are  different  because  the 
biochemical  processes  for  each  flow  ard  different.     The  technique  of 
representing  the  total  of  all  contributing  flows  from  one  compartmer 
to  another  by  a  single  total  such  flow  is  fundamental  to  compartment 
analysis'  since  it  eliminates  the  necessity  of  accounting  for  each  o 
th^  contributing  subsidiary  flows.     Because  of  this,  compartmental 
analysis  is  a  great  oversimplification  of  the  total  chemical  kinetic 
process.     A  more  thorough  accounting  of  each  individual  flow,  togetl 
with  a  determination  of  the  fundamental  chemical  kinetics  necessary 
to  understand  such  mass  transfers,  is^ the  -  subject  of  much  intensive 
investigation.     We  have  used  the  term  mass  flow  because  we  are  inte. 
ested  in  describing  the  mass  of  the  inorganic  phosphate'  in  various 
components  of  the  system  at  different  instants  of  time.     This  requi 
the  notion  of  a  flow  of  mass  or  mass  flow  rate  which, as  was  previoui 
noted,  is  measured  in  units  of  mass  '  time'  .     A  complete  descriptit 
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o£  the  dynamics  of  the  exchange  of  the  inorganic  phosj*ate  bet«aen  the  blood  and 
the  tissue  requires  a  knowledge  ot  the  time  variaaon  of  the  quantity  of 
inorganic  phosphate  in  both  the  blood  and  the  tissue.     The  direct 
experimental  ODtalnment  of  tnis  variatiffli  is  usually  not  oossible  and  ccm- 
sequently  indirect  methods  must  be  used.    As  mentiOTod  iareviously,  one  such  method  is 
the  tracer  method       which  will  be  discussed  later.     Because  this 
example  involves  the  determination  of  the  time  variation  of  quantities 
of  inorganic  phosphate  in  the  two  compartments,  the  fundamental  quan- 
tities of  interest  are  the  masses  of  phosphate  in  the  various  com- 
partments,    in  many  problems,  such  as  those  involving  the  determina- 
tion of  the  intensity  of  radiation  or  the  chemical  kinetics  of  a 
reaction,  the  concentration  of  a  substance  or  of  a  material  is  the 
primary  quantity  of  interest.     Compartmental  analysis  is  also  a 
useful  method  for  the  analysis  of  these  problems. 

With  this  heuristic  discussion  as  a  background,  we  list  some  of 
the  simplifying  assumptions  that  are  usually  made  in  applying  compart- 
mental  analysis. 

(I)     Th4  amount  of  substance  beiiig  transferred  from  a  cottpartmait 
during  a  short  period  of  tine  is  proportional  to  the  oraiceitra-. 
tion  of  the  substance  in  the  cdnpartnient  and  to  the  lo^th 
of  the  tine  increment  Dl.    Since  the  volune  of  the  oon^artment 
is  assumed  to  be  constant,  this  assunption  inplies  that  the 
amount  of  the  substance  leaving  a  ccnpartment  in  a  time  incren^nt 
is  prc?3ortional  to  the  mass  of  the  ajbstance  in  the  ootpartmait. 
There  is  abunc3ant  experimental  evidesTce  substantiating  the  validity 
of  this  assiatption,  e.g.  Sl^ppard  11962).    -me  ocsistant  of  propor- 
tionality is  frequently  called  a  transfer  coefficient,  because  it 
relates  the  effective  amount  of  ths  substance  actually  being 
transferred  in  thcjsmall  time  incremrait  to  the  anount  of  the  substance 

present  in  the  cjcropartanent  at  the  time  of  the  transfer.  « 

(2)  The  molecules  of  the  reaction  participate  in  the  process  in 
a  random  way.     Thus,  there  is  no  distinction  between  the  old 
and  the  newly  formed  molecules. 

(3)  The  kinetic  processes  are  irreversible.  ^ 

(4)  The  system  being  analyzed  is  described  by  the  fewest  number 
of  possible  compartments. 

(5)  The  compartments  are  of  constant  size  throughout  the  time  of 
interest.     Thus,  if  the  concentration  of  the  subsCance  is 


.      known,  the  amount  of  the  substance  in  the  compartment  is 
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obtained  by  multiplying  the  concentration  by  the  volume 
of  the  compartment.     In  this  way  the  time  variation  of  the 
quantity  of  the  substance  in   the  oonfartment  may  be  obtained 
if  the  time  variation  of  the  concentration  is  known.  Anal- 
ogously, If  the  time  variation  of  the  total  quantity  in 
the  compartment  is  known,  the  variation  of  the  concentration 
may  be  obtained  by  dividing  by  the  volume  of  the  compartment. 
(6)     The  material,  upon  entering  the  compartment,  is  instantaneous- 
ly  thoroughly  stirred  and  mixed.     In  reality,  there  is  a 
short  but  firiite  time  of  mixing;  but  this  approximates  in- 
stantaneous  mixing  if  the  mixing  time  is  very  short  compared 
to  the  turnover  time  of  the  mass  of  material  in  the  compart- 
mont. 

Theso  assumptions  are  modifications  of  those  given  in  Atkins  (1969 
and  the  serious  student  'is  encouraged  to  become  familiar  with  this  work 
The  first  ani  last  assimption  form  the  basis  of  the  corpertmental  analysis 
of  the  tracer  method.     Their  importance  will  be  more  fully  appreciated 
after  the  student  has  read  the  section  on  the  determination  of  constant 
It  is  customary  to  state  the  first  assumption  in  terms  of  the  instanta- 
ricous  time  rate  of  change.     Thus,  the  first  assumption  is  usually 
stated  as,     "The  rate  of  loss  of  a  substance  fifom  a  compartment  is 
proportional  to  the  concentration  of  the  substance  in  that  compart- 
ment".  ^Since,   for  short  increments  of  time,  the  loss  rate  may  be- assumed 
to  be  constant,  our  statement  of  the  first  assumption  in  terms  of  the 
transfer  of  an  amount  of  material  in  an  increment  of  time  is  a  simple 
modification  of  the  usual  statement.     Assumption  #1  is  very  important 
as  it  permits  the  calculation  of  the  amount  of  substance  being  trans-  . 
f erred  in  an  increment  of  time.     Recent      theoretical,  efforts  in  com- 
"partmental  analysis  are  aimed  at  permitting  the  removal  of  some  or  all 
of  Tihese  assumptions.     The  discussion  of ' such  methods  requires  a  very 
detailed  discussion  of  the* biochemistry  and  physiology  or  biology 
peculiar  to  the  phenomenon  under  analysis  and-  consequently  will  not 
be  discussed  here.     This  fact  is  mentioned  to  indicate  another  area 
in  which  computer  assisted  analysis  is  enlarging  understanding. 

In.the  oanpartment  diagram  shown  in  fiq.  9.7,  Fl  designates  the  mass  flow 
of  the  inorganic  Ft»^3hate  fron  an  outside  source  into  the  blood.    This  flew  is  pre- 
scribed and  is  analoqous  to  a  drivinq  force  iJi  a  mechanical  or  T^ical  system.  It 
may  vary  in  time  or  be  constant.    The  constant  of  proportionality 

9.22 
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relatin::  <-^e  aroc   -c  of  inorganit;^  phosphate  which  leaves  the  blood  in 
an  inOrement  of  time  to  the  amounb^o*  phosphate  in  the  blood  during  . 
this  time  increment  is  denoted  by    Kl.    Similarly,    K2    denotes  the  . 
transfer  coefficient  which  relates  the  amount  of  phosphate  leaving 
the  tissue  to  enter  the  blood  during  the  time    Dl    to  the  amount  of 
inorganic  phosphate  in  the  tissue  during  that  time  increment.  F3 
designates  the  increment  of  mass  of  the  phosphate  leaving  the  blood  to 
go  elsewhere  and  the  coriesponding  constant  of  proportionality  is 
denoted  by    K3.  Thus, 

F3{I)   =  K3*Q2(I)*D1. 

\ 
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If    CI  (I)     and    C2(I)     denote  the  concentration  of  the  phosp'hate  in 
the  blood  and  the  tissue  respectively,  and    Q1(I)     and    Q2(I)  Menote 
the  corresponding  masses  of  phosphate,  we  have 

QKI)  =  V1*C1(I) 

ard  Q2(I)  =  V2*C2(I) 

where  VI  and  V2  denote  the  respective  volumes  of  the  compartments. 

The  ecpations  of  ocnpartmental  analysis  are  frecpiently  derived  using  the 
Fick  principle  \*iich  is  a  statement  of  the  oonservatirai  of  material  in  the 
^stem.    Itie  principle  is  a  statem^t  governing  the  time  behavior  of  a  quantity 
or  substance,  S,  beijig  transported  by  the  fluid,    15^  principle  states  that: 
"In  a  small  incranent  of  time,  the  change  in  the  qi^tity  S  in  a  od^sartanait 
is  equal  to  the  difference  between  the  fnount  of  S  entering  the  oanpartment 
and  the  amount  of  S  leaving  the  cxiipartment  in  the  Sfflie  incraaent  of  time  pl\is 
the  ariTount  of  S  being  created  in  the  ccnpartanent  minus  the  aanount  of  S  * 
being  destroyed  in  the  oon^sartment  during  this  sane  tune  incranent".    In  all 
of  the  exan^es  with  which  we  shall  be  oax^anied,  it  ydll  be  assumed  that 
there  is  no  cn:eati<^  nor  destruction  of  ths  substance  S  in  the  carpartment 
and  oonsegi^tly  we  shall  fimit  our  discussion  to  those  problems  requiring  only 
an  accounting  of  the  Altering  and  exitii^r  flows.    With  this  backgrcxind  we 
are  now  prepared  to  derive  Urn  equatixsis  describing  the  flow  of  the  material 
in  the  systan. 

By  using  the  first  assumption  it  is  evident  that  the  amount  of 

th 

phosphate  transferred  from  the  blood  to  the  tissue  in  the    I  time 
increment  is    K1*Q1(I)*D1    and  that  the  amount  of  phosphate  flowing 
into  ^he  first  compartment  from  the  tissue  is    K2*Q2(I)*D1.     During  the 
same  tijae  iiwraient  the  aojunt  of  phosphate  entering  ocnpartment  #1  from  thfe  outside  is 
Fl^  and  the  amount  lean^ngr  the  acD|)artm|:ig^  K3*Q1(I)«D1.   m  t^iese  ea^gxe^ictm,  m. 


represents  the  length  of  the  I      time  increment.    In  this  work, 
it  is  assumed  that  the  time  incranent  is  ccaistant  and  saall.   Now,  an  appli- 
cation of  Pick's  principle  to  the  first  compartment  gives 

QKI+l)  -  Q1(I)  +  (F1(I)-K1*Q1{I)+K2*Q2(!e)-K3*Q1{I))*D1.  (9.9) 

When  applied  to. the  second  compartment,  the  Pick  principle  yields 

'     Q2(I+1)   =  Q2 (I)+(K1*Q1(I)-K2*Q2(I) )*D1.  (9.10)  , 

We  remind  the  student  that  the  quantities    Q1(I+1)-Q1(I)  and 
02(I+1)-Q2{I)     are  the  respective  difference  of  the  cssiKentrations  in  esdti 
cGT^jartmeht  from  or^  period  to  the  next.    "Ilius,  the  previous  discussicn  was  con- 
cerned with  the  development  of  expressions  for  the  change  in  the  vari- 
ables in  one  time  period  in  order  to  apply  the  fundamental  law  of 
change.     By  now  the  student  should  have  realized  that  the  discussion  of 
most  of  the  topics  in  this  work  has  been  concerned  with  the  obtainment 
of  the  change  in  the  variable  or  variables  in  a  time  period  in  order  to 
use  the  law  of  change.     This  reminder  is  being  given  in  order  that  the 
student  might  better  appreciate  the  simplicity  of  the  approach  and 

r 

the  utility  of  the  law. 

The  construction  of  the  principle  part  of  the  program  is  quite 
simple.     Provision  must  be  made  for  the  entering  of  the  transfer 
coefficients.     The    entering  of  the  time  variation  of  inflowing  inorganic 
phosphate,     F1(I),     may  be  accomplished  by  a  table  or  a  function.  The 
program  was  run  assuming  an  initial  concentration  of  inorganic  phosphat* 
tin  the  blood  equal  to  unit  strength.     It  was  f^irther  assumed  that  no 
phosphate  entered  the  blood  except  that  being  returned  from  the  tissue. 
Thus,     Fid)     was  set  equal  to  zero  for  the  entire  run.     The  values  for 
the  constants  of  proportionality  were  chosen  identical* to  those  used  by 
Atkins  (1969)  and  runs  were  made  corire spending  to  a  time  increment  of 
1  unit.      Figure  9.8  lists  the  program  and  it  should  be  self-^cplanatory.    Ttie  heart 
of  the  progran  is  contained  in  lines  200  to  230.    Figure  9.9  displavs  the  outtxit  of 
a  typical  run,  and  figure  9.10  portrays  the  graphical  res»iltR  of  a  tvnical  run. 
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i  REM 
5  REM 
1@  DIM 


20 
30 
35 
43 
45 
46 
47 
48 
55 
57 
60 
78 
185 
187 
190 
195 
197 
200 
205 

220 
230 
290 
295 
300 
320 
330 


TWO  COMPflRTMENt^ODEL^OF  TRRMSFER  OF  INORGANIC  PHOSPHATE 
Q1<205>.Q2<205>.F1<205>.T<205> 
PRINT  "TVPE  THE  TRANSFER  COEFFICIENTS  Ki,  K2, 

Kl,  K2.  K3 


"TVPE 
Dl 


INPUT 
PRINT 
PRINT 
INPUT 
PRINT 
PRINT 
PRINT 

FOR  I«0  TO 
REM  INST. 
LET  Fi<I>«0 
NEXT  I 
T<0>«0 
REM 
LET 
LET 
REM 
FOR 
LET 


THE  TIME  INCREMENT  01" 


200 
55  TO 


70  ASSURE  NO  INFLOWING  PHOSPHATE 


Q1<0>=1     GIVES  UNIT  INITIAL  STRENGTH 


TO  220  ARE  PRINCIPLE  PART  OF  PROGRAM 


SETTING 

Q1<0>»1 
Q2<0>«=0 

INSTR.  200 
I«0  TO  200 

>=sT<I>+Dl 

LET  QIC  I+l>»Gil<  I  >+<Fl<  I  >-Kl*ei<  I  >-»-K2*Q2C  I  >,-K3*Ql<  I  >  >*t)l 
LET  Q2<I-H>«Q2<I>+<K1*Q1<I>-K2*Q2<I>>*D1 

PRINT^"   I  T<I>  0<l>  Q2<1> 

PRINT 

FOR  I«0  TO  40 

PRINT  I, TCI>. Q1<I>^ Q2<I>'F1<I> 
NEXT  I 


F1<I> 


READV 


Fig.  9.8 
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TVPE  THE  TRfiNSFER  COEFFICIENTS  Kl.  K2 
?.  118.   .  056.   .  234 

TVPE  THE  TIHE  INCREMENT  Dl 
?i 


I 

T<r» 

G!<I> 

Q2<I>  F1<I> 

0 

0 

1 

0 

0 

1 

1 

.  648 

.  118 

0 

2 

2 

.  426512 

.  187856 

0 

J 

.  12669 

.  227664 

0 

4 

4 

.  19866 

.  248769 

0 

5 

5 

.  142662 

.  25828- 

0 

6 

6 

. 106909 

.  260651 

0 

7 

1 

.  0838736 

. £5867 

0 

8 

e 

.  0688356 

.  254081 

0 

Q 

9 

.  058824 

247975 

0 

le 

10 

.  0520111 

.  241031  . 

0 

11 

11 

.  0472009 

.  222671 

0 

12 

12 

. 0436718 

0 

IS 

13 

040964 

.  218642 

0 

14 

14 

.  0287887 

.  211222 

0 

15 

15 

.  0269641 

202981 

0 

16 

16 

.  0253757 

. 19692 

0 

17 

1? 

.  023951 

.  190067 

0 

IS 

18 

022644 

183429 

0 

19 

19 

.  0214252 

.  177009 

0 

20 

20 

.  0302761 

170805 

0 

21 

21 

.  029184 

.  164812 

0 

22 

22 

.  0281407 

.  159027 

0 

23 

22 

0271407 

153442 

0 

24 

24 

.  0261799 

148052 

0 

25 

25 

.  0252555 

.  14285 

0 

26 

26 

.  0243651 

.  12783 

0 

27 

2? 

.  0235071 

.  1 22987 

0 

28 

28 

.  0226799 

.  128314 

0 

29 

29 

.  0218821 

.  123884 

0 

20  . 

20 

.  0^11127 

.  119453 

0 

21 

21 

0202704 

.  115255 

0 

22 

22 

.  0196543 

.  111205 

0 

23 

22 

.  0189635 

.  107296 

0 

24 

34 

.  0182969 

.•102525 

0 

25 

25 

.  0176538 

.  0998871 

0 

26 

26 

.  0170334 

0 

27 

2? 

.  0164347 

.  0929894 

0 

28 

28 

.  0158571 

.  0897213 

0 

39 

39 

.  0152998 

.  086568 

0 

40 

48 

.  0147621 

. 0825256 

0 

RERDV 


Output  fron  Program  Shown  in  Fig.  9.8,  Dl^^LO 
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In  order  to  show  the  e£fe^  on  the  results  of  different  time  incranmts, 
the  program  was  modified  to  accommodate  smaller  time  increments  by 
properly  alterinq  the  dimension  statement  and  lines    55,     200'  and 
300.     Figures    9.11    and    9.12    show  the  results  for  time  steps  of 
0.5    and     0.1     respectively.      A  comparison  of  the  results  correspond- 
ing to  the  three  different  time  increments  reveals  small  differences 
in  the  numeric£3^1  v.iluos.     Fox.  example,  the  maximum  value  of  the  con- 

mm  t 

centration  of  the  inorganic  phosphate  in  the  tissue  occurs  at  slightly 
different  times  for  the  three  time  increments.     Similarly,  the  numeria 
values  of  the  maximum  values  are  also  different  as  are  the  values  of 
the  phosphate.'  concentrations  in  hpth  the  blood  and  the  tissue  for  cor- 
responding times.     These,  and  other  differences  in  the  results,  are 
due  to  the  magnitude  of  ;:he  time  steps.     In  some  problems,  it  is  the 
case  that  for  a  small  change  in  tl^  tiite  st^  there  is  an  unusually  large  change- 
in  the  numerical  results.     Such  problems  are  said  to  be  unstable.  It 
is  important  for  the  student  to  know  of^ the  existence  of  instability 
and  to  be  able  to  recognize  it.     A  crude  method  for  detecting  the 
existence  of  instability  is  to  compare  the  degree  of  agreement  of 
results  obtained  by  running  the  program  with  time  increnpents  which  are. 
within  10  to  25  per  cent"  of  each  other.     If  the  results  are  not  rea- 
sonably  close  to  one  another,  there  is  cause  to  suspect  an  instability 
These  sfeateroents  are  very  loose  and  cavalier  and  certainly  need  tc  be 
made  more  precise.  The  principle  concern  in  this  work  istb 

develop  computer  based  methods  of  analysis.     However,   it  serves  no 
purpose  to  develop  algorithms  or  ptograms  which  are  unstable  and  hence 
useless.     Thus,  your  author's  purpose  in  mentioning  the  phenomena  of 
instability  at  this  point  is  to  alert  the. student  to  ^ts  existence  and 
to  suggest  a  very  rough  and  ready,  albei^  not  infallible,  method  for 
detecting  it.     The  effect  of  accumulating  a  small  er;:or  is  shown  in  th€ 
second  column  of  figure    ^.12     where  a  non-integer  representation  of 
the  total  time  occasionally  appears.     This  error  is  paused  by  the  com- 
puter repeatedly  adding  the  rQunded  binary  representation  c^f     0.1.  - 
With  this  brief  digression  we  will  continue  fehe  discussion  of  \ 

coropartinental  analysis. 

* 
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TVPE  THE  TRRNSFER  COEFFICIENTS  Ki,  K2.  K3 
?.  118,   .  056,   .  234 

TVPE  THE  TIME  INCREMENT  Dl 
?  5 


I 

T  <  I . ' 

V*    V  V. 

Q<I> 

Cl2<I>  F1<I> 

0 

0 

1 

0 

0 

1 

m 

. 680628 

.  105964 

0 

4 

2 

. 46858^ 

.  17241 

0 

.  327601 

.  212828 

0 

8 

A 

,  233677 

.  236142 

0 

5 

.  170322 

.  248255 

0 

12 

6 

. 128S17 

.  253069 

0 

14 

-> 

r 

4  AA^£kA 

.  253164 

0 

c» 
o 

.  0O10DOO 

.  250242 

0 

A  A 

lo 

.  BDrrbll? 

.  245429 

0 

20 

10- 

.  0t?B46^e 

.  239463 

0 

11 

.  232831 

0 

24 

12 

,  04p7oB , 

2<:5852 

0 

12 

218734 

> 

28 

14 

.  0404974 

21161 

30 

15 

V  6^82051 

.  204567 

0 

32 

lt« 

197658 

0 

34 

17 

,  0^5.46403 

.  190916 

0 

36 

18 

. 0331779 

18436 

0 

38 

19 

.  0318529 

.  178001 

0 

40 

26 

.  0306313 

.  171842 

0 

42 

21 

0294901 

.  165883 

0 

44 

22 

.  0284137 

.  160122 

0 

46 

23 

.  0273914 

154556 

0 

48 

24 

.  0264157 

14918 

0 

50 

25  • 

.  0254812 

143989 

0 

52 

26 

.  0245642 

138976 

0 

54 

27 

.  02^7215 

.  134137 

56 

28 

. 022691 

129466 

0 

58 

29 

.  0220908 

.  124957 

0 

60 

30 

.  0213195 

.  120604 

0 

62 

^1 

0205756 

.  116403 

"^0 

64 

32 

019858^ 

.  112349 

0 

66 

33 

.  0191657 

.  108435 

0 

68 

34 

0184977 

.  104658 

0 

70 

35 

.  0178531 

.  101012 

72 

36 

.  017231 

.  0974931 

0 

74 

^  r 

.  0166306 

.  0940968 

0 

76 

38 

.  0160512 

.  0908189 

0 

78 

39 

.  015492 

.  0876551 

0 

80 

40 

.  0149523 

.  0846015 

0 

Output  from  Program  Shown  in  Fig.  9.8,  Dl=0.5 
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TVPE  THE  TRflMSFER  COEFFICIENTS  Kl,   K2,  K3 
?.  118*    .  056^.  234 

TVPE  .Tfct^IME  INCREMENT  01 


I  T<I>  Q«:i>  Q2<I> 


3 

I 

70t2SS 

0982711 

Oft 

162241 

afcr  W  kirn  mm  ~  ¥lb 

30 

.  Mm     w  «p'  ^ 

40 

H 

50 

D 

.  X7€£X«^ 

60 

o 

70 

-f 

.  XX^7I9X 

80 

AQ4  ^0^>0 

90 

9 

.  ©756804 

^ A A<i 

.  242091 

A  AA 

100 

.  UO^^cClklPX 

i?'^7Q 

110 

A  ^  A 

120 

4  O 

1«: 

120 

4  "T* 

.  £.XO^Oo 

140 

4  d 

IDS:? 

4 

.  K^^^^^J f  w 

^264687 

160  ^ 

4  ^ 

.  16 

170  / 

X  r 

A»  •i' A»  ~ 

A  AA 

180 

4  O 

Xo 

ft7''^774  T 

<C  AA 

190  ^ 

4  Q 

17075-5^ 

^A  A 

200 

172621 

^A 

2110 
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Example  # 3      ..  •  * 

^.   This  example  i^^he  study  of  the  metabolism  and  excretion  of 
paracetamol  by  Cummings,  King  and  Martin  (1967)  and  is  taken  from 
Atkins  (1969).    "R^ir  experimesit    consisted  in  measuring  the  elimination, 
of  S9me  of;  the  metabolites  of  paracetamol,  in  a  ^^uman  who  had  presumably 
received  the  di'ug  orally.     Following  Atkins  we  will  consider  only  ^thT' 
formation^nd  excretion  cff  paracetamol  sulphate. 

It  is  thought  that  the  paracetamol  enters  the  plasma  an-^  tiiat  it  is  ii 
the  plasma" wh^e  the  metabolites  Qf  paracetamol  are  formed.     A  portion 
of  the  paracetamol  is  transformed  into  paracetamol  sulphate  and  is 
then  transferred  to  the  urine  where  the  time  variation  of  the  sulphate 
was  experimentally  measured.'  Part  of  the  remaining  paracetamol  in  the 
Plasma  is ' transformed*  into  other  metabolites.     These  metabolites,  along 
lith-the  paracetamol. itself,  diffuse  out  of  the  plasma  at  a  rate  which 
is  assumed  to  be  proportional  to  the  quantity,  of  paracetamol  present 
in  the  plasma.     A  representation  of  the  compartmental  model  of  this 
system  is  shov;h  ,-in  fig.  $.13: 
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Port'rayal  of  the  Metabolism  and  Excretion^of^  Paracetamol 

Fig.  9.13 
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where    Qlf^enotes  the  quantity  of  pe^racetaiaol  in  >he  plasma  and* 
Q2    and    Q3    denote  the  quantity  Of  paracetamol  sulphate  in  the 
plasma  and  the  urine  Respectively.     In  this  model  the  first 
compartment  represents  that  portion  of  the  plasma  which  contains 
the  paracetamol  which  is  the  source  of  the  sulphates.    The  second 
Qompartment  represents  that  portion  of  the  plasma  which  contains 
the  sulphates  and  the  third  compartment  denotes  the  urine  into 
which  the  paracetamol  sulphates  flow.     In  accord  with. the  assump- 
tions listed  above,  th^  paracetamol  sulphate  is  assumed  to  be' 
generated  in  the  first  compartment  and  to*then  leave  tliis  compart- 
ment at  a  rate  which  is  directly  proportional  to  the  quantity 
of  paracetamol  in  the  compartment.     Kl  will  denote"  the  constant 
of  proportionality  relating  the  amount  of  paracetamol  and  paraceta- 
mol metabolites  leaving  the  plasma  in  a  time    Dl,  and    K2  will 
denote  the  constant  o.f  proportionality  , relating  the  amount  of 
paracetamol  converted  to  paracetamol  sulphate  in  the  time  Dl. 
Finally,     K3  will  denote  the  transfer  coefficient  associated 
with  the  transferring  of  the  paracetamol  sulphate  from  the  plasma 
to  the  urine.  .  • 
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rt  .,  ,^4..jun  ot  uhis  aeveiopiaent  witfl  the  mathematical 

•  ■ 

developm«^4it  given  by  Atkins  retires  a  careful  recognition  of  the 

different  notations.    The  necessity  for  the  different  notations  is 

due  to  the  restriction  of  a  single  capital  letter  followed  by  a  single 

integer  as  required  in  the  BASIC  progranuning  language. 

The  deri-vation  of  the  governing  equations  is  accomplished  by 

applying  Pick's  principle  to  each  compartment  and  using  the  first 

assumption    to  enable  the  application  of  the       of  change  to  eac^  quantity. 

For  the  first  compartment  it  is  evident  that  the  quantity 

(K1*01(IKK2*Q1(I)  )*D1 

represents  the  amount  of  paracetamol  leaving  the  first  compartment  in 
th 

the    I       time  increment.     Thus,  the  equation  governing  the  change 
in  the  amount  of  paracetamol  is 

'Ql  (I+l)  -Ql  (D-  (Kl  *Q1  (I)+K2*Q  1(1)  )  *D1.  (9. 11)  ^ 

The  amount  of  paracetamol  sulphate  being  created  in  the  interval  of 
time    Dl    is  „ 

■  I 

K2*Q1(I)*D1 

}  r 

and  the  awount  leaving  in  the  same  time  interval^ is 

K3*Q2(I)*D1. 
Hence,    for  the  second  compartment, 

^■ 

Q2(I+1)=Q2(I)+ (K2*Q1(I)-K3*Q2{I) ) *D1.  (9-12) 
In  a  similar  manner 

Q3(I+1)=Q3(I)+K3*Q2{I)*D1  (9.13) 

is  the  equation  governing  the  time  change  of  the  paracetamol 
sulfate  in  the  third  compartment.     The  construction  of  a  computer 
program  will  b©  left  to  problem  #4.  ' 

It  is  usually  the  case  that  compartmental  analysis  of  human 
physiological  phenomena  is  more  complex  because  such  analysis 
requires  many  compartments  and  thus,  many  "paths"  by  which  sub- 
stances may  be  transferred.     The  most  general  three  compartment 
Q      model  is  shown  in  fig.     9.14.  4  )(] 
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General  Three  Compartment  Model 
Fig.  9.14 


The  equations  governing  the  behavior  of  the  system  are  obtained  in^ 

the  usual  manner.      They  are: 

Ql  (I+l)  =Q1  (I)  +  (F1+«*Q2  (I) +K3*Q3  (I) -  (Kl+El+Tl)  •Ql  (I) ) 

Q2  ( I+l )  =Q2  ( I )  +  (F2+T3*Q3  (1)  «1*Q1  (D -  (K2+E2+T2)  •Qa  d ) )  *D1 
'  Q3(m)=Q3(I)  +  (F3«2*Q2(I)+Tl*Ql(I)-(K3+B3+T3)«Q3(I))*pl 

The  quantities,  Fl,  F2,  and  F3,  denote  the  ""^jtd  ^"'^ 

ca.^t.   ««e  fl««  are  usuauy  specif ied  and  are  sa^ti^^c^ 

.arive"  flows  in  analogy  vith  the  ^tion  Of  ^ 

the  «x»entrati»s  in  the  Xt  is 

oc«,arte«ts.   Kl,  K2,  K3  and  n,  T2,  T3  l^re  transfer  ooelfl^^n 

the  case  that  Tl=«l,  T>«2  and  T3=K3.    ^V^^ ^^T,^^  • 
o»*ain  an  unaerstarding  Of  the.chanical  Kinetic  of  .  I**^  - 

Xt  is  frequently       case  ti»t  »re  than  «  ti«^ 
systan.    Sprinson  ana  Pittehberg  (1949)  describe  a       cc»partt««t  »^ 
the  description  of  the  metabolism  of  organic  nitrogen,  and  ^^^^ 
Kittenberg'constructed  a  three  parameter  ^'^  I^^^U 

The  decision  as  to  which  model  is  the  most  valid  is  a  difficult 


decision  and  the  fcurth  assumption  is  usually  invoked  when  attempting 

to  make  the  decision. 

Probably  the  most  difficult  part  of  compartroental  analysis  is  the 
determination  of.  the  transfer  coefficients.    The  usual  procedure  for 
their  determination  rests  on  a  comparison  of  numerical  results  with 
experimental  results.    A  set  of  values  for  the  transfer  coefficients 
is  assumed  in  the  model  and  the  numerical  results  obtained  by  using 
these  coefficients  is  compared  to  the  experimental  results.     If  satis- 
factory  Agreement  is  not  obtained,  the  coefficients  are  altered  until 
the  desired  agreement  is  obtained.    This  is  a  process  which  is  easy 
to  describe  but  difficult  to  actually  carry  out  and  we  will  discuss 
it  later  in  this  chapter.     Because  of   the  difficulty  of  obtaining 
the  constants  of  proportionality,  compar.tmental  models  are  usually 
restricted  to  a  small  number  of  compartments,  even^  though  the  construe-- 
tion  of  computer  programs  for  the  analysis  of  model^ consisting  of 
several  compartments,  is  rather  straightforward.    The  problem  of  j 
'determining  the  transfer  coefficients  is  called  the  inverse  problem,  , 
Monot  and  Martin  (1974).  ■ 
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The  Tracer  Method  *  s 

Since     most  of  the  experimental  data  used  to  determine  the  rat 
constants  is  obtained  with  the  aid  of  tracer  methods,  it  is  approprit 
to  give  a  short  summary  of  the  method.     The  texts  by  Sheppard  (196'2) 
and  Atkins  '{1969)  contain  a  more  complete  exposition  of  the  subject. 

It  is  exceedingly  difficult  to  obtain,  by  direct  means,  the  trat 
fer  coefficients  of  substances  in  a  biochemical  reaction  occurring  ii 
a  living  entity.    These  coefficients  are  usually  obtained  by  an  in- 
.  direct  method  called  the  tracer  method.     This  method  consists  in 
"labelling"  or  "tagging"  the  substance  to  be  measured  with  a  "traceif 
which  has  the  property  that  it  is  easily  detected  by  an  observer* 
Frequently,  the  tracer  is  a  radioactive  isotope;  hcx^ever,  occasionaUy  d^es  ax 
also  used  as  tracers.     In  essence,  the  tracer  method  consists  in  add. 
a  small  amount  of  the  tracer  to  the  substance  of  interest,  called  the 
mother  sulistance.    As  the  ^mother*  substance  is  transferred  from  one  c< 
partment  to  another  compartment  in  the  system,  a  proportion  of  the  ' 
tracer  is  also  transferred  as  it  is  carried  along  with  the  mother  s. : 
stance.     There  is  thus  a  change  of  tracer  concentration  in  each  com- 
partment and  the  time  variation  of  the  tracer  concentration  in  the 
compartments  can  be  experimentally  noted.     Because  it  is  assumed  tha 
the  tracer  does  not  alter  the  rate  of  transj^er  of  the  motiier  substance,  the 
transfer  coefficients     used  in  describing  the  tracer  time  behavior  are 
identical  with  the  transfer  coef f icientsf  used  in  describing  thq  time 
behavior  of  the  mother  substance.    A  comparison  of  the  experimental! 
results  with  the  numerical  results  obtained  from  a  theoretical  rood^l 
of  the  transfer  of  the  tracet  permits  the  determination  of  the  trans- 
fer coefficients.     These  coefficients  may  then  be  used  to  construct  « 
mo^el  of  the  transfer  of  the  mother  suibstance  and  a  computer  based  84 
tion  of  this  model  gives  the  dynamic  ji^avior  of  the  mother  -substahc, 
in  the  system.     In  this  way  the  tracer  method  is  an  excellent  exaunpli 
of  the  simultaneous  use  of  theory  an^d  experiment  to  oStain  understani 
ing.  I 

Many  biochemical  processes  ar^  steady  state  processes  and  since 
their  analysis  requires  the  use  of  tracer  methods,  we  present  a  brie 
discussion  of  the  notion  of  a  st^dy  state.    Before  giving  a  formal 
definition  of  steady  state,  we  give  an  exanjple  of  its  occurrence.  Ct 
sider  the  exchange  of  water  bet;ween  the  plasma  and  the  ascitic  fluid 
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It  is  known  that  water  enters  the  plasma  through  the  large  intestine, 
leaves  the  plasma  through  the  kidney,  and  that  there  is  a  flow  of  water 
from  the  plasma  to  the  ascitic  fluid  and  return.    The  two  compart- 
ment configuration  shown  in  figure  9.7  can  be  used  to  represent 
this  system  if  the  first  compartment  denotes  the  plasma  and  the 
second  compartment  denotes  the  ascitic  fluid.    01  and  Q2  denote 
the  amounts  of  water  in  each *of  the  respective  compartments.  The 
entering  flow  of  water  to  the  plasma  is  denoted  by  Fl  and  the 
exiting  flow  of  water  to  the  kidney,  F3,  is  described. by  the 
transfer  coefficient,  K3.    The  exchange  rates  of  water  between 
the  plasma  and  the  ascitic  fluid  are  associated  with  the  respective 
transfer  coefficients,  Kl  and  K2.       The  dynamic  process  of  the  exchange 
of  water  between  the  plasma  compartment  and  the  ascitic  fluid  compart- 
ment is  said  to  be  in  a  steady  state  process  because  there  are  actual 
flows  of  water  yet  there  is  no  change  in  the  quantity  of  water  in  each 
of  the  compartments.     For  this  reason  the  quantities  of  interest  are 
the  transfer  rates  involved  in  the  exchange  process.      Tile  equation 
governing  the  quantity  of  water  in  the  ascitic  fluid  can  be  written 
in  the  form 

Q2{I+1)   -  Q2(I)   F   {K1*Q1(I)   -  K2*Q2(I))*D1. 

Now,  if  it  is  assumed  that  there  is  no  change  in  the  amount  of 
water  in  the  ascitic  fluid  from  one  period  to  the  next,  it  must 
be  tbr  rase  that 

K1*Q1{I)  =  K2*Q2(I). 

However,  both  Kl  and  K2  are  constant  and  since  Q2{I)  is  also  assumed 
tq  be  constant,  it  follows  that  Ql(I)  must  also  be  constant.  Thus, 
the  assumption  of  no  change  in  the  amount  of  water  in  the  ascitic 
fluid  from  one  period  to  the  next  implies  that  there  is  also  no 
change  in  the  amount  of  water  in  the  plasma  from  one  period  to 
the  next.     There  is  then  a  steady  state. 
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with  this  example  as  a  background,  we  now  define  a  steady  state 
process.     Our  definition  follows  closely  that  given  by  Atkins  (1969). 
A  "Steady  State  Process",   or  "Steady  State",   is  said  to  exist  in  a 
system  of  a  mixture  of  substances  if  they  are  transported  from  one 
part  of  the  system  to  another,  or  are  transformed  from  one  into  anothe 
and  yet,   because  their  rates  of  removal  are  equal  to  their  rates  of 
replacement,  their  concentrations  or  amounts  in  all  relevant  compart- 
ments remain  constant  during  the  interval  over  which  observations 
are  made.     If  there  are  no  flows  into  or  put  of  the  system,  the  system 
is  called  a  "Closed  System^' .     A  closed  system  which  is  in  the  steady  - 
state  is  said  to  be  in  a  state  of  "Dynamic  Equilibrium". 

The  importance  of  tracer  techniques  to  the  successful  analysis  of 
steady  state  phenomena  is  vividly  pointed  out  by  Riggs   (1972)  who 
states  that,   "Without  the  use  of  isotopic  tracers  it  is  always  difficu 
and  often  impossible,   to  study  the  dynamics  of  such  a  system  because 
no  observable  changes  in  the  concentrations  of    S    occur  unless  we 
deliberately  add  an  appreciable  amount  of    S    to  one  of  the  compart- 
ments.    But  the  moment  we  add    S     to  one  of  the  compartments,  we  de- 
stroy the  steady  state  which  is  the  very  thing  we  want  to  study!     It  is 
the  prime  virtue  of  isotopic  tracers,  and  particularly  radioactive 
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tracers,  that  the.-  allow  us  to  avoid  this  difficulty."    The  substance 
S    referred  to  by  Riggs  in  this  quote  is  the  same  as  our  mother  sub- 
stance. 

*  A  further  use  of  tracer  kinetics  is  the  determination  of  the 
rates  of  synthesis  of  products  of  biochemical  reactions.     This  de- 
termination is  possible  because  it  is  frequently  the  case  that  the 
substance  being  transported  is  created  as  a  result  of  a  biochemical 
reaction.     Consequently,  a  determination  of  the  rate  at  which  the  sub- 
stance is  being  transported  from  one  compartment  to  another  provides  a 
direct  measure  of  the  rate  at  which  the  substance  is  being  synthesized. 
The  work  of  Popjak  and  Beeckmans  (1950),   in  determining  the  rate  of 
synthesis  of  cholesterol  by  grwing    fetuses  is  an  example  of  the  use 
of  tracer  methods  in  this  manner. 

As  an  example  of  the  tracer  method,  we  consider  the  determination 
of  the  amount  of  body  water  in  a  man.     The  patient  receives  a  small, 
but  known,  amount  of  "labeled"  water.'   The  label  is  usually  deuterium 
or  a  radioactive  isotope  such  as  tritium  and  its  concentration  in  the 
water  is  also  known.     After  sufficient  time  has  elapsed,  it  is  assumed 
that  the  labeled  water  has  thoroughly  mixed  with  the  body  fluids  end  a 
sample  of  body  fluid  is  taken.     Since  the  action  of  mixing  with  the 
body  fluid  will  have  diluted  the  concentration  of  the  labeled  substance 
in  proportion  to  the  amount  of  body  fluid,  a  measurement  of  the  concen- 
tration of  the  label  in  the  sample  will  enable  the  determination  of 
the  mass  of  the  body  fluid.     For  example,   suppose  that  1000  cc  of 
label   i  water  containing  120,000  counts  per  minute  was  injected- 
After  mixing,  a  sample  of  10  cc  of  body  fluid  is  taken  and  is  found  to 
have  an  activity  of  20  counts  per  minute.     Since  the  original  concen- 
tration of  labeled  water  was  120  counts  per  minute  per  cc  and,  the  final 
concentration  was  2  counts  per  minute  per  cc,  there  has  been  a  dilu- 
tion of  the  initial  concentration  by  a  factor  of  1/60.     Thus,  the  total 
amount  of  body  fluid  is  60*1000  cc  or    60  liters. 

This  example  is  an  ill-ustration  of  "isotopic  dilution",  that  is, 
the  use  of  an  isot<^  to  determine  the  amount  of  a  substance  present  in 
a  system.     The  student  should  note  the  close  analogy  of  the, tracer 
method  with  the  technique  of  tagging  a  small  number  of  fish  in  a  pond 
for  the  purpose  of  determining  the  total  number  of  fish  in  the  pond, 
in  this  technique,  the  number  of  fish  that  are  tagged  is  noted  and  the 
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tagged  fish  are  then  released  into  the  lake.    After  a  sufficient 
amount  of  time,  the  tagged  fish  are  assumed  to  have  thoroughly  mixed 
with  tht;  other  fish  in  the  pond.     A  prescribed  number  of  fish  are 
again  caught  and  the  ratio  of  the  number  of  tagged  fish  in  thii^  catch 
to  the  original  number  of  tagged  fish  released  into  the  pond  enables 
an  estimation  of  the  total  number  of  fish  in  the  pond. 

Intuitively,   it  is  seen  that  a  tracer  should  have  the  following 
properties: 

(1)  The  biological  or  physiological  system  should  not  be  able 

to  distinguish  between  the  mother      substance  and  the  tracer 

(2)  There  should  be  no  exchange  of  the  tracer  with  other  con- 
stituents in  the  system.     This  Implies  that  the  only  change 
jn  the  tracer  concentration  should  be  that  due  to  the  trans- 
porting of  a  portion  of  the  tracer  as  it  is  carried  along 
with  the  transferring  mother  substance.     Thus,   the  transfer 
coefficients  describing  the  dynamics  of  the  tracer  are  the 
same  as  the  transfer  coefficients  describing  the  exchanges 
of  the  mother  substance. 

(3)  The  tracer  must  bo  such  that  it  is  possible  to  accurately 

r 

describe  its  variation  in  time  by  the  use  of  a  model.  The 
model  must  reflect  the  transfer  rates  and  the  transf ormatior 
of  the  mother  substance  in  the  system  and  in  this  way  permit 
the  determination  of  the  time  variation  of  the  subst ince. 
The  model  may  be  expressed  in  a  programming  language  or  in 
the  language  of  mathematics. 
These  properties  imply  that,  when  a  tracer  is  added  to  the  systen,  the 
kinetics  of  the  system  is  not  disturbed.       This  is  usually 
accomplished  by  labelling  the  subs^-.ance  with  a  very  small  amount 
of  the  tracer. 

Because  the  absolute  radiation  level  of  the  tracer  used  in  an 
experiment  may  be  arbitrarily  set  by  the  investigator  and  because  we 
are  interested  in  the  proportionate  change  in  the  tracer  conct-ntratioi 
it  is  convenient  to  formulate  tracer  kinetics  problems  in  terms  of 
fractional  amounts  or  ratios.     The  student  will  recall  that  in  the  7 
preceding  example,   it  was  the  dilution,  or  proportionate  decrease, 
of  the  original  concentration  of  the  tracer  that  was. significant; 
not  the  change  in  absolute  amounts  of  the  tracer.     For  this  mason, 
the  term  "specific  activity"  or  "concentration"  of  the  tracer  is  most 
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helpful.    The  specific  activity  or  concentration  of  a  tracer  is  defined 
to  be  the  ratio  of  the  amount  of  the  tracer  to  the  aiiiount  of  the 
mother  substance.     If  the  tracer  is  radioactive,   the  amount  of  radio- 
activity is  measured  in  terms  of  counts  per  minute  or  a  counting  rate'. 
Because  the  amount  of*  the  mother  substance  is  measured  in  volOme  or 
mass  units  it  is  usual  to  measure    the  concentration,  or  specific 
activity,   in  counting  rates  per  m-mo]e  or  counts  per  minute  per  milli- 
gram.    This  is  due  to  the  fact  that  the  efficiency    of  the  counting  device  ' 
is  assumed  to  be  constant  but  unknown^     For  this  reason  the  term 
"relative  specific  activity"  is  useful.     The  relative  specific  activity 
of  a  tracer,  or  traced  substance,  is  defined* to  be  the  ratio  of  the 
specific  activity  of  the  substance  at  a  given  time  to  the  specific 
activity  of  the  substance  at  a  different  time.     It  is  usually  the  case 
that  instruments  for  measuring  radioactive  tracer  emissions  measure 
the  relative  specific  activity.     Thus,  the  time  variation  of  the  con- 
centration of  the  radioactive  tracer  is  obtained  by  first  deter- 
mining,  in  some  manner,     the  specific  activity  of  the  tracer  in  the 
mother  substance  at  an  initial  time  and  then  using  the  instrument  to 
measure  the  relative  specific  activity  at  other  instants  of  time  with 
respect  to  the  specific  activity  recorded     at  the  initial  time.  The 
relative  specific  activity  is  also  the  ratio  of  the  specific  activity 
of  one  tracer  substance,  at  a  given  time^  to  the  specific  activity  of 
another  tracer  substance  at  the  same  time.     This  latter  definition  is 
partii^alarly  useful  when  comparing  the  relative  activities  of  two  or 
more     ' acers.  * 

Tf  the  isotope  is  stable,   its  concentration  is  usually  measured 
In  1 erms  of  an  "abundance  ratio"  which  is  defined  to  be  the  ratio  of 
the  nnmber  of  atoms  of  the  tracer  isotope  to  the  number  of  atoms  of 
the  most  abundant  natural  isotope.     A  mass  spectrometer  is  an  instru- 
ment for  detecting  such  a  ratio.     Since  the  number  of  atoms  of  the  most 
abundant  isotope  is  either  known  beforehand  or  is  determinable,  the 
time  variation  of  the  abundance  ratio  as  measured  by  the  mass  spec- 
trometer ,  enables  the  determination  of  the  variaticai  of  the  number  of  atoms 
or  the  time  variation  ot  the  concentration  of  the  stable  tracer  isot<^. 

With  this  brief  summary  of  tracer  methodology  we  introduce  some 
notation  that  will-fae  useful  in  oonstructinq  cxir  computer  models.  Let: 
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Ml  =  Amount  of  the  mother  substance  measured  in  .grams,  cc. ,  etc. 
Rl  =  Absolute  amount  of  the  tracer  measured  in  counts  per  minute^ 

microcuries,  etc. •  , 
=  Amount  of  the,  labeling  substance  measured  in  grams',  cc. ,  et- 
Cl  =  Concentration  of  the  tracer  in  the  labeling  substance 

measured  in  qounts  per  minute  per  gram,  microcuries  per  cc. 

etc. 

Al  =  Concentration  of  the  tracer  in  the  total  amoant.  of  the- 

labeled  substance.     It  is  measured  in  the  same  units  as.Cl* 


Cl    is  also  called  the  "specific  activity"  of  thfe  originA^^beling 
substance  and  similarly    Al     is  often  called  the  specific  activity  , 
of  the  labeled  mother  substance.     The  total  amount  of  the  labeled 
substance,     Tl,     is  the  sum  of  the  amounts  of  the  labeling 'substance 
and  the  amount  of  the  mother  substance.  Thus, 

'  Tl  =  Ql  +  Ml. 

In  terms  of  this  notation  it  is  seen  that 

Cl  =  Rl/Ql 

and 

Al  =  R1/(Q1  +  Ml)  . 

Sinci  the  quantity  of  labeling  substance  added  to  the  mother  snbstanc 
is  usually  very  much  less  than  the  amount  of  the  mother  substance, 
i.e.       Ql  <<<  Ml,     there  is  very  little  loss  of  accuracy  if  we  write 

Al  =  Rl/Mi. 

In  fact,   in  many  texts  this  equation  is  given  as  the  definition  of 
specific  activity  or  concentration  of  the  labelled  substance. 

To  assist  the  student  in  understanding  the  notation  we  illustrat 
the  application  of  the  notation  to  the  previous  ^tjple  of  isotope  dilution.  In 
terms  of  this  exaitple,  we  have 
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Ql  «  1000  cc# 
Rl  »  120,00')  counts  per  min. 


and  thus 


Cl  -  120  counts  per  min.  per  cc. 


Now 


Ti  =  Ml  +  rooo 


and 


Al  =  120, 000/ (Ml  +  1000) 


From  the  sample  it  was  determined  that  Al  =  2  counts  per  min.  per  cc 
and  thus. 


2  =  120,000/{M1  +  1000) 


or 


Ml  =  59,000  cc. 

Sinct-  ' '^uO  <<   59,000,   no  significant  error  is  made  by  ignoring  the 
amc'Tt  of  the  labeling  ..bbstance,     1000  cc.  ,     in  the  denominator 
in  t he  above  equation.     In  this  event,  the  amount  of  the  body  fluid 

•is  thf^n 

Ml  =  60,000  cc. 
=  60  liters 
which  agrees  with  our  previous  answer. 
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Determination  of  Transfer  Coefficients. 

The  problem  of  the  determination  of  the  transfer  coefficients 
has  frequently  been  mentioned  in  the  preceding  examples.  The 
next  example  illustrates  a  method  for  obtaining  t^ransfer  coeffi- 
cients and  will  require  an  application  of  the  search  routines 
which  were  developed  in  an  earlier  chapter. 

We  consider  the  problem  of  determining  the  transfer  coeffi- 
cient occurring  in  a  single  compartment  model  uf  the  turnover 
of  inorganic  phosphate  in  a  rabbit  plasma.     It  is  known  that 
inorganic  pho^hate  enters  the  plasma  of  .the  rabbit  and  then  : 
leaves  the  plasma.     A  single  compartment  model  is  shown  in  figure 
9.15. 
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Single  Compartment  Model  of  Transfer  of 
Plasma  Phosphate  in  Rabbit  Plasma 

■  Fig.  9.15 


The  figure  is  a  composite  representation  of  the  system  and  the 

notation  appearing  in  the  figure  is  to  be  int,erpreted  in  the 

following  way.     If  the  flow  of  the  mother  substance  is  to  be 

considered,  Ml  is ^understood  to  Represent  the  quantity  of  intterest- 

32 

On  the  other  hand,  if  the  flow  of  the    ''P-phosphate  ion  is  the 
quantity  of  interest,  the  quantity  Rl  is  to  be  understood. 
Finally,  if  the  variation  of  the  specific  activity,  is  the  quantity 
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of  interest,  it  is  understood  that  the  symbol  hi  is  to  bfe  tsed. 
A  singl'e  notation  may  be  used  rto  denote  the  exitijig  flow  rate 
because  the  transfer  coefficient  isi  assumed  to  be  the  same  for 
all  three  quantities.     The  entering  flow  rate  of  the  mother  sub- 
stance will* be  denoted  by  ,^ 

The  equation  governing  the  behavior  of  the  transport  of  -the ^ 
inorg^ic  phosphate  can  be  obtained  by  a  proper  accounting  of  the 
entering  and  exiting  mass  flows  during  an  increment  of  time.  '  In 
terms  of  the  previous  notation,  the  quantity  of  phosphate  entering 
tlje  compartment  in  a  time  period  is 

F0(I)*D1. 

i 

By  Pick's  law,  the  quantity  of  phosphate  leaving  the  compartment 
in  the  same  time  period  is 

K1*M1(I)*D1, 

and  therefore  the  change  in  the  amount  of  phosphate  in  the  com- 
partment during^  the  time  increment  is, 

Ffif  (I)*D1  -  K1*M1(I)*D1. 


An  application  pf  Pick' s  principle,  which  is /a  form  of  the  furt^ 
damental  law  of  change,  gives 

M1(I+1)  =  Ml  (I)   4-{FjS(l)   -  K1*M1(I)*D1. 

This  is  the  equation  governing  the  time  behavior  of  the  amount 
of  inorganic  phosphate  in  a  rabbit  plasma. 

In  order  to  use  this  equation,  it  is  necessary  to  obtain 
the  transf er^coef f icient,  Kl.     The  procedure  for  ob'taining  the 
transfer  coefficient  is  the  following: 
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{!)    The  inorganic  phosphate  is  labeled  with  tracer  P-phosphate 
ions  and  a  record  of  the  time  variation  of  the  specific 
activity  of  radioactive  ions  is  obtained,  \^ 
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(2)  An  equation  is  derived  which  describe*  the  time  varia-  . 
tion  of  the  specific  activity  of  the  tracer  substance. 
Because  the  tracer  is  assumed  to  not  alter  the  kinetics 
of  the  turnover  of  the  inorganic  phosphate,  the  equation 
will  contain  Kl  as  a  parameter. 

(3)  The  equation  will  Be  solved  for  various  values  of  Kl 
and  the  value  of  the  transfer  coefficient  which  gives 
the  least  value  for  the  measure  of  closeness  of  the 
numerical  and  the  experimental  results  will  be  the 
desired  value  for  the  transfer  coefficient. 

< 

■^The  student  should  note  that  this  procedure  is  entirely  analogous 

to  chat  used  to  obtain  the  growth  coefficient  in  the  Malthus 

model  of  the  population  growth  of  the  United  States,    ^he  value 

of  Kl  so  obtained,  can  now  be  inse2?ted  into  the  equation  governing 

the  time  variation  of  the  inorganic  phosphate  and  this  equation 

solved  to  predict  the  variation  in  time  of  the  phosphate.  In 

this  problem,  and  indeed  in  nearly  all  compartmental  analysis 

problems,  the  structure  of  the  equations  governing  the  behavior 

Of  the  mother  substance  and  the  behavior  of  the  tracer  substance 

are  the  same.     Only  £he  values  of  the  parameters  or  the  initial 

conditions  may  differ-     This  means  that  the  solutions  to  the  two 

sets  of  equations  will  be  similar  and  hence  the  time  variation  of 

the  mother  substance  and  the  tracer  is  also  similar.     Indeed,  in 

many  cases  it  is  not  necessary  to  refer  again  to  the  equation 

governing  the  mother  substance  since  the  information  of  interest 

can  be  obtained  directly  from  the  transfer  coefficient  or  from  an 

examination  of  the  solutions  of  the  equation  governing  the  time 

variation  of  the  specific  activity  of  the  tracer.     For  example, 

in  some  problems,  the  quantity  of  interest  is  the  turnover  time 

and  this  can  be  obtained  from  the  transfer  coefficient  directly. 

We  now  proceed  to  derive  the  equation  governing  the  change 
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of  the  labeling         P-phosphate.     It  is  assumed  that  there  is  a 
thorough  and  immediate  mixing  of  the  tracer  phosphate  with  the 
inorganic  phosphate  and  hence  the  tracer  ions  are  transported^ 
immediately  along  with  the  phosphate.    The  magnitude  of  the  influx 
of  the  entering    ^^P-phosphate  is  the  product  of  the  flow  rate  of 


the  phosphate  and  the ' concentration  of  the  ion,  AO (I).  Both 
FO{I)     and    AO (I)    would  have  to  be  specified  and  entered  as 
input  data.     In  a  single  time  increment,  the  quantity  of 
^^P-phosphate  entering  the  compartment  is 

P0{I)*A0{I)*M1(I)*D1. 
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By  the  first  assumption,  the  quantity  of  P-phosphate  leaving 
the  compartment  in  the  same  period  of  time  is 

^  K1*R1(I)*D1  ^ 
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and  thus,  the  change  in  the  amount  of  P-phosphate  during  the 
period  is 

P0(I)*A0(I)*M1(I)*D1  -  K1*R1{I>*D1. 
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AS  before,  an  application  of  the  fundamerttal  law' of  change  gives  • 

.  »•.. "  ■  ■  ,        ♦  . 

•   •  ■  • »{  .  *  .  • 

Rl(I+a)'^  RKI)  +  (F0(I)*A0  CI)*M1(I)-K1*R1(I))*D1.  (9.15) 


Now 


Rl(I)  =  A1(I)*M1(I),  I=<3,l,:l,,,r 


and  thusi^  the  previous  equation  may  be  written  as  . 
A1(I4.1)*M1(IH-1)  =  A1(I)*M1(I)  +  ((F0(I)*A|3(I)-K1*A1(I)*M1(I))*D1. 
If  it  is  assumed  that  the  system  is  in  a  steady  state,  that  is 


Ml{I+l)  =  Ml(I)  =  Ml,         1=0,   1,   2,  , 


f  r 


(9 


then*the  preceding  esjuation  becomes 

A1(I+1)   =  Aid)   +   <F0(1)*A)J(I)/M1  -  Kl*Al(I))*Dl, 


(9.17 


This  equat-ion,  in  conjunction  with  the  experimentally  obtained  time- 
variation  of  the  ion,  will  be  used  to  determine  the  rate  constant. 
AS  experimental  dat«  we  use  the  data  obtained  by  Hevesy  and 

Hahn  (1940)  and  presented  in  Atkins  (1969).    The  data  is  shown 

^n  tabular  form  in  table    9.1.  . 
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Time  variation  of  Plasma  Phosphate  (From  Atkins,  1969) 

Table  9.1 
9MI 


 *<*S8». 


Because  Hevesey  and  Hahn  used  a  constant  rate  of  tracer  infusion^ 

the  quantity    F0(l)*Aj3(I)/Ml    must  also  be  constant.    This  constant 
value  will  be  denoted  by    F0,     In  the  experiment,  it  was  assumed  that 
the  initial  tracer  concentration  was  zeyo.  Thus, 

A1(0)  «  |J.  . 

Since  the  infusion  rate  of  the  tracer  was  not  specified »  it  is 
necessary  to  determine    F^f    as  well  as  the  rate  constant    Kl,  For 
ease  of  discussion,  we  will  use  the  single  parameter  determination 
program  described  in  figure    4.2.   m  order  to  readily  use  the  program, 
the  rate  constant,  Kl,    will  be        denoted  by    A,     and. equation  (9.17) 
will  be  written  as  ' 


A1(I+1)  =  Aid)  +   (F0  -  A*A1(I))*D1. 


(9.18) 
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The  closeness  criteria  will  be  the  least  squares  criteria  and  hence 
the  only  significant  change  to  the  program  is  the  alteration  of  the 
s;ubroutine.  which  ca^^culiStes  the  measure  of  closeness^  Ml. 

The  computer  program  appears  in  figure   9.16  student 
should  note  that  some  of  the  headings,  as  well  as  the  dimension,  #tate 
ments,  have  been  altered  from  those  appearing  in  the  original  pro- 
gram.    The  change  necessary  to  calculate    Ml    was  accomplished  by 
replacing  lines    300  to  310    in  the  original  program  with  lines  300 
to  330      in  the  new  program.     Lines  "'300  to  330    are  necessary  to 
calculate  the  transport  of  the  phosphate  corresponding  to  a  time 
increment  of  one  minute.    Thus,  Dl  «  1  minute.    The  calculated  and 

experimental  data  are  compared  at  25  minute  intervals.    Since   ' 

there  are  10  such  intervals,  the  index  I  has  a  range  of  o  to  10- 
and  the  total  time  interval  is  250  minutes.     If  a  fundamental 
time  interval  differing  from  one  minute  is  to  be  used,  this  sec- 
tion of  the  program  must  be  altered  in  accordance  with  the  change 
in  the  magnitude  of  Dl.     Irj  addition,  a  change  in  the  time  incre- 
ment will  necessitate  a  change  in  .the  time  unit-  used  to  express 
tl^e  rate  constant.     Iiines    500  to '^2 5    of  the  original  pro- 
gram  have  also  been  changed  to  permit  the  entry  of  the  empiricallv 
determined  time  variation  of  the  specific  activity,    E(I),     of  the 
phosp'hate  ion.     Finally,  lines    27    and    340    of  the  new  program  are 
necessary  to  insure  the  maintenance  of  the  proper    starting  values 
each  time  the  subroutine  for  the  evaluation  of    Ml    is  used. 

The  results  of  a  typical  run  are  listed  in  figure  9.17.  The 
first  column  listed  under  the  heading,  " The  values  of  A,  Ml  and  H 
are"  displays  the  successive  values  of  the  rate  constant  as  the  pro- 
gram searches  for  the  best  value  of  the  rate  constant.      <]>he  second 
ooluxn  dl^lays  the  value  of  the  closeness  criteria.  Ml,  axvl  the  third  colinn 
lists  the  search  step  size.    In  this  esGsnple,  A  has  been  fjAt-oitninori  to  four 
significant  digits.    Because  the  closeness  criteria  is  the  least 
squares  criteria,  the  best  value  for  A  is  that  value  which  mini- 
mizes  the  sum  of  the  squares  of  the  deviations  between  the  specific 
activities  as  calculated  with  a  particular  value  of  the  rate 
constant  and  the  specific  activities  as  empirically  determined. 
An  examination  of  the  program  will  reveal  that  as    FO,    the  constant 
infusion  rate,  is  varied,  the  magnitude  of  the  transfeB^coef f icient 
also  varies.  Thus,  as  stated  before,  Hds  is  really  a  .two  paraaaieter  problem. 
The  situation  is  very  similar  to  the  constant  environment  population 
model  comparison  with  the  United  States  population  data. 


1  REM      DETERMINATION  OF  TRANSFER  COEFF.    IN  ONE  COMPARTMENT  MODEL 
)      5  REM    DATA  FROM  HEVESV  AND  HAHN,  ATK1NS<196S'> 
8  REM      Di.     THE  TIME  INCREMENT  IS  ONE  MINUtE 
-10  DIM  Al<20>.  A2<Se>.  E<30> 

12  PRINT  "TVPE  THE  INFLUX  RATE  F©" 

13  INPUT  Fe 

14  PRINT 

15  GOSUB  500 

18. REM      A  DENOTES  THE  TRANSFER  COEFFICIENT  ^ 
20  PRINT  "TVPE  THE  INITIAL  GUESS  A,   AND  THE  IHIT.    CONCENTRATION  Rice> 
?5  INPUT  A.  A1<0> 
26  PR  I  NT 

20  PRINT  "INPUT  THE  INIT.    STEP  SIZE     H    AND  THE  LTM.    STEP  SIZE  HI" 
25  INPUT  H.  HI 
36  PRINT 

40  PRINT  "INPUT  THE  MAX.    NO.    OF  ALLOWABLE  STEPS*  Ci" 

45  INPUT  CI 

46  PRINT* 

47  PRINT 

48"  PRINT  "THE  VALUES  OF     A,     Ml     AND     H  ARE" 

49  PRINT 

50  LET  C=0 
55  GOSUB  200 

.  60  LET  M0'=M1 
65  LET  A«R+H 
70  QOSUB  200 
95  IF  MK-M0QO  TO  11© 
100  LET  AbA-H 
105  GO  TO  200 
110  LET  C=C+1 
115  IF  C<C1G0  TO  125 
120  GO  TO  400 
125  LET  A-A+HSLET  M0=«i 
120  QOSUB  200 
125  IF  M1<:«M0GO  TO  110 
127  LET  A=A-H 
140  LET  H-H/iO 
145  IF  H'>H1G0  TO  445 
150  GO  TO  €5 
200  LET  A«A-H 
205  GOSUB  200 
210  IF  Ml<«ri0QO  TO  225 
215  LET  A=A+H 
220  GO  TO  140 
225  LET  C«C+1 
220  IF  C<=C1G0  TO  240 
225  GO  TO  400 
240  LET  M0»M1 

245  GO  TO  200  , 


Inverse  Problem  for  Ik  Single  Corapartiiient  Model 


Fig.  9.16  -  ^ 
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295  REH     -INSTR.    NOS.      300    TO    285    EVflLUftTE  IH 

)      29€  REM      f*l<J>     DENOTES  QUANTITIES  CflLCULRTED  USING     01*1  MINUTE 

297  REM      fl2<I>     DENOTES  THE  VALUE  OF     R1<J>     AT  MULTIPLES  OF  25  MINUTES 

298  REM      THE     J     INDEX  COUNTS  THE  ONE  MINUTE  INTERVALS 
£99  REM      THE     I     INDEX     COUNTS  THE     25     Mlf^UTE  INTERVALS 
300  LET  ftl<e>=A3 

201  LET  fl2<.0>«Ai»::0> 

302  LET  £)l=i 

205  FOR  1=0  TO  9  - 

:?0?  FOR  J«0  TO  24 

210  LET  AlC  J+i>s:fll..  J>  +  <  FO-fl^-Al' JiO+'Dl 

315  NEXT  J  .# 

320  LET  fl2<I+l>=Al<J+l> 

225  LET  Al«.:0>«fl2'CI+l> 

330  NEXT  I  ^ 

340  LET  A1<0>=A3 

350  LET  S=0 

255  FOR  1=0  TO  1© 

360  LET  D=fiBS<:fl2<I>-E<  I>>  . 

265  LET  S=S+D*D 

370  NEXT  I 

375  LET  M1=S  • 

380  PRINT  A. Ml. H 

385  RETURN 

400  PR-INT  "EXCEEDED  MAX.    NO.    OF  STEPS" 

405  PRINT  "THE  VALUES  OF     A     AND     MO  HRE" 

410  PRINT  A,  M0 

;      415  GO  TO  460 

445  PRINT 

446  PRINT 

450  PRINT  "SEARCH  COMPLETE       THE  VALUES  OF  A,      MO     AND     C  ARE" 

455  PRINT  A, M0, C 

459  PRINT 

460  PRINT  ^ 
462  REM     LINES  468-485  PRINT  THE  BEST  VALUES  OF  fi2<:i>  AND  E <  I  > 
465  PRINT  "   I  ftSfi:- 

470  PRINT 

475  FOR  I«0  TO  9 

480  PRINT  I.  fi2<I>..  E<I> 

485  NEXT  I 

490  GO  TO  540 

495  REM         INSTP.    NOS.    506  TO  525  ENTER  THE  EXPERIMENTAL  DATA 

500  DATA  0,  .  087.  .  11,  .  125,  .  13.  .  14^?.  1467 

505  DATA  .  1375.  .  1405.  .  145.  151 

515  FOR  Ja0  TO  10 

520  READ  ECJy 

525  NEXT  J 

530  RETURN 

540-ET^D 


Fig.  9.16  (Cont.) 
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TVPE  THE  INFLUX  RRTE  F© 
?.  005 


1VPE  THE  INITIAL  GUESS  ft,  ftND  THE  INIT.  CONCENTRfiTION  fll<0> 
?.  025.  0 

INPUT  THE  INIT.    STEP  SIZE    H    AND  THE  LIM.    STEP  SIZE  HI ^ 
?.  001.    .  00001 


INPUT  THE  mx. 
?100 


NO.    OF  RLLDMflBLE  STEPSi  CI 


THE  VALUES  OF    A,     Ml    AND    H  ARE 


035 

036 

027 

0361 

0359 

0358 

0357 

0356 

0355 


3.  31007E-04 
3.  i6687E-©4 
5.  i8786E-04 
3.  27697E-04 
3.  @783eE>04 
3.  0il81E-04 
2.  96752E-04 
2.  945&3E-04 
2.  94709E-04 


1.  e000@E-03 
1.  00000£-@3 
1.  00Oe0E-e3 
1.  0000OE-04 
1.  0O0e0E-^4 

1.'  e0a00E-04 

1.  00000E-04 
1.  60000E-04 
1.  00000E-O4 


SEARCH  COMPLETE.      THE  VALUES  OF  A,     M0    AND    C  ARE 
.  0356  2.  94583E-04  5 


R2CI> 


E<I> 


0 
1 

2 

4 

5 
6 
7 
8 
9 


0 


0837896 

117732 

1314e2 

137052 

139309 

140223 

140593 

140743 

140804 


0 


087 
11 
125 
13 

1407 
1407 
1375 
1405 
145 


Output  from  Program  Shown  in  Fig.  9.16 


Fig.  9,17 
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By  actually  varying  Fjai  and  cor^paring  the  results  obtained  vd.th  oach  variation,  youx 
author  fc^md  a  reasonably  cloee  agraoaent  (in  the  sense  of  tte  suns  of  tlie  aqpiaraft^ 
of  the  deviations)  with  the  experimental  data.     The  student  should 
modify  the  two-dimensional  search  routine,  figure    5.5,    and  attempt' 
to  obtain  the  "best"  value  for  both    F^f  and  Kl; 

As  a  second  example,  we  considectthe  problem  of  the  determina- 
tion of  the  rate  constants  in  a  two  compartment  model  used  to  explaix 
the  exchange  of  water  between  the  plasma  and  the  extracellulaif  , 
fluid.     It  is  also  assumed  that  water  is  excreted  frcsn  the  plasma 
as  urine.     Insuline  was  used  as  a  tracer.    The  example  is  taken 
from  Atkins  (1969),  and  the  system  model  is  portrayed  in  figure 
9.18. 


•V. 


M1,R1,A1 

K2 

M2.R2.A2 

Two  Compartment  Model  for  Exchange  of  Water  Between  Plasma 

and  Extracellular  Fluid 

Fig.  9.18 

The  first  compartment  represents  the  plasma  and  the  second  com- 
partment represents  the  extracellular  fluid.     The  experiment  was  per- 
formed by  Zender,  Denkinger  and  Falbriard  (1965)  who  injected  insulii 
intraveneously  and  recorded  the  time  variation  of  the  insulin  in  botl 
the  plasma  and  the  extracellular  fluid. 


The,  ucjuations  describing  the  diffusion  of  the  insulin  are  derived 
in  a  manner  analogous  to  that  used  in  the  previous  example.  Let 
Rl{I)    and    R2{I>    denote  the  amounts  of  insulin  in  coapartments  1 
and    2    respectively.    The  amount  of  insulin  entering  the  first  com- 
partment  in  a  time  period  is  '  . 

K2*R2(I)*D1 

and  the  amount  of  insulin  leaving  the  same  compartment  in  the  same 
time  period  is 

4 

K1*R1(I)*D1  +  K0*R1(I)*D1  . 

This  expression  results  from  the  first  assumption  and  the  designation 
of  the  transfer  coefficients  by    K0  and  Kl.    An.  application    of  the 
fundamental  law  of  change  gives 

R1{I+1)   =  R1{I)+K2*R2{I)*D1-K1*R1{I)*D1-K0*R1(I)*D1. 

The  equation  governing  the  change  of  the  insulin  in  the  second  com- 
partment is  derived  in  a  similar  manner.     It  is 

R2(I+1)   =  R2(I)+K1*R1{I)*D1-K2*R2(I)*D1. 

Because 

T?1(I)  =  A1{I)*M1(I)         and        R2(I)  =A2(I)*M2(I)  1=0,1,2,,, 
the  above  equations  may  be  written  as 

A1(I+1)*M1(I+1)   =  A1(I)*M1{I)+K2*A2{I)*M2(I)*D1-^1*A1{I)*M1{I)*D1 

-K0*A1{I)*M1{I)*D1  / 

^  / 

and 

A2CI+1)*M2(I+1)   =  A2{I)*M2{I)+Kl*Al(I)*Ml{I)*Dl-K2*A2(r )*M2(I)*D1. 

Since  the  system  is  assumed  to  be  in  a  steady  st^te,  the  quantities 
of  water  in  each  oat^artraent.  Ml  (I)  and  M2(I),  are  odnstant.    Urus,  wb  can  write 


Ml (I)  «  Ml         and         M2(I)  «  M2. 

Furthennore,  the  assumption  of  a  steady  state  implies  that  the  rate  ^ 
constants    Kl    and    K2    are  equal.    These  assumptions  enable  ^he 
preceding  equations  to  be  written  in  the  simpler  forms 

A1(I+1)   =  Al (I) +K1*A2 (I) * (M2/M1) *D1-K1*A1 (I) *D1  ^ 

-K0*A1(I)*D1 

*  '  '. 

and  . 

A2(I  +  1)   =  A2  (I)  +K1*A1  (I)  *.(M1/M2)  *Dl  -  m*A2(I)*Dl. 

In  most  mammals  the  ratio  of  the  amount  of  water  in  the  plasma  to  thf 
amount  of  water  in  the  extracellular  fluid  is  approximately  four. 
Thus,  we  set  \ 

M2/M1  ^4 

and  get 

Al(I-<-l)   =  AlCl)  +  (4*Kl*A2{I)-Kl*Al(I)-K0*Aia))*Dl 

♦ 

and 

A2(I+1)   -  A2(I)+{Kl*Al(I)/4  -  Kl*A2 (I) ) *D1. 

n 

f 

This  is  the  desired  form  of  the  equations. 

The  data  used  for  the  determination  of  the  rate  constants  K0 
and  Kl  is  taken  from  that  given  in  Atkins  (1969).  Because  there  aJf 
two  parameters  to  be  obtained,  the  two-dimensional  search  program  , 
listed  in  figure  5.5  for  the  determination  of  the  growth  coefficie 
in  the  finite  growth  model  will  be  used.  The  program  will  be  modifi 
to  accommodate  the  above  two  equations.  The  concentration  of  insuli 
in  the  first  compartment  has  been  empirically  determined  for  14 
successive  ten-minute  intervals.    This  data  constitutes  the  empirica 
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data  used  in  comparison  with  the  calculated  specifidc  activities 
to  'select  the  "best"  set  of  rate  constants. 

The  following  is  a  sunonary  of  the  changes  made  in  the  original  search 

program  of  figure  5.5- 

(1)    Lines  1  and  5  are  remark  statements  describing  the  program. 
{^)     Line  8  is  a  modified  dimension  statement  to  accommodate  the 
specific  activities. 

(3)  Lines  12  and  14  are  new  input  statements  as  are  lines  22 
and  24. 

(4)  The  student  will  recall  that  in  the  original  program,  tAe 
fundamental  search  variables  were  J.abeled    A    and  B. 
Lines  20  and  21  serve  to  identify  the  rate  constants  ^ 
K0  and  Kl    with  the  variables  A  and  B  respectively. 

(5)  Lines  50  to  58  enter  the  empirically  determined  specific 
activities  of  the  plasma.    They  are  denoted  by    El (I). 

(6)  Lines  26  and  27,  in  conjunction  with  lines  732  and  733  are 
necessary  to.  insure  the  correct  initial  concentrations 
after  a  set  of  concentrations  has  been  calculated.  After 

a  set  of  concentrations  has  been  obtained  and  the  correspond- 
ing  measure  of  closeness  evaluated,  the  specific  activities 
A1{0)     and    A2(^f)  must  be  reset  to  their  original  starting 
values  A5  and  A6    respectively.    This  resetting  is  necessary  ' 
because,  at  the  end  of  a  calculation  of  a  complete  set  of 
specific  activities  for  ten  minute  intervals  from  0  to  140 
minuter  the  values  of    A1{0)     and    A2 (0)     are  equal  to  the 
values  of  the  specific  activities  corresponding  to  13j^  • 
minutes.     This  is  due  to  the  way  the  specific  activities 
are  calculated  in  instruction^  705  to  730.     By  resetting 
A1(0)     and    A2(0)     to  their  initial  or  starting  values  we 
insure  that  there  is  no  accumulation  of  specific  a6tivities 
from    a    calculation  of  one  set  of  values  of  the  search 
variables  to  the  calculation  of  >the  next  set.     This  is  a 
form  of  initializing. 

(7)  Lines    700    and    701    also  initialize  the  specific  activities. 
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(8)  Lines    702    to    730    calculate  the  specific  activities 
using  a  time  increment  of  one  minute.    These '^instructions 
also  save  the  specific  activitiies  corresponding  to  lien 
minute  intervals.     The  latter  pair  ^f  specific  activities 
are  labeled    A3{I)     and    A4(I)     respectively.  The 
variables    A1(J)     and    A2{J)     denote  the  concentrations 
of  the  insulin  in  the  first  and  second  compartment 
corresponding  to  one  minute  intervals.    The  procedure  to 
obtain  the  insulin  values  at  ten  minute  intervals  is  to 
calculate  the  concentrations  using  a  one  minute  interval 
and  to  then  store  every  tenth  value  so  obtained.  The 
student  should  "walk  through"  this  part  of  the  program,  to 
insure  himself  that  this  is  indeed  accomplished. 

(9)  Lines  735  to  743  calculate  "the  sum- of  the  squares  of 
the  deviations  corresponding  to  a  given  set  of  values  of 
the  rate  constants. 

{10)     Lines    837    to    844    print  out  the  results  in  order  that 
visual  comparison  can  be  made  of  the  closeness  of  the 
calculated  results  to  the  empirical  results. 

If  a  "good"  sot  of  starting  values  is  not  available  for  the- ra 
constants,  the  program  can  be  used  as  an  aid  in  finding  them.  This 
may  be  done  by  choosing  the  number  of,  search  steps,     T,     equal  to  6 
When  the  program  is  then  run,   the  program  will  not  attempt  a  search 
but  will  calculate  the  measure  of  closeness,  as  well  as  print-^out  t 
calculated  concentrations  for  the  guessed  pair  of  rate  constan^ts. 
After  a  few  trials,   it  is  usually  possible  to  find  a  pair  of  "reaso 
able"  starting  values.     Using  these  values,  a  larger  value  for  T, 
say    50    or    100,     may  then  be  used  and  the  program  will  search  or 
"try  to  refine"  these  initial  values.     If  the  search  is  successful, 
that  is,   if  a  set  of  rate  constants  are  found  which  do  minimize  the 
sum  of  the  squares  of  the/deviations,  then  the  values  should  be  che 
to  assure  that  a  local  minimum  has  not  been  obtained.     The  student 
should  recall  the  methods  for  checking  the  results  obtained  from 
search  routines  as  stated  in  chapter  V.    -The  modified  program 
appears  in  figure  9.19  and    results  of  a  typical  run  are  given  in  fi 
ures    9.20      and      9.21  . 
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Reese        Bfisic  vei-os 

X  REM      DET.    DF  TRfiNS.    COEFS.  >    2  COMPTS.  .    £  VftR.  SEARCH 
5  REM      Di>   THE  TIME  INCREMENT  IS  ONE  MINUTE 

8  DIM  Rl<20>,  fi2<20>.  ft2:<20>.  fl4«::20>,  E1<:£0>  . 

12  PRINT  "TVFE  THE  INITIftL  GUESSES  FOR  THE  RATE  CONSTANTS.  KQ  AND  Kl" 
14  INPUT  Kl 

20  LET  ft=K0  r  »  . 

21  LET  e=Kl 

22  PRINT  "TVRE  THE  INITIAL  CONCS.      ftl<:0>     AND  A2'0:'" 

24  INPUT  AK0:..,  ft2':0> 

'26  LET  A5=A1<0>  • 

27  LET  A6=ft2<0>  , 

25  PRINT 

30  PRINT  "H    AND    K    ARE  THE  i'nITIAL  STEP  SIZES" 

Zl  PRINT  "El     AND     E2     ARE  THE  LIMITING  STEP  SIZES" 

32  PRINT  "INPUT     H.         '  El,  E2" 

22  INPUT  H. K.  El.  E2 

34  PRINT  ■    '  ' 

3?  PRINT  "T  IS  THE  MAXIMUM  ALLOWABLE  NO.    OF  SEARCH  STEPS" 

38  PRINT  "INPUT  T" 

39  INPUT  T 

40  PRINT ' 

42  PRINT  "Al     AND     R2     ARE  THE  MIN.    AND  MAX.    PTS.    OF    A  INTERVAL" 
42  PRINT  "El     AND     B2     ARE  THE  MIN.    AND  MAX.    PTS.    OF     B  INTERVAL" 
44  PRINT  "INPUT  Al,   A2,    El  AND  E2» 
46  INPUT  Al,  A2,  Bl,  B2 

48  REM     INST.    NOS.    50  TO  70  ARE  DATA  INPUT 

50  DATA  2350,  1688,  944.  593,  415,  314,  25©.  204 
52  DATA  170,  142,  119, 100,  85,  71*'60 
54  FOR  J=0  TO  14 
56  READ  E1<J> 
56  NEXT  J 

84  REM  INITIALIZING 
86  LET  C«0 

93  PRINT 

94  PRINT 

95  PRINT  "THE  VALUES  OF     fi,     ^.      m    AND     C  ARE" 
100  QOSUB  700 

105  LLT  M0=M1 
110  LET  A=A+H\LET  B=B 
120  GOSUB  700  .  ■ 
135  IF  MKM0GO  TO  145 
140  LET  A=A-H\LET  B=^B 
142  GO  TO  250 

145  LET  |=(  =  A+H\LET  B=B\LET  M0=^Mi 

16©  GOSUB  700 

175  IF  MKM0GO  TO  IBS 

180  LET  A=A-H\LET  B=B 

182  GO  TO  400 

185  IF  A<A2G0  TO  145 

195  LET  A=A\LET  B^BSLET  M0-M1 

200  PRINT  A, B, M0 

205  PRINT  "EXCEEDED  ALLOWED  MAX.    VALUE  OF  A" 

206  PRINT  "THE  VALUES  OF     A,     B     AND     M0  ARE" 

207  PRINT  A, B, M0 

208  STOP 
210  STOP 

I 
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"258  LET  ft-fl-HSLET  B-B 
255  Q05UB  700 
270  IF  MKMOdO  TO  288 
275  LET  .fl»fi+HSLET  B«B 
277  GO  TO  400 

260  LET  fl«fl-HSLET  B«=BSLET  M0«M1 
235  GOSUB  700 

300  IF  MKM0GO  TO  310  ^ 

2.05  LET  ft=fl+HSLET  B=E 

507  GO  TO  '400 

21©  IF  fi>fllQO  TO  260 

320  LET  ft=:R\~LET  B=ESLET  M0=M1 

S25  PRINT  ft.  B.  M0  '        ..^  hp  fi" 

3-0  PRINT  "EXCEEDED  ALLOWED  MIN.    ^fiLUE  OF  ^ 
--i  PRINT  "THE  VALUES  OF     ft.      B     ftND     M0  ARE 
232  PRINT  ft. B, m 
225  STOP 
250  PRINT 

400  LET  fl^fiSLET  B^B-^K 

405  GOSUB  700 

420  IF  MKM0GO  TO  420 

425  LET  ft«ft\LET  B=B-K 
427  GO  TO  500 

426  IF  B<B2G0  TO  445 

43*^  LET  fl=flSLET  B^BSLET  H0«M1 

4^8  pIInV  "EXCEEDED  ftLLOWED  MftK.  VftLUE  OF  B" 
429  PRINT  "THE  VALUES  OF  ft.  . B  ftND  M0  ARE 
440  PRINT  ft.  B.  M0 

444  STOP 

445  LET  fl^ftSLET  B=B+KSLET  M©«M1 
450  GOSUB  700 

465  IF  MKMOGO  TO  420 
470  LET  ft==ftSLET  B=B-K 
472  GO  TO  100 
475  PRINT 

500  LET  ft»ftSLET  B=B-K 

505  GOSUB  700 

520  iF  MKM0GO  TO  526 

525  GO  TO  680 

528  IF  B>BiGO  TO  540 

530  LET  flsftSLET  B=B\LET  M0=I11 

535  PRINT  "EXCEEDED  ALLOWEE;  fllN.    V^LUE  OF  B 

536  PRINT  "THE  VALUES  OF  ft.  B  AND  M0  ARE 
527  PRINT  A. B.  M0 

538  STOP 

540  LET  ft«ft\LET  B=B-K\LET  M0=M1 

545  GOSUB  700 

560  IF  MKM0GO  TO  528 

565  LET  ft=flSLET  B«B+K 

567  GO  TO  100 

570  PRINT 

620  PRINT  / 

645  PR;NT 

650  LET  H=H/i0SLET  K«K/i0 

652  IF  H<E1G0  TO  658 

653  IF  H:<E2Q0  TO  655 

654  GO  TP  108 

655  LET  K=*10*K 

656  GO  Tb  100 

658  IF  K<E2G0  TO  662 

659  LET  H«10*H 

660  GO' TO  109 

9-1^  continued 


663  Pmi 

664  PRINT 

665  PRINT  "THE  FINAL    VALUES  OF    ft,     B»     Me    ftND    C  RRE'* 

667  PRINT  fi.B.l10.C 

668  PRINT 

663  PRINT  "THE  FINAL  VftLUES  OF,  H    AND    K  ARE" 
670  PRINT  H.  K 
6?5  GO  TO  625 
67?  PRINT 

6&0  LET  A=ASLET  E=E+K\LET  MO-M© 

681  PRINT 

682  PRINT  "THE  INTERMEDIATE  VALUES  OF  A,    B*    M0  RRE" 
684  f^INT  A«  B.  M@ 
686  GO  TO  650 

689  PRINT 

690  REM  INST.    NOS.    780  TO  716  EVALUATE  M 

700  LET  Ai<0>«A5SLET  A2<0>»R6 

701  LET  A3<0>«A5SLET  A4<0>«A6  ■ 

702  LET  Dl«l 
705  FOR  I«0  TO  14 
707  FOR  J»0  TO  9 

710  LET  Ai<J+l>«Al<J>+<4*^*A2<J>-B*Al<J>-fl*Al<J>>*Dl 
712  LET  A2<J+i>=R2<J>+<B*Al<J>/4-B*A2<J>>*Dl 
715  NEXT  J 

720  LET  A3<I+l>«Al<J+i> 
722  LET  A4<'.I+1>»A2<:J+1> 
724  LET  AiC0>«ASCI+i> 
726  LET  R2<0>-A4<I'»'1> 
730  NEXT  I 

732  LET  *A1<0>=A5 

733  LET  R2<0>«A6 
735  LET  S1«0 
737  FOR  I«0  TO  14 
739  LET  H1«E1<I>-A3<I> 
741  LET  S1«S1+H1*H1 
743  NEXT  I 
815  LET  I11«S1 

817  PRINT 

818  PRINT  A.  B.  Ml.  C 

819  REM     INST.    NO  821  TO  838  PREVENT  ENDLESS  LOOPING 

820  LET  C«C+1 

821  IF  C<TGO  TO  832 

822  LET  M0«M1 

823  PRINT  "THE  LOST  VALUES  OF  A,     B.     M0    AND     C  ARE" 

824  PRINT  A.  B.  M0i  C 

825  GO  TO  835 

827  PRINT  "THE  VALUES  OF     H     AND     K  ARE" 

828  PRINT  H.  K 

829  PRINT  "EXCESSIVE  NUMBER  OF  STEPS" 
830-  STOP 
832  RETURN 

835  PRINT 

836  REM    LINES  837  TO  844  PERMIT  COMPARISON  OF  RESULTS 

837  PRINT  "  COMPARISON  OF  EXPERIMENTAL  AND^CALCULATED  VALUES 
6^8  PRINT 

839  PRINT  "  I  E1<I>  A3<I>  A4<I>" 

840  PRINT 

841  FOR  I»0  TO  14 

842  PRINT 

843  PRINT  I,  E1<I>.  A3<I>.  A4CI>  Sjfc,'! 

844  NEXT  I 
8Se  END 

fig.  oontinuad 


The  portion  of  the  output  listed  in  figure  9.20  preceding 
the  statement  "T^  Values  of  A,  B,       and  C  are"  presents  the 

computer  request  for  input,  together  with  your  author's  response. 
The  remaining  portion  of  the  output  lists  results  obtained  from 
the  run.    The  four  columns  appearing  under  the  heading,  "Com- 

l>axison  of  Experimental  and  Calculated  Values?^ -ia_f  ig.   

depict  in  order  from  left  to  right,  the  number  of  the  ten-minute 
time  interval,    the  experiment^  data  corresponding  to  the  time 
interval,    the  calculated  concentrations  of  insulin  in  the  plasma 
and  thte  calculated  concentrations  of  the  insulin  in  the  extra- 
cellular fluid  corresponcling  to  the  respective  time  interval. 


TVPE   THE  INITIAL  GUESSES  FOR  THE  RRTE  CONSTftNTS.    K0  AND  Ki 

TVPE  THE  INITIAL  CONCS.      HU.Q>     AND  A2<0> 
?3350,   QL  .   o 

H    fiND    K     AF.E  THE  IN'ITIAL  STEP  SIZES 
Ei     AND     E2     ARE  THE  LIMITING  STEP  SI EES 

IKPUT     K.      K.      El.  E£ 


T  IS  THE  MAKIMUr:  RLLOMAPLE  NO.    OF  SEARCH  STEPS 

•Ncir  T 

"100 

f 

Ai     flf^D     R2     APE  THE  MIN.    AND  MAJ:     FTS.    OF     A  INTERVAL 
^1     AND     62     A!?£  THE  MIN.    AND  MAX     PTS.    OF     B  INTERVAL 
INPUT  Ai.    A2,    ei  AND  B2 

1.    0..    1  ' 


THE  VALUES  OF     A..      B.     MO    AND    C  ARE 


e"4 

02 

69416.  ~ 

0 

02 

28646.  6 

1 

06 

Q2 

21595J. 

05 

4S022:.  5 

-• 

05 

01 

79571.  8 

4 

IE  INTERMEDIATE 
05 

;  VALUES 
ti2 

OF  A,         M0  ARE 

28846.  6 

05 

02 

26846.  6 

5 

051 

02 

4047?.  7 

6 

049 

02 

19:;44.  7 

7 

04  S 

02 

12165.  2 

S 

L147 

02 

7519.  64 

ci 

046 

02 

563S.  69 

10 

045 

02 

11 

046 

021 

•  3:670  07 

046 

2544..  42 

046 

02S 

14 

046 

024 

2516,  01 

15 

w  c  6 
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Just  as  a  matter  of  interest,  your  author  con^sared  the  results 
obtained  from  this  program  with  those  obtained  when  the  measure  of 
closeness  was  chosen  to  be  the  sum  of  the  squares  of  the  relative 
errors.    To  obtain  the  rate  constants  corresponding  to  th^s  Aeasure 
of  closeness,  it  was  only  necessary  to  alter  line    739    to  Vead 


739     LET  HI  »   {A3(I)   -  E1{I))/E1(I) 

T 

and  to  then  proceed  as  before.    This  single  and  simple  change,  which 
enables  the  determination  of  the  parameters  using  ah  entirely  dif-* 
ferent  closeness  criteria,  again  illustrates  the  versatility  of  the 
direct  computer  language  approach - 

The  values  of  the  rate  constants  corresponding  to  a  minimum 
value  of  the  sum  of  squares  of  the  deviations  were  used  as  initial 
values  for  the  altered  program.     The  results  corresponding  to  the 
closeness  criteria  of  the  sum  of  the  squares  of  the  relative  errors 
are  displayed  in  figure    9.22.     The  final  values  of  the  rate  constant 
were  achieved  by  setting    T    equal  to  a  large  number  and  carrying  out 
the  search.     The  results  displayed  in    this  figure  were  obtained  by 
the  sinple  device  of  setting  the  initial  choice  of  the  rate  oesistants  equal  tp  tht 
obtained  from  the  previous  run  and  then  setting    T==l  so  that  only  a 
suimnary  would  be  printed  out. 

To  facilitate  discission  of  the  results,  it  is  convenient  to 
denote  the  expression,  "sum  of  the  squares  of  the  deviations'*  by  SSD 
and  to  denote  the  expression,  "sum  of  the  squares  of  the  relative 
errors"  by  SSRE.     A  comparison  of  the  results  obtained  from  the  two 
programs  reveals  thats 

(1)  For  the  SSP  criteria,     K^=0.0454    and    Kl«0.0233,  whereas 
for  the  SSRE  criteria    KjJ^^O.  0497    and    Kl=0.0301.     This  is 
a  difference  of  approximately  10%  in       and  30%  in  Kl. 

(2)  There  is  a  very  large  difference  in  the  numerical  value 
of  each  measure  of  closeness.    This  is  to  Be  expected 
because  the  SSRE  measure  is  a  relative  error  and  for  each 
data  point  this  measure  'should  be  less  than  unity  in  magni- 
tiude  if  the  "fit  is  any  good  at  all",.     In  contrast,  since 
the  empirical  values  for  the  concentrations  are  very  large, 
i.e.    very  much  greater  than  unity  in  magnitude,  it  is  to 
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be  expected  that  even  if  the  fit  is  good,  the  deviations 
will  also  be  greater  than  unity.-  ^us,  the  SSD  criteria  - 
is  a  sum  of  squares  of  quantities  which  themselves   are  each 
larger  in  magnitude  than  unity,  and  the  value  of  crit«r 
is  therefore,  much  larger  than  the  value  of  the  s!Se  cri- 
-fcer4a  -whiGh  -is  ^  -sum^  of  squares  of  quantities  which"  should 
each  less  than  unity  in  magnitude. 

The  agreement  between  the  calculated  and  empirical  values 
for  early  times  for  the  SSD  criteria  is  quite  good.  Howev 
as  time  increases,  the  agreement  becomes  worse.    This  is 
due  to  the  fact  that  the  magnitudes  of  the  concentrations 
for  early  tiroes  are  very  much  larger  than  the  magnitudes 
of  the  concentrations  for  later  times.     This  kind  of  agree! 
illustrates  the  well  known  fact  that  parameters  determined 
with  the  aid  of  the  SSD  criteria  tend  to  be  of  such  a  valu" 
that  relatively  close  agreement  is  obtained  for,  large  cal- 
culated  and  empirical  values  but  poor  relative  agreement 
is. obtained  for  small  calculated  and  empirical  values.  No- 
that  when  using  the  SSD  criteria  the  relative  error  for  the  first  time 

period  is  approximately  1%  whereas  for  the  last  time  period  it  is  25%. 
In  ocsitrast,  ttm  relative  agreanait  between  the  calculated  and 
the  empirical  values  as  obtained  using  the  SSRE  criteria 
is  fairly  constant  for  all  data  poyits.   Hcwever,  the  magnitude 
the  difference    A1{1)-E1(1}     is    148    and  this  is  very  mud 
larger  than  the  corresponding  magnitude  of    19    using  the 
SSD  criteria  for  closeness.     However,  the  agreement  betweei 
Al(l)     and    El(l)     measured  in  terms  of  per  cent  error  is 
8:fc4%    and  the  agreement  between  the  last  values,  Al{14) 
^nd    El {14},     when  measured  in  terms  of  per  cent  error 
is    7%.     This  illustrates  the  fact  that  the  SSRE  criteria 
produces  parameter  values  which  correspond  to  calculated^ 
values  which  are  in  close  agreement  with  the  empirical 
results  measured  in  terms  of  per  cent  error  for  all  of  the 
data  points.     There  are  exceptions  to  these  statements j 
nevertheless  your  author  felt  it  prudent  to  mention  them 
because  they  are  a  part  of  the  "lore"  of  curve  fitting  and 
parameter  determination.    Figure     9.23    is  a  comparison  of 
the  deviations,  and  figure  ,9.24    is  a  comparison  of  the  r« 
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tive  errors  obtained  by  using  each  criteria. 
(4)-  There  are  considerable  differences  in  the  corresponding 
specific  activities  of .  toe  ex  ..^cellular  fluid,  A2(I), 
as  calculated  using  the  SSD  criteria  and  as  calculated 
using  the  SSRE  criteria.    The  values  of  maximum  magnitudes 
or  peaks  are  different  and  they  occur  at  different  times. 
A  comparison  is  shown  in  figure  9-25. 
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An  Illustration  of  a  Won- Linear  Model 

To  demonstrate  the  flexibility  and  capability  of  the  direct 
.  computer  approach,  your  author  altered  the  equation  governing  the 
time  behavior  of  the  insulin  in  the  plasma  compartment  to  include 
the  assumption  tha#  the  amount  of  insulin  being  transferred  from  the 
plasma  to  the  urine  in  a  time  increment  is  equal  to 

A*A1{J)*A1(J)*D1. 

In  effect,  this  assumption  states  that  the  rate  constant  is  proper- 
tional  to  the  concentration.     Mathematically  speakirig,  one  would 
say  that  we  are  assuming  that  the  loss  of  insulin  in  a  time  period 
IS  proportional  to  the  square  of  the  concentration.     Furthermore,  by 
makina  this  assumption,   the  fundamental  character  of  the  problem 
changes  from  a  linear  to  a  non-lineai  problem.     It  is  nearly  always 
the  case  that  non- linear  problems  are  intractable  (unsolveable)  with 
strictly  formal  mathemati(5al  techniques  and  that  recourse  must  be 
made  to  computational  methods.     The  qui^  ready  solution  of^  this 
far  more  difficult  problem  in  a  mathematical  sense  is  yet  another 
example  of  «he  flexibility  of  the  computer  based  approach. 

The  only  alteration  required  in  the  previous  progran  is  ti\e^ 
replacement  of  line  710  with  the  statement: 

710     LE;T  A1(J+1)        Al  ^n  +  (4*B*A2(J)-B*Al(J)-A*Al(J)*Al(;r)  )*D1 
* 

Thi  s       tr   '3  was  made   .  i".  Mio  program  and  the  program'  was  run  using  as 

•  !   :uu.-sscs  for   '-lu       it,.  -'on3tants  the  values 

K0"~  0.04  5        .  and  Kl  =  0.  023. 

The  proq.rain  was  unablo  to  complete  even  one  step  in  the  search  because 
of  an  overflow.     Examination  of  the  changed  equation  together  with 
noting  that  the  initial  concentration  for    A1{0)     was  3350,  suggested 

that  in  the  first  time  increment,   the  term 

)  J  ■  • 

-A*A1 (0)*A1 {0) 

t 

was  so  large..and  negative  that  the  value  for    Al(l)     became  negative. 
This  resulted  in  the  values  of    Al(2),     Al(3)   ...     becon  Ing  even  larger 
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in  magnitude,  albeit  negative?  thus  causing  the  overflow.    This  analy- 
sis  suggested  the  initial  selection  of  a  much  smaller  value  for  K9 
i.e.    for    A.    The  values  •  •  , 

K0  =  -0.0001    and    Kl  =  0.05 

were  then  tried  and  after- many  search  steps  the  value  fbr  .rKl    became r 
negative.     Because  it  is  known  that  the  rate  constants  must  be  positiv. 
the  calculation  was  programmed  to  stop  should  a  rate  constant  become 
negative  and  hence  the  program  did  indeed  halt. 

Just  to  experiment,  your  author  removed  this  restriction  and  per-; 
mi t ted  the  program  to  run  on.     After  several  more  steps  the  values  of 
the  rate  constants  became 

=  0.00002  and        Kl  -  -a.  00766. 

ThtG  specific  activity  of  the  insulin  in  the  second  compartment,  A2{5y 
^  wak  negative  for  all  time  increments.     This  too  is  a  physiologically 

impossible  result. 

Your  author  included  this  discussion  to  give  an  e>saiple  of  the  discretion  vihich 

must  be  xised  in  interpreting  program  results.    Ihe  user  must  always  ke^  in  mind  tihe 
constraints  imposed  by  the  "real  world".     He  must  not  blindly  accept 
the  numbers  that  the  program  produces.     The  student  should  note  that, 
as  a  result  of  the  modification,  the  results  produced  were  nonsensical 
This  in  turn  is  good  evidenc^  that  the  modification  itself  was  wrong.,  " 
i.e.     the  hypothesis  that  the  amount  of  insulin  leaving  the  plasiha  to 
the  urin  is  proportional  .to  the  square  of  the  concentration  of  the 

insulin  in  the  plasna  is  false.    It  is  thus  necessary  to  alter  the  l:^pothesis 
and  in  this  way  the  cqmputer  becomes  a  valuable  tool  for  acquiring 
understanding^  of  a  phenomena  because  it  enables    a    ready  acceptance 
or  rejection  of  hypotheses. 

The  problem  of  which  hypotheses  or  models  to  accept  or  reject  is 
particularly  accute  in  the  compartmental  analysis  of  physiological  , 
systems.     Atkind  (1969)     gives  several  examples  of  different  models 
which  are  afefreit(pls  to  explain  the  same  phenomena.  • 

nils  concliStes  the  portion  of  the  chapter  devoted  to  the  cxnpartinesntal  analysis 
of  physiologicail  dm6/6r  biochemical  p^ienamena.    There  are  many  other  applicaticms  of 
ccTOFartmental  analysis  to  th^  kinds  of  problems  and  they  can  be  famd  in  the 
journals  and  the  texts  listed  in  the  references  at  the  end  of  the  chapter.  *15>e 
student  who  is  familiar  with  electrical  engineering  should  have  noted  the  very  clOM 
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analogy  between  ccc|>artinEntal  analysis  and  the  hxsped  parameter  methad  of 
analysis  of  electrical  circuits.  -        .  ' 

The  f611owing  sections  will  indicate  seme  applications  of  cxxapartinental 
anali^is  to  ecological  systems. 


Food  Chain  Kinetics 

In  this'sectign  we  consider  the  analysis  of  the  movement  of  a 
small-  amount  of  some  substance  through  a  food  chain.    A  food  chain 
is  a  sequence  of  species  and/or  organisms  through  which  food,  energy 
or  material  is  transferred  as  a  result  of  one  species  eating  another 
species  and  in  turn  being  eaten  by  a  third  species,  etc.     Some  ex- 
amples of  substances  which  ace  known  to  move^^hfough  a  food  chain 
are  pesticides,  essential  minerals  and  radionuclides.      The  deter- 
mination of  the  concentrations  of  these  substances  in  each  species, 
as  the  substances  move  through  the  food  chain,  is  a  problem  of  great 
interest.     As  an  example,  the  determination  of  the  concentration  of 
a  radionuclide  in  the  various  components  of  a  foo^  chain  provides 
a  means  of  assessing  the  effect  of  the  radioactivity  on  the  indivi- 
dual components  of  the  food  chain. 

^Because  the  laws  governing  the  movement  of  small  amounts  of  a 
substance  through  a  food  chain  are  very  similar  to  the  laws  govern- 
ing the  behavior  of  the  flow  of  tracers  through  physiological  and 
biological  systems,   the  method  of  presentation  will  closely 
parallel  that  used  to  discuss  the  previous  examples.  Emphasis 
will  be  placed  upon  the  derivation  of  the  equations  and  not  upon 
th  •   ie.OiOpment  of  the  c  '^  rutor  programs.     Since  the  derivation  ^of 
the  equations  may  occasioji.ii ly  require  results  from  radiation  physics 
or  chemisfry  with  which  thf  student  is  not  familiar,  your  author  will 
simply  state  and  use  such  results.     The  context  of  the  derivation 
will  usually  indicate  when  such  a  procedure  is  being  used.  Despite 
the  fact  that  the  computer  programs  resulting  from  the  quantitative  ^ 
description  of  food  chain  kinetics  may  appear  quite  straightforward, 
the  obtainment  of  the  necessary  transfer  coefficients,  loss  rates 
and  other  necessary  data  is  frequently  a  difficult  task.     It  is  this 
fact  which  makes  the  obtainment  of  the  fundamental  equations  a  non-  ^ 
trivial  matter. 
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A  Nuclear  Fallout  1^r6l3lem 

Due  to  a  n^lmAT  teat,  nuclear  fallout  results  in  the  depoei- 
tion  of  radioactive  material  on  an  ecosystem.    a;t  is  desired  to 
describe  the  flow  of  the  radionuclides  through  the  system.  We 
consider  a  very  idealized  form  of  this  problem  consisting  of  a  sin- 
gle radionuclide,  strontium~89.  and  a  single  ecosystem  made  up 
of  a  two-element  food  chain,  plants,  and  rabbits.    The  strontiuai-89 
is  deposited  on  the  plants  which :are  in  turn  eaten  by  the  rabbits 
and  the  problem  is  to  determine  the  time  variation  of  the  con- 
centration of  the  strontium-89  in  both  the  plants  ^d  the  rabbits, 
^ince  large  concentrations  of  radioactivity  are  quiclsly  lethal, 
it  is  of  interest  to  restrict  the  discussion  to  very  low  levels 
of  radioactive  concentrations.     For  this  reason  it  is  usual  to 
consider  radioactive  concentrations  in^ninits  of  microcuries 
dO"^  curies)     or  picocuries  {lO*^^  curies).     These  magnitudes 
are  comparable  to  those  used  in  tracer  studies. 

This  presentation  will  follow  that. given  by  L,  Eberhardt, 
(1970)  and  the  very  difficult  problem  of  acquiring  accurate  and 
sufficient  ^pirical  data  will  not  be  considered.     Your  author 
again  cautions  the  student  against  building  elaborate  theoretical 
or  computer  models  without  proper  consideration  of  experiemtnal 
and  biological  considerations.  '  *  4 

Just  as  in  the  description  of  the  behavior  of  a  tracer  in  a 
physiological  system,  the  description  of  the  flow  of  a' radionuclide 
in  an  ecosystem  is  acco.rapiished  by  partittoning  or  subdividing  the 
ecosystem  into  units  or  compartments,  and  then  accounting  for  the 
amounts  of  radioactivity  entering  and  leaving  each  compartment 
during  a  small  increment  of  time.     In  this  example,  the  ecosystem 
has  been  greatly  simplified  by  imagining  that  there  are  only  two 
compartments,  the  plants  and  the  rabbits.     A  compar^ental  diagram 
is  shown  in  figure  9.26. 
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The  ource  of  the  radiation  is  the  fallout  of  the  strontium- 89. 
The  tine  variation  of  the  resultant  sadiatioa  intensity  incident 
upon  the  ecosystem  is  accoianted  for  by  assuming  that,  the  decrease 
in  fallout  radiation  intensity  in  a  small  increment  of  time,  '  Dl,  ^ 
is  directly  proportional  to  the  existing  radiation  intensity  of  J 
the  fallout  and  to  the  length  of  the  time  increment.    In  this,  4 
and  the  remaining  problems,  v  Dl  is  assumed  to  be  very  small  com- 
pared to  the  total  time  of  interest.    Thus,  if    S{I)    denotes  the 
concentraition  of  the  incident  Source  radiation  present  at  the 
beginning  of  the    i       time  increment,  we  have 

S(I+1)  «  S(I)  -  L1*S(I)*D1  (9.19) 

where    Ll    is  a  constant  ot  proportionality  and  is  measured  in 
units  of  inverse  time.    The  equation  governing  the  time  variation 
of  the  concentration  of  the  strontium-89  in  the  plants  is  derived 
from  an  accounting  of  both  the  amount  of  radioactivity  absorbed  by 
the  plant  in  the  small  time  increment  as  well  as  the  amount  of 
radioactivity  leaving  the  plant  during  the  same  time  increment. 
It  is  assumed  that  the  amount  of  radioactivity  entering  the  plant 
in  the  time  period  is  proportional  to  the  intensity  of  the  radio- 
activity present  from  the  fallout  at  the  start  of  the  time  period, 
and  to    Dl.    The  amount  of  radioactivity  leaving  the  plant  is 
assumed  to  be  proportional  to  the  intensity  of  the  radioactivity 
present  in  the  plant  at  the  start  of  the  period  and  also  to    Dl.  " 

Hence,  if    P(I)    denotes  the  intensity  of  the  strontimn-89  in  the 

th 

plant  at  the  start  of  the    I       time  increment,  we  can  write 

P(l+1)  ^  P(I)  +  K2*S{I)*D1  -  L2*P(1)*D1  ' 

or 

P(I+1)  «  P{I)  +  (K2*SCI)  -  L2*P(1))*D1  (9.20) 

v4iere  K2  and  L2  are  constants  of  proportionality  asid  L2  is  called  a  loss  rate.  Both 
constants  are  measured  in  units  of  inverse  time  and  the  length  of  the  time  unit  is 

the  magnitude  of  Dl. 

The  time  variation  in  the  intensity  of  the  strontium-89  in 
the  rabbit,    RCD,    is  derived  in  a  similar  manner.    In  the  time 
increment,    Dl,    the  concentration  is  increased  by  the  amount  of 
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radiation  incident  upon  the  r.abbit  and  the  amount  of  radiatioifi 
ingested  by  the  rabbit  from  the  plant*.    The  amount  of  radioactivity 
incident  upon  the  rabbit  from  the  fallout  is  assumed  to  be  propor- 
tional to  the  incident  radiation  intensity,  to  the  exposed  area  A, 
of  the  rabbit,  and  to  the  length  of  the  time  increment.  Further- 
more, the  amount  of  radiation  ingested  is  assumed  to  be  propor- 
tional to  the  amount  of  plant  ingested  during  the  time  period,  to 
.the  intensity  of  the  radiation  present  in  the  plant  at  the  time 
of  ingestion  and  to      Dl.^      K3  and  K4  denote  the  respective  constants 
of  proportionality  and  are  expressed  in  units  of  inverse  tiuifi.  PI 
will  denote  the  amount  of  the  plant  eaten  during  the  time  incz«raent  and  it  will 
be  assuned  that  the  sanie  amount  is  eatai  each  period.  "  The  stud^t  should  note 
that  the  constants  of  prc^xarticsiality  relating  the  transfer  of  the  radioactive 
Strt3ntium-89  fron  the  KJurce  to  the  rabbits  and  plants  respectivply  have  been 
purposely  given  the  distinct  labels  Ll  and  K2,  •fliis  has  been  <toe  to  enphasize 
the  fact  that  the  effective  transfer  rates  of  the  radioactivity  from  the  soutctj 
to  the  plants  ai^  to  the  rabbits  may  be,  and  usually  are,  different.  In  anim&ls, 
Strontiiin-89  usuallv  conc^trates  in  the  bone  narrcw.    Ibe  actual  flow  or  passage  of 
the  radionuclide  from  the  plant  to  the  bone  marrow  is  quite  complex. 
The  radioactive  substance  passes  through  the  gastrointestinal  tract 
and  is  taken  up  by  the  blood  where  it  is  then  transferred  to  the 
bone  marrow.     The  radioactivity  leaves  the  bone  marrow  via  the 
blood  stream  from  which  it  is  eventually  excreted.     Because  a 
detailed  representation  of  this  process  is  not  trivial,  it  is 
cxpoc"     at  to  assume  that  the  radioactive  strontium-89  is  trans- 
ferred directly  from  the  plant  to  the  bone  marrow  and  that  the  trans- 
fer i3  immediate.     The  process  by  which  this  transfer  of  radioacti- 
vity is  effected  is  ignored' and  the  bone  is  treated  as  a  compartment. 
The  assumption  that  the  radioactivity  is  immediately  transferred 
from  the  ingested  plant  to  the  rabbit  could  be  removed  by  assuming 
a  time  lag  ^or  the  radioactivity  to  pass  from  the  ingested  plant 
to  the  bone  marrow  of  the  rabbit.     Finally,  the  loss  in  radiation 
from  the  rabbit  during  the  increment  of  time  is  assumed  to  be 
proportional  to    Dl    and  to  the  radiation  present  in  the  rabbit 
at  the  start  of  the  time  period.     The  equation  for  the  concentra- 
tion of  the  radiation  present  in  the  rabbit  is  then  given  by 
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Equation*  9.19,    9.20  and    9.2i    repr«««nt«l  th«  ae«ir«d 
accounting  of  the  entering  and  exiting  Strontium-89  radiation. 
The  amount  of  radiation  incident  fr«a  the  fallout  on  the  animal 
is  so  small  that  it  may  be  neglected.    In  this  event,  equation 
(9.21)  may  now  be  written  as 


R(I+1)  «  R(I)  +  (K3*A*S<I)  +  K:4*P1*P{I)  -  U*R(in*Dl.  (9.21) 

y 


R(I+1)  =  R(I)  +(K5*P(I)   -  L3*R(I))*D1  (9.22) 

/. 

where    we  have  introduced  the  notation   .1^5  *=  K4*P1. 

The  similarity  between  the  derivation  of  these  equations  and 
the  derivation  of  the  equations  governing  the  movement  of  tracers 
in  physiological  system  should  be  quite  evident.    This  very  ,^ose 
analogy  means  that  the  programs  used  to  solve  each  class  of  pro* 
blems  are  also  very  similar.        A  program  of  this  example  is  shown 
in  figure     9. 27    together  with  a  listing  of  the  results  of  a  typical 
run.     Statements  numbered    250  and  510    enable  the  listing  of  data 
at  integral  units  of  time.    The  size  of  the  dimension  statements 
arte  such  that  the  total  number  of  time  increments  must  be  less  than 
105.     Consequently,  if  for  example  it  is  desired  to  run  the  program 
for  100  integral  units  of  time  with  an  incremental  time  step  of 
0.2  units,  the  dimension  statements  will  have  to  be  enlarged  to 
accommodate  at  least  500  entries.    The  loss  and  intake  rates  and 
the  initial  or  starting  values  are  taken  from  Eberhardt*s  paper. 
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i  REM  JULV  36.  i9?5 

5  REM      FLOW  OF  STRONTIUM-89  IN  PLftNT-RftBBIT  FOOD  CHRXN 
2d  DIM  S<105>* P<i05>. R<105>,  T<ie5> 
3e  PRINT  "TVPE    Li.    THE  FftLt-OUT  LOSS  RftTE" 
)    35  INPUT  Li 

40  PRINT  "TVPE  THE  INTRKE  RATE  K2  AND  THE  LOSS  RftTE  L2  OF  THE  PLANT"  ^ 
45  INPUT  K2, L2 

SO  PRINT  "TVPE  THE  INTAKE  RATE  K5  AND  THE  LOSS  RATE  L3  OF  THE  RABBIT" 
yS  INPUT  K5.  L3 
*  60  PRINT  "TVPE     Pi.    THE  LENGTH  OF  THE  TIME  INCREMENT" 
65  INPUT  Dl 

70  PRINT  "TVPE  THE  NUMBER  OF  TIME  INCREMENTS" 

-^5  INPUT  'N 
200  LET  S<0>«2750 
210  LET  P<0>«0 
220  LET  R'0>»0 

^30  REM     INSTR.    256     CALCULATES  THE  CORRECT  PRINT  INTERVAL 
250  LET  D2«INT<i/Di-»-i.  g0000E-0€> 
200  FOR  I«0  TO  N 

320  4-ET  S<l4-i>«S<I>-Li*S<I>*Dl  ' 

340  LET  P<I+l>=Pc;i>«»-tK2*S<:i>-L2-^Pa>>'»'Dl 

360  LET  R<I+i>s=R<I>  +  c:K5*P<I>-L3*R<I>>*Di 

380  LET  T<I'»-l>=T(;i>i"Dl 

400  NEXT  I 

495  PRINT 

500  PRINT  "I  T  C I  :•  R<:i:'  P<I>  S<I> 

505  PRINT 

510  FOR  I«0  TO  N  STEP  D2 

520  PRINT   I,  T<X>,  Ra>,  P<I>,  S<I> 

530  NEXT  I 

550  END^ 


TVPE     Ll>    THE  FALLOUT  LOSS  RATE 

?.  5 

TVPE  THE  INTAKE  RATE  K2  AND  THE  LOSS  RATE  L2  OF   THE  PLANT 
'»1.  n346 

TVPE  THE  INTAKE  RATE  Kf.  AND  THE  LOSS  RATE  L3  OF  THE  RABBIT 

It5.  0385 

TVPfc     11.    THE  LENGTH  OF   THE  TIME  INCREMENT 
?.  1 

TYPF     N.    THE  NUMBER  OF  TIME  INCREMENTS 
•>1O0 


I  T.  I  ,.  F  -  I  '  F'-  I  >  £'  I 

0  0  0  0 

iO  1  122  I&2  2169.  73 

20  2  43  2.  455  3394.  91 

-?.0  ::  eS7  721  4057  07 

40  4  12e:   73  43 &4  57 

50  5  1738.  76  4514.  04 

t".  21&4.  67  4527.  22 

•re  7  2611  3  9  4472.  55 

80  7  99999  3013.  67  4380  42 

90  ^  3389  07  4267  03 

100  10  3736  84  4143.  15  16.  2815 

ERIC  fig-  9-27 
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A  Second  Example  in  Food  Chain  KineticB 

This  problem  is  adapted  from  the  paper  of  Eberhardt  and 

Hanson,  1969,  which  describes  the  time  variation  of  the  concen- 
tration of  cesiuinrl37  in  a  lichen-caribou-Eskimo  food  chain.  A 
compartmental  model  of  the  s^^stem  is  shown  in    fig.  9.28. 
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Three  Compartment  System  for  Flow  of  Cesium-lS'l  • 
in  lichen-caribou-Eskimo  Food  Chain 


LICHEN 

CARIBOU 

j  LI 

L2 

ESKIMO 


L3 


Fig.  9.28 

m 

The  source  of  the  cesium-137  radionuclide  was  the  residue  from 
nuclear  weapons  testing  in  the  early  1960's. 

The  formulation  of  the  problem  proceeds  in  a  manner  entirely 
analogous  to  the  procedure  used  in  the  preceding  examples.     Fick*s  ^ 
principle  is  applied  to  each  compartment  to  obtain  the  desired  set  * 
of  equations..   The  distinguishing  featlir»s  of  this  example  are  the 
detail  required  to  mimic  the  time  variation  of  the  cesium-137  enter- 
ing the  food  chain  and  the  technique  used  to  obtain  the  transfer 
coefficients. 

Because  records  were  not  available  for  the  accumulation  of 
cesium-137,  Eberhardt  and  Hanson  used  the  monthly  accumulation  records 
of  Strontium- 90  fallout  as  recorded  in  Fairbanks,  Alaska  and  shown  in 
table       9.2,  It  was  assumed  that  the  ratio  of  the  intensity  of 

the  cesium-137  to  the  intensity  of  the  strontium- 90  remained  constant 
throughout  the  time  period  during  which  the  data  was  collected  aind 
hence  the  rate  of  deposition  of  the  cesium-137  would  be  identical  to 
the  rate  of  deposition  of  the  strontium- 90".     In  this  way  the  time 
"Variation  of  the  cesium-137  entering*  the  food  chain  could  be  estimated. 
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Estimates  of  stroottuia-90  deposition 
at  Fairbanks,  Alaska  (mCi/km  ) 
(from  Eberhardt  and  HansoiVt  1969) 


Year 

Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

Total 

1962 

0.08 

0.22 

0.18 

0.08 

0.22 

0.99 

0.76 

0.66 

0,1-3 

0.07 

0.25 

O.OU 

3.68 

1963 

0.15 

0.35 

0.60 

O.UO 

0.30 

2.U3 

2. 51* 

1.62 

0.19 

O.IT 

0.02 

0.07 

8.8U 

I96U 

0.06 

0.11 

COT 

0.22 

0.1*1+ 

1.37 

0.01 

0.61 

O.lU 

0.12 

0.09 

0.07 

3.31 

1965 

o.oU 

0.02 

O.lU 

0.11 

O.OT 

0.55 

0.25 

0.29 

O.Ik 

0.28 

0.06 

o.m 

2.05 

1966 

0.03 

0.03 

0.13 

0.12 

0.09 

0.06 

0.02 

O.OU 

0.01 

0.53 

zero  to  trace 


Table  9.2 
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■        'dip  .        ».  ,.    .      .  ■.  ,.U-"ijs,  6.,.- .''.','.^t-4.:  .  ^  *  .  :  .       '  • 

The  choice  of  the  units  with  which  to  flotparaM  tha  intensity  of  the  k 
radionuclide  is  set  by  tho  ease  with  which  the  necessary  parameters 
and  data  may  be  obtained  and  by  convenience.    Thus,  the  intensity  J 
of  the  cesium- 137  radiation  in  the  lich%  compartment  was  expressed 
m  nano  curxesj>er  square  meter,  i.e.  nCi/m  .    This  choice  was 
partially  dictated  by  the  fact  that  it  was  experimentally  possible  to 
estimate  the  conversion  coefficient  relating  this  unit  to  the  radiatics: 
intensity  per  gran  dry  weight  of  caribou  ouacle.    -jhe  latter  unit  was  se- 
lected because  it  permitted  the  determination. of  a  conversion  factor 
from    nCi/gm    dry  weight  of  caribou  muscle  to  units  of  total  radiation, 
or  body  burden,  in  the  Eskimo.    This  individual  choice  of  units  was 
also  very  convenient  because  it  avoided  the  necessity  for  estimating 
the  amount  of  lichen  eaten  each  day  by  the  caribou. 

In  deriving  the  equation  for  the  time  variation  of  the  cesium-137 
in  the  lichen,  it  is  necessary  to  obtain  an  expression  for  the  amount 
of  radiation  entering  the  lichen  in  a  small  tin^  period  as  well  as  an 
expression  for  the  amount  of  radiation  leaving  the  lichen  during  the 
same  period  of  time.     The  latter  expression  is  easily  obtained  by 
assuming  that  the  decrease  in  cesium-137  intensity  in  the  lichen  is 
proportional  to  the  magnitude  of  the  intensity  in  the  lichens.  The 
obtaining  of  an  expression  for  the  amount  of  radiation  entering  the 
lichen  requires  a  knowledge  of  the  time  variation  of  the  cesium-137 
^fallout  intensity.    This  time  variation  was  not  recorded;  however, 
the  strontium-90  fallout  intensity  was  ^recorded  at  regular  time 
intervals  over  a  period  of  several  y^ars.     By  assuming  that  the 
ratio  of  the  cesium-137  intensity  td  the  strontium-90  intensity 
remained  constant  over  the  entire  period  of  recording,  it  follows  i 
that  the  time  variation  of  the  intensity  of  the  cesium-137  is  the  * 
same  as  that  of  the  strontium-90.    Hence,  an  equation  describing  ' 
the  intensity  of  the  strontium-90  over  the  time  period  of  interest 
will  be  developed  and  this  equation  will  be  used  to  give  the  time 
variation  of  the  cesiuni-137.     The  equation  will  b«  derived  by 
assuming  a  model  for  the  time  variation  and  then  determining  the 
parameters  in  the  model  so  that  the  equation  'best*  approximates 
the  recorded  data.    The  development  is  given  in  the  next  few 
paragraphs.  " 
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An  analysis  of  the  strontium-90  fallout  data  as  depicted  in 

table  9.2  reveals  a  monthly  variation  in  the  fallout  intensity. 

Nevertheless,  the  data  "appears"  to  indicate  that  the  magnitude 

of  the  intensity  is  decreasing  with  time.    The  monthly  variations 

can  be  somewhat  removed  by  calculating  the  yearly  accizmulations. 
/ 

This  is  a  very  crude  form  of  data  smoothing.     If  the  year  is 

assumed  to  extend  from  June  1    to  June  1,  the  yeairly  accumulations 

are  given  in  table  9.3:  > 


YEAR  ACCUMULATION 

1963-  1964  7.94 

1964-  1965  ^  2.75 

1965-  1966  1.86 

1966-  1967  0.45 


The  last  figure  is  the  result  of  a  very  cavalier  extrapolation 
from  the  monthly  data.     These  tabular  values  clearly  indicate  the 
decrease  of  the  intensity  with  time.    Wioreover,  the  decreasing 
set  of  values  appear  to  be  exponentially  decreasing.  Recalling 
that  radioactivity  decays  in  an  exponential  manner,  furti."»r 
suggests  that  a  reasgnable  approximation  to  the  time  variation 
of  the  fallout  intensity  may  b^  obtained  by  assuming  that  the 
decrease  in  the  intensity- Is  proportional  to  the  existing  inten- 
sity.   -Thus,  we  write 
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,  P{r+1)  *  F{I)  -  A*F(I)*Dl  -  ^  (9.23) 

where  F(I)  is  the  daily  radiation  intensity,  .  Dl>  isr  chqsen  to  be  one 
day  and    A    is  a  decay  rate  t^be  determined  by  parameter  fitting. 

F(I)     will  be  expressed  in  units  of    nCi/m^.      The  parameter  A 
will  be  determined  by  using  equation    9.23    as  a  basis  for  calcula- 
ting tho  daily  fallout  intensities  which  in  turn  will  enable  the 
calculation  of  the  total  fallout  eaGh  year.      The  total  fallout 
each  year  will  be  compared  to  the  empirical  values  appearing  in 
tabel    9.3    using  the  sum  of  the  squares  of  the  deviations  closeness 
criteria.     The  value  of    A,  which  results  in  the  smallest  sum  of 
the  squares  of  the  deviations,  will  be  the  desired  decay  rate. 
The* magnitude  of  the  daily  fallout  intensity  is  the  decrease^  in 
cesium-137  intensity  from  one  day  to  the  next.     This  decrease  is 
equal  to    A*F(I)*D1    where    F(I)     is  calculated  according  to  equation 
9.23.     The  sum  of  such  terms  for     1=0    to     364     is  the  accumulated 
fallout  intensity  in  a  singl^year. 

A  program  which  performs  these  calculations,  together  with  the 
results  of  a  typical  run,   is  shown. in  figure     9.29.     Equation  9.23 
is  represented  by  line    220    of  the  program.     The  accumulation  of 
fallout  in  a  single  year  is  accomplished  by  ihserting  the  equation 

r 

*  h 

Y  =  y+A*F(I)*Dl  (9.24) 

in  the  same  loop  in  which  the  daily  variation  in  fallout  intercity 
is  calculated.     The  loop  consists  of  instructions     20U  to  260  and 
line    210    corresponds  to  equation     9.24.     The  student  should  recog- 
nize  that  the  form  of  equation     9.24     is  the  standard  form  for 
accumula' i.ng  or  summing  a  set  of  quantities.     In  this  instance,  the 
quantities  are  the  terms    A*F{I)*D1  for    I  =  0,1,2,     ,364.  Line 
280  stores  the  yearly  accumulated  fallout  for  lates  printing  and 
line  300  calculates  the  deviatipns  of  the  empirical  and  calculated 
yearly  fallout  intensities.     Instruction    320    enables  the  summing 
of  the  squires  of  the  deviations  and  line     340     insures  that  the 
previous  years  accumulated  fallout  radiation  will  not  be  carried 
over^ J:o  the  fiext  years  total.  ,y  '  . 
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10  REM        DET.    OF  FALLOUT  DECftV  C^WSThNT  IN  fiLfiSKf=J  FOOD  ChftIN 

11  REM 

£0  PRINT  "TVP£  THE  INITIAL  INTENSITV.  F" 

25  INPUT  F  \J> 

26  PRINT 

Z&  PRINT  "TVPE     ft.      THE  ESTIMATED  Vf-fLUE  OF  THr  DEi  AV  RATE" 
25  INPUT  A  ) 
2:6  PRINT 

27  REM 

3Q  REM  LINES  40-55  INPUT  THE  VEARLV  INTENSITV 

39  REM  : 

46  LET  94 

45  LET  E<2>«=2.  75 

50  LET  5<3>=1.  86 

55  LET'  E':'4>=.  45 

139  REM 

14©  REM  THE  OUTER  J  LOOP  CALCULATES  THE  MEASURE  OF  CLOSENESS 

141  REM  *  * 

-150  REM  LINES  208-260  CALC.  RAD.    INT.    IN  ONE  VR.    USING  Dl=l  DAV 

151  REM 

160  FOR  J=l  TO  4 

iPb  let  D1=1 

200  FOR  1=0  TO  364 
210  LET  VsV-^A^F^Dl  ' 
220  LET  F«F-A*F*D1 
260  NEXT  I 
280  LET  C<J>=V 
300  LET  D2«V-E<J> 
320  LET  S=S-»-D2*D2 
340  LET  V«=0 
360  NEXT  J 

400 -PRINT  "THE  SUM  OF  THE  SQUARES  OF  THE  DEVIATIONS  IS'*;  S 
405  PRINT 

410  PRINT  "  J  "  C<J>  D<J>" 

415  PRINT 

420  FOR  3-1  TO  4 

430  PRINT  J.  C<  EC  J:-  / 
440  HEHl  J  ' 
500  END 

READV  / 

TVPE  THE  INITIAL  INTENSITV.  F 


?i3  i 
TVPE  <^ 


TVPE  <^     THE  ESTIMATED  VALUE  OF  THE  DECAV  RATE 
0025 

fHE  SUM  OF  THE  SQUARES  OF  THE  DEVIATIONS  IS  .  5344e9 


J 

C<J> 

D<J> 

1 

7.  78621 

7.  94 

3.  12274, 

2.  75 

1.  25241 

1.  ee 

4 

.  502292 

45 

Figure  9.29 
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It  is  necessary  to  provide  a  starting  source  intensity,  F(0). 
Because  this  value  must  also-  be  determined,  the  problem  is 
actually  a  two-parameter  determination  problem.    The  prograim 
shown  in  figure     9.29    enables  the  guessing  of  the 
parameter  values.    Your  author  did  not  use  an  automated  search 
routine  because  he  was  only  interested  -In  illustrating  a  proce- 
dure, not  in  the  obtainment  of  refined  numbers  such  as  have 
been  produced  by  an  automated  search  routine.     It  also  would  have 
heen  of  interest  to  use  a  different  closeness  criteria  stich  as 

the  sum  of  the,  squares  of  the  relative  errors.    A  few  trial  runs 

2 

resulted  in  a  value  of    13,0  nCi/ra     for  the  initial  source  inten- 

-1 

sity  and  a  value  of    0.0025  (DAY)        for  the  parameter  A.  The 
variation  of  the.  source  intensity  may  then  be  expressed  as 

F(I+1)  =  F{I)   -  0.0025*F(I>  (9.25) 

,  2 

v/here    F(0,   =  13.0  nCi/ra  .     This  is  the  desired  equation  for  the 
strontium-90  fallout  intensity  and  completes  our  discussion  on 
how  to  obtain  it.      By  recalling  that  the  strontium-90  fallout 
intensity  is  1.7  times  the  cesium-137  fallout  intensity,  it  is 
pc^sxble  to  use  equation  9.25  to  describe  the  time  variation  of 
the  cesium-137  fallout  intensity.     This  may  be  done  by  using  a 
proper  starting  value,  F(0),  which  corresponds  to  the  initial 
cesium-137  radiation  intensity. 


The  radiation  transferred  ^rom  the  lichen  to  "the  caribou  depends 
upon  the  amount  of  lichen  eaten  by  the-  caribou  which  in  turn  depends 
upon  the  average  grazing  area  of  the  carilKJU.     Thus,  a  knowledge 
of  the  intejisity  of  the  fallout  radiation  upon  a  upiH:  area  of 
the  lichen,   in  conjunction  with  the  magnitude  of  the  grazing  area 


■I 


9.88 


f 

of  the  caribou,  will  enable  an  estimate  of  the  consequent  radiation 
transferred  from  the  lichen  to  the  caribou.    The  unit  of  area 
was  chosen,  to  be  one  square  metesr.     Now  only  a  certain  fraction, 
K,  of  the  fallout  radiation  coming' to  rest  upon  the  lichen  is 
actually  absorbed  into  the  lichen.     Tjiis  raean^  that  not  all  of 
the  fallout  intensity,  F(I),  will  be  transferred  to  the  lichen. 
However,  because  not  all  of  the  incident  fallout  is  transferred 
to  the  lichen,  the  actual  amount  of  strontium-90  absorbed  into 
the  lichen  is  K*F(I)  where  K  is  a  proper  f  iction.    One  method 
for  estimating  the  transfer  coefficient,  a,  is  based  upon  an 
analysis  of  the  fundamental  equation  governing  the  time  behavior 
of  the  radiation  intensity  in  the  lichen.  * 

To  derive  this  equation,  we  begin  by  noting  that  the  amount 
of  radiation  entering  the  lichen  in  a  time  period  is 

i 

K*F(I)*D1. 

If  L(I)  denotes  the  intensity  of'  radiation  in  the  lichen  during 
the  I^^  time  period,  by  assuming  that  the  loss  in  radiation  is 
proportioned  to  the  radiation,  the  term 

-L1*L{I)*D1 

M 

•  is  seen  to  represent  the  amount  of  radiation  lost  by  the  lichen 
durir^  the  same  period,    LI  is  a  constant  and  is  assuned  to  be    0.0002     and  is 
obtained  frcn  experiment.    U  represents  the  fraction  of  the  existent  liclien  intensity 
lost  during  the  time  period.        The  loss  rate  from  the  lichen  is  ■ 
less  than  the  natural  decay  rate  of  oesium-137     because  there 
^  exist  many  mechanisms  whereby  the  lichen  can  lose  radiation  other 
than  by  just  the  normal  radioactive  decay  of  the  cesium-137.  Some 
of  these  mechanisms  are:     the  washing  away  of  the  radiation  on  the 
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surface  of  the  lichen  by  rainfall,  the  carrying  away  of  the  radia-r 

tion  by  evaporation,  the  loss  of  the  radiation  to  the  soil,  etc. 
For  these  reasons  there  has  been  a  range  of  estimates  of  the  loss  ^  ^ 
rate  varying  from    0.0001    to    0.0004.    The  Uchen  radiation  inten-  ,. 
sit>5  equation  is  obtained  by  an  application  of  Pick' ^  principle  to 
yield  f 

/  ^  ; 

L(I+1)  =  L{I)+  (K*F(I)-L1*L(I))*D1.  (9.26) 

With  the  aid  of  this  equation  we  can  now  obtain  a  value  for 
K.     We  begin  by  recalling  the  work  with  the  prey-predator  models. 
In  that  work,  a  maximum  or  a  minimum  of  the  population  was  noted 
to  occur  when  there  was  no  change  in  the  population  variable  from 
one  time  period  to  the  next.     Thus,  for  the  particular  time  period 
corresponding  to  a  maximum  value  of  the  cesium-137  radiation  intensif 
in  the  lichen,  it  must  be  the  case  that  there  is  no  change  in  the 
intensity.  Hence 

L{I+1)   =  L(I) 


or 


K*F(I)   -  0.0002*L(I) 


(9.27) 


-0 


for  that  particular  time  period,  I.     {These  two  equations  do  not 

hold  for  all  time  periods).     From  observation,   it  was  noted  that 

the  maximum  conce^i^ation  in  the  lichen  was  30  pCi/gm.  Since 

there  are  about  1600  gr/m    of  dry  weight  of  lichen,  the  maximum 

concentration  of  radiation  in  the  lichen  is  48,000  pCi/m      or  • 

48  nCi/m^.     Now,  an  analysis  of  the  data  reveals  that  the  maximum- 

radiation  concentration  in  the  lichen  occurred  about  three  years  after 
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the  start  of  the  collection  of  fallout  data.     The  approximate 
value  of  the  maximum  intensity  of  the  fallout  radiation  was  0.84 
nCi/m^,     This  value  wal  obtained  by  using  equation    9.25    as  the 
basis  of  a  program  which  was  run  for  three  years  or  1095  time 
^     increments    with -an  initial  fallout  intensity  of    13.0  nCi/m  . 

With  the  aid  of  these  I'esults,  equation    9.26    may  now  be 
written  as 

K*0.84  -  0.0002*48  =  0, 

« 

which  enables  the  value  of  the  transfer  coefficient  to  be  calculated 
as 

K  =  0.011 

■     It  was  assumed  that  the  initial  concentration  of  cesium-137 

2 

in  the  lichen  was    -15  pCi/gm    dry  weight  or    24  nCi/m  .      This  value, 
together  with  the  value  of    K    permits  the  use  of  equation  9.26 
in'  describing  the  time'  variation  of  the  radiation  intensity  in  the 
lichen.  , 

Because  it, is  assumed  that  most  of  the  radiation  .body  burden 
in  the  Eskimo  is  due  to  the  eating  of  caribou  muscle  by  the  Eskimo, 
we  req-^lre  an  equation  governing  the  transfer  of  cesium-137  through 
the  caribou  muscle.     The  unit  of  radiation  intensity  in  the  muscle 
was  chosen  to  be      nCi/gm    dry  weight  of  caribou  muscle.     This  unit 
was  chosen  because  it  enables  an  easier  conversion  to  the  entering 
radiation  for  the  Eskimo  radiation' intensity  equation.     It  is  known 
that  the  process  by  which  the  radionuclide  enters  the  caribou  muscle 
from  the  lichen  is  complicated.     There  is  also  a  time  lag  because  the 
radiation  does  not  immediately  concentrate  in  the  caribou  muscle  after 
the  caribou  has.  eaten  the  lichen.     Both  of  these  factors  are  ignored 
in  our  model .     The  former  factor  is  ignored  because  we  are  interested 
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is  ignored  because  the  time  of  interest  scale  is  very  large  compared 
to  the  elapsed  time  from  the  time  the  lichen  enters  the  caribou  to  the ., 
time  the  radiation  in  the    lichen  has  concentrated  in  the  caribou 
muscle.    The  basic  equation  governing  the  time  variation  of  the  inten- 
sity of  the  radionuclide  in  the  caribou  muscle  is  very  similar  to  the 
previous  equation  for  the  time  variation  of  the  radionuclide  intensity 
in  the  lichen.     The  equation  is  f 

C(I+1)  =  C(I)+(C1*L(I)   -  L2*C{I))*D1  (9.28) 

t 

where    CI    is*  a  conversion  coefficient  relating  the  effective 

transfer  of  the  radiation  intensity  in  the  lichen  to  the  intensity 
in  the  caribou  muscle  and    L2    is  an  effective  loss  rate.  Just 
as  with  the  lichen,  there  are  many  mechanisms  by  which  a  living  » 
organism  can  lose. radiation  other  than the  process  of  pure  ^ 
radioactive  decay  of  the  radionuclide.     Consequently,  the  stufient 
will  note  that  in' this  example,  as  in  other  food  chain  kinetic 
problems,  the  loss  rates  are  effective  loss  rates  and  not  pure 
radioactive  decay  rates. 

To  obtain  a  value  for    L2,  we  recall  from  a  knowledge  of 
radiation  chemistry  and  experiment,  that  in  30  days  the  radiation 
intensity  would  be  reduced  by  one-half.     In  the  literature  such 
a  loss  time  is  referrea  to  as  a  half-life  or  a  half-time.  IJow, 
by  using  the  equation  of  radiation  loss, 

Rd  +  l)   =  R(I)   -  L2*R(I)*D1, 

setting    R(j3)  =  1,     assuming  a  value  for    L2    and  then  running  the 
program  for  the  number  of  time 'yncrements  necessary  to  yield  a 
value  of    R(I)     equal  to  one-half  of    R{0),  the  effective  half-time 
can  be  determined.     The  half-time  is  the  value  of    1  expressed 
in  units  of    Dl.     At  first  sight  this  pfbcedure  does  not  seem  to 
be  of  much  help  in  the  determination  of    L2     since  a  value  of  L2 


is  required  to  use  the  program.     However^  by  recalling  some  o£  the 

problejns  at  the  end  of  the  first  chapter  dealing  with  exponential 

growth,  it  is  possible  to  use  such  a  program  to  determine  the  value 

of    L2    which  results  in  a  specified  half-time.     This  can  be  done  * 

by  assuming  an  initial  value  for    L2    and  then,  using  the  program 

to  perform  the  calculations,  an  accurate  value  for    L2    can  be  obtained 

by  trial  and  error.     With-  Dl    set  equal  to  one  day,   it  is  found 

that  the  loss  rate  corresponding  to    30    days  is  approximately  0.02 

(day)"^.     The  student  should  write  a  program  and  attempt  to  verify 

this.     As  used  in  the  above  equation,     L2     is  sometimes  called  a 

decay  parameter. 

Upon  digcation  of  the  lichon  by  the  caribou   not  all 
of  the  radiation  in  the, lichen  is  transferred  to  the  caribou*  • 
ThuSr     CI     is  an  ef f ective^transf er  coefficient  relating  the  ^ 
effectiveness  of  the  transfer  of  radiation  from  the  lichen  to 
the  caribou.     This  conversion  coefficient  depends  upon  tbe  amount 
of  lichen  eaten  each  day^  as  well  as  on  the  net  amount  of  the  radi- 
ation in  the  digested  lichen  ultimately  residing  in  the  caribou 
muscle.     A  value  of  0.1  was  thought  to  be  a  representative  value. 
One  possible  method  for  obtaininq  a  conversion  value  is  to  permit  the  caribou  to 
graze  on  lichen  having  a  known  and  constant  radiation  intensity* 
The  lor  f^h  of  the  grazinq  period  is  assumed  to  be  such  that  the  ra- 
diation  intensity  in  the  caribou  muscle  has  reached  an  equilibrium 
level.     The  intensity  levels  in  both  the  caribou  muscle  and  the  lichen 
are  then  noted  and  an  effective  loss  rate  is  assumed  for  the  radiation 
in  the  caribou  muscle^     This  loss  rate  was  set  at    0.02    and  witJi  a  measured 
eguilibrium  intensity  of  200    pCi/gm    dry  weight  in  the  caribou  muscle 
it  is  evident  that  the  radiation  excretion  was     0.02*200  pCi/gm  or 
4  pCi/gm    dry  weight  of  caribou  muscle.     The  measured  equilibrium 
intensity  of  the  lichen  was  40  pCi/gm  dry  weight  and,  therefore,  the  intensity 
of  the  caribou  excretic^i  loss  was  abcnit  0.1  of  the  radiation  intensity  in  the 
lichen.     Because  the  flow  of  radiation  from  the  lichen  to  the  cajribou 


was  assumed  to  be  in  equilibrium,  that  is  in  a  steady  state,  the  gain 
in  radiation  intensity  from  eating  the  lichen  must  equal  the  loss  in 
radiation  intensity  due  to  excretion  loss.     For  this  reason,  the  value 
of    0.1    was  chosen  for  a  conversion  value  to  convert  from  exist |iig 
lichen  radiation  to  entering  caribbu  radiation.  ^ 

With  the  aid  of  the  above  results,  equation    9:28  may  be  w^ritten 
as  ^ 

C(I+1)   =  C(I)  +  {0.1*L(I)  -  0.02*C(I))*D1.  (9.29) 


The  initial  concentration  of  cesium-137  in  the  caribou  muscle  was 
set  at  80  pCi/gm  dry  weight. 

The  Eskimo  radiation  is 

j> 

E(I-fl)   =  E(I)  +  (E1*C(I)   -  L3*E(I))*D1  (9.30) 

This  equation  is  derived  fay  assuming  that  tlie  gain  in  body  burden  radiation 
is  proportional  to  the  intensity  o'f  radiation  in  the  caribou  muscle 
and  the  loss  in  radiation  body  burden  is  proportional  to  the  magni- 
tude of  the  body  burden  radiation  which  is  expressed  in  units  of  nCi. 
The  effective  loss  rate,  L3,  was  chosen  equivalent  to  a  70  day  half- 
life  and  hence  Ii3  =  0.  01  (day)"*"^.      This  value  for  L3  was  obtained  in 
a  manner  similar  to  the  method  for  obtaining  L2.     The  estimate  of  the 
conversion  factor  from  caribou  muscle  radiation  intoisity  to  Eskimo  body 
burden  was  based  wpcm  an  assun^ion  of  constant  meat  intake  for  each  indi- 
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vidual  and  required  a  comparison  of  computed  caribou  muscle  radiation 
intensity  with  observed  Eskimo  body  burdens.    Because  of  the  obmplif" 
cations-  of  obtaining  complete  data,  as  well  as  the  difficulty  of  obtain- 
ing a  reliable  estimate  of  the  conversion  parameter,  we  will  simply 
postulate  that  a  reasonable  value  for  the  Eskimo  body  burden  conver- 
sion factor  is    80.     For  complete  details  on  the  obtaining  of  such  an 
estimate,  see  the  paper  by  Eberhardt  and  Hanson  previously  referred 
to,  as  well  as  the  paper  by  Hanson  and  Eberhardt,  March  1969.  This 
latter  paper  also  provides  evidence  that  a  reasonable  value  for  the 
initial  Eskimo  body  burden  is  ^OOnCi. 

Equations      9.25,  9.26,     9.29,     and    9.30,     together  with  the 
prescribed  initial  conditions,  permit  the  construction  of  a  computer 
program  which  describes  the  time  variation  of  the  cesium-137  radiation 
intensity  in  each  compartment. 

In  their  model,  Eberhardt  and  Hanson  included  the  time  variation 
of  the  amount  of  Jichen  eaten  by  the  caribou.     This  can  be  done  by 
mult  iplyincj  the  convorsion  coefficic-nt  by 'a  factor  which  changes  in 
■  time.     The  authors'   state,     "On  the  premise\that  some  lichen  is 
present  in  the  diet  at  all   times,  minimum -content  was  set  at  10%  and 
increased  very  .gradually  f>>r  about  five    months,   reaching  about  30% 
in  the-  iif th  raunth,   .in<I  then  rising  rapidly   (in  a  few  weeks)    to  100% 
and  remaining  at  tha*    -vel  for  six  months."       The  variation  is 
rop<- cit^-''  t  'Ch  year.     Th<     itithors  also  accounted  for  a  time  variation 

1  •  the  risk  imo  diet  of  car   how  meat.     We  again  quote  from  the  Eberhardt 
at  .1  H.inscn  paper.     "Thus    <   'spring  kill'    is  assumed  to  take  place  on 
June  1,   and  intake  c-oncentrat ions  held  at  that  level  for  2  months, 
dropped  to  onr-half  the  same  level  for  15  days   (to  correspond  to  a 
reduced  supplyfof  meat),  then  to  zero  for  a  further  two  months, 
.  whereupon  a  new  sampling  is  made  (to  correspond  to  a  mid-October 
caribou  harvest)  and  utilized  as  intake  until  the  following  June  1, 
when  the  cycle  is  repeated."     This  variation  can  also  be  introduced 
into  th^  model  with  the  aid  of  a  multiplicative  factor,  which  is  to 
vary  in  time  and  magnitude  according  to  the  previous  statements. 

In  this  example  the  student  should  note  that  a  good  portion  of  the 
deye^ppment  was  devoted  to  obtaining  the  conversion  coefficients.  These 
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coefficients  are  measures  of  the  effectiveness  of  the  transfer  of  ^ 
radiation  from  one  compartment  to  another  and  for  this  reason  could 
also  be  called  transfer,  coefficients.     The  methods  for  obtaining  the  . 
coefficients  are  very  .useful  and  so  we  recapitulate  tliem.   The  first  method  ^ 
relies  on  the  use  of  the  steady  state  or  equilibrium  condition.  In 
this  condition  it  is  poHtulate^  that  the  gain  in  radiation  intensity 
in  a  time  increment  is  equal  to  the  loss  in  radiation  intensity  during 
the  sane  time  increment,  that  is,  the  amount  flowing  in  is  equal  tc? 
the  amount  flowing  out.    Now,  in  our  models  of  the  time  variation  of 
the  radiation  intensity,  the^expression  for  the  amount  flowing  in,  as 
well  as  the  expression  for  the  amount  flowing  out,  are  all  of  the  same 
form  for  each  compartment. 

The  amount  flowing  in,  in  a  unit  of  time,  is  given  by  an  expression 
of  iihe  form    C*C(I)     and  the  amount  flowing  out  in  the  same  unit  of  • 
time  is  given  by  a  similar  expression,  L*L(I).     By  setting  up  an 
experiment  in  which  it  is  assumed  that. the  flow  between  compartments 
is  in  the  steady  state  it   is  frequently  possible  to  measure    Cd)  and  L{I). 
Since  the  loss  coefficient,     L,     is  also  known  or  assumed,  the 
equality  of  the  two  expressions  provides  a  method  of  obtaining  C, 
the  transfer  coefficient.     Thus  , 

C  =  L*L(I)/C(I).  (9.31) 

The  second  metlod  begins  witn  tnc  observation  that  the  expression  C*C{I)  -  L*I 
is  tfe  change  in  radiation  ijitensity  in  a  ooRfartsient  in  a  ti|!B  period.  Suppose- 
iinat  tne  experimental  determination  of  the  values  of  CCD  and  L(I)  at  the  time  of 
maxijmin  or  miniimin  radiation  intensity  of  the  cciiiartrent  can  be  effected,  then  th 
use  of  the  equation 

C*C{I)  -  L*L{I)  =0  '  ^ 

enables  the  evaluation  of  the  transfer 'coefficient.     This  is  due 
to  the  fact  that,  at  a  time  of  maximum  or  minimum  radiation  in- 
tensity in"  the  compartment,  the  change  in  the  intensity  is  zero.  ^ 
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Finally,  by  assuming  different  values  for  the  transfer  coefficient, 
and  comparing  the  calculated  compartmental  radiation  levels  with 
those  measured  experimentally,  it  is  also  possible  to  determine 
the  transfer  coefficient.    There  are  thus  three  different  methods 
for  the  determination  of  these  coefficients. 

The  program  for  this  model  will  not  be  developed  since  the 
preceding  discussion  should  be  sufficiently 'detailed  to  permit 
the  student  to  write  his  own  program.    We  leave  this  as  a  problem. 


The  Movement  of  a  Pesticide  in  a  Food  Chain 

Because  of  the  abundant  use  of  pesticides  in  the  raising  of  food 
crops,  and  the  associated  possible  long  term  effects  of  pesticides, 
the  description  of  the  movement  of  a  pesticide  through  a  food  chain  is 
of  current  interest.     This  example,  which  is  adapted  from  O'Neil  and 
Burke,   1971,  describes  the  development  of  a  very  simple  compartmental 
model  for  the  description  of  the  movement  of  DDT  and  DDE  through  a  |^ 
human  food  c}jain.     Your  author  chose  this  example  because  it  serves 
to  illustrate  the  rccjuired  balance  between  model  sophistication  and 
practical  considerations.     The  length  of  time  in  which  the  authors 
were  isormitted  to  develoi?  the  model  was    '  »ry  short  and  also  the  paucity 
o!   th'-  data  permittee^     thf  determination  of  only  a  few  model  parameters. 
Thr'se  constraints  necessitated  the  development  of  a  simple  model  as 
Well  as  the  exorcise  of  caution  in  the  interpretation  of  the  model 
result: . 

The  data  shown. in  table  9.4  lists  the  yearly  pesticide  concen- 
trations in  the  food  and  in  the  human  together  with  the  intensity 
of  the  ■:)esticide  usage.    Ihn  data  is  taken  from  the  above-mentioned  work  of  0'?teill 
and  Burke.    The  intensity  o:  the  pesticide  in  the  human  was  ncasured  in  the  human 
3*^10030  fat  tissue.     An  examination  of  the  data  suggests  a  decline  in 
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e  9.**.    Data  utilised  for  modeline        and  DDK  niovement  through  tlie 
inanan  food  chain.^ 


nDT  +  DDK 

DDT  +  DDE 

Year 

in  Market 

in  Human 

I's:  ge 

Place  Diet 

Adipose  Tissue 

(ppm^'^ 

0.031 

1967  ■ 

ho 

1968 

0.039 

0.016 

1970 

0.015 

^rom-0-%illand  Burk^  1971 
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the  usage  of  the  pesticide  as  well  as  a  decline  in  the  concentration  of 
the  pestioida  in  the  food  in  the  market  place.    The  pesticide  concentra 
tion  in  humans  appears  to  oscillate;  however,  as  the  authors  point  out 
in  their  paper,   there  is  some  justification  for  qiiestioninn  the  accu- 
racy of  the  data.     It  is  evident  that  a  decrease  of  the  1970  intensity 
data  by  only  two- tenths  of  one  per  cent  would  result  in  the  appearance 
of  a  continual  decline  in  the  concentration  of  the  pesticide  in  the 
human  from  the  peak  year  of  1968.     This  overall  change  of  the  character 
of  the  data  due  to  such  a  small  change  in  the  data,  coupled  with  the 
fact  that  the  reliability  of  the  data  was  difficult  to  assess,  further 
mitigates  against  *the  construction  of  an  elaborate  model. 

The  determination  of  the  compartmentalization,  as  well  as  the 
number  of  compartments,   is  one  of  the  first  steps  in  the  construction 
of  the  model.     This  initial  determination  is  an  art  ar\d  depends  to  a 
great  extent  on  the  intuition  and  insight  of  the  i'hvestigator .  In 
keeping  with  the  policy  stated  by  Atkinsi  1969,  concerning  the  number 
of  compartments  to  be  used  in  developing  tracer  models,   it  is  desirable 
to  use  a  minimum  number  of  compartments  consonant  with  the  obtaining 
of  "reasonable"  agreement  with  the  data.     Thus,,  in  this  problem,  a  two- 
compartment  model  was  initially  assumed.     The  compartments  consisted 
of  the  food  supply  and  the  human  adipose  tissue.     Since  it  was  not 
possible  with  this  two-compnrtmental  model  t.o  obtain  reasonable 
agreement  with  the  quc^litative  behavior  of  the  <|ata,   a  three  compart- 
ment model  was  hypothesized.     The  authors  divided  the  food  supply 
into  tw     'umpartments,   '  ach  of  which  Were  distinguished  by  their 
riiLL'  cf  absorption  of  tht   .jesticihe..    The  first  compartment  was  assumed 
to  uci ount  for  the  short"  torm  absqrption  of  the  pesticide^  e.g.  the 
effect  of  direct  spraying  of  the  pesticide  upon  the  food  supply.  The 
second  com{,)artment  was  postulated  to  account  for  the  long  term  -effect, 
of  the  pesticide  through  recycling  from'  the  soil  of  the  pesticide 
sprayed  upon  the  soil. 

By  losing  these  throe  ccn^artments,  O'Neill  and  airke  were  able  to  develop  a 
model  which  mimiced  the  qualitative  .bf^ha  'ior  of  the  data.     The  three 
compartment  model  is  shown  in  figure    9.30  on  the  next  page. 
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Fig.  9.30 


The  derivation  of  the  governing  equations  follows  from  an  appli- 
cation of  Fick^s  principle  to  each  comg^artment  together  with  the 
assumption  that  in  a  small  time  .increfiient  the  amount^of  pesticide 
gaiajed  by  a  compartment  is  proportional  to  the  cgncentration  of  the 
[xjsticide  of  the  inputting  or  feeder  'compartment  and  the  ^nount  of  pesticid-^  lost  in 
the  same  time  incronent  is  proporticaial  to  the  concentration  of  the  pesticide  in  the 
corpartment*    The  constant  of  proportionality  relating  the  amount  or  change 
in  concentration  of  the  pesticide  from  a  compartment  to  its  successor^ 
compartment  is  best  thought  of  as  a  transfer  coefficient  or  a  conversion 
factor*     This  is  because  not  all  of  the  pesticide  leaving  a  compart-* 
ment  'effectively'  enters  the  successor  compartment.     The  situation 
is  quite  analogous  to  the  transfer  of  radionuclides  from  one  compart- 
ment to  the  next.     The  constant  of  proportionality  relating  the  existing 
concentration  of  pes'ticide  to  the  amount  leaving  the  con^jortment  in  an  incronent  ot 
time  is  also  an  effective  constant  because  it  accounts  for  all  jX3ssible  ways  the  pesti 
nay  leave  the  caipartiTient  other  than  by  the  sole  transfer  of  the  pesticide  to  ai^ther 

compartment. 

Let  S{I)  doiote  the  quantity  of 'tJ^  pesticide  expressed  in  millions  of  pounds, 
Fl(I)  and  F2(I)  d©X5te  the  concentration  of  the  pesticide  in  the  re^jective  food  com- 
partments esqsressed  in  miU  igrams  of  pesticide  per  kilogram  5f  weight  of  food, 
i.e.     mg/kg    and  finally  let    H(I)     denote  the  magnitude  of  the  pes- 
ticide concentration  in  the  human  adipose  tissue  measured  in  parts 
per  million,     ppni.     In  terms  of  this  notation,  the  governing  equations  • 
may  be  written  as:  . 
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and 


F1{I+1)  =  F1(I)  +  (K1*S{I)  -  Ll*Fi(I))*Dl  (9.32) 
F2{H'l)  =  F2(I)   +   (K2*S(I)   -  L2*F2  (I) )  *D1/  (9.33) 

H(I+1)  -  H(I)   +   (K3*(F1(I)  +  F2(I))   -  L3*H(I))*Dl  (9.34) 


and    Dl     is  chosen  to  be  one  day. 

An  expression  for    S(I),     the  daily  usage  may  be 
obtained  iby  curve  fitting  and/or  interpolation.     Curve  fitting  is 
a  process  whereby  one  function,  or  a  set  of  data,  is  represented 
by  another  function.     In  this  section,  we  introduce  a  simple  type  of 
curve  fitting  which  is  equivalent  to  approximating  the  data  by  a 
straight  line.     The  time  variation  of  the  DDT  usage  appears  to  be 
such  that  the  usage  decreases  by  a  constant  amount  each  year,  that 
is,  the  quantity     (S(I+1)  -  S(I))     is  constant  from  year^  to  year. 
This  suggests  that  the  time  variation  of  the  intensity  can  be  approxi- 
mated by  the  expression 

S (I+l)   =  S (I)+S1*D1  (9. 35) 

where    SI     is  a  constant  to  be  determined  so  that  the  values  of  S(I) 
are  close  to  the  empirical  values  which  we  will  denote  by  E(I). 
The  closeness  criteria  will  be  chosen  to  be  the  least  squares  criteria 
and  thuf;  we  will  attempt  to  determine     SI     so  that  the  sum  of  the  terifts 

{S(I)-E(I} )^ 

for  I  -  0,  365,  730,  and  1095  is  a  minimum.    These  numbers  correspond  to  0,  1, 
2  and  3  years  respectively  because  01  is  chosen  to  be  one  day.     This  also  implies 
that  Si  is  express€3d  in  units  of  the  nuinber  of  millions  of  lbs.  per  day.  It 
should  be  evident  to  tha  student  that  this  method  of  obtaining  an  expression  for 
approximating  the  source    usage     is  very  analogous  to  the  method  enployed  in 
the  previous  problem  to  obtain  an  aj^^rcKiitBting  expression  for  tha  erpirically 
determined  fallcwt  intensities.    TSie  program  to  acccnplish  this  is  very  similar 
to  that  given  in  figure  9.29  and  hence  will  not  be  reproduced  here.    The  initial 

« 

value,  SCO),  can  be  made  to  coincide  with  the  recorded  usage  in  tl^  year  1965,  or 
the  initial  value  can  be  left  as  a  free  parameter  to  be  determined. 
Your  author  obtained  the  value  of    SI  =  -0,018    under  the  constraint 
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of  initially  setting    S(d)  =  53.0    and  he  dbtained  the  value  of 
SI  =  -0.019    and    S{0)  =.54    if    S{0)     was  also  determined  as  a  free 
parameter.      The  value  of    365* (-0.019)     is' approximately    -7.0  and 
^his  implies  that \he  value  of    -0.019    for    SI    corresponds  to  a 
yearly  decrease  of  seven  million  pounds  of  usage  of  the  pesticide 
which  rate  of  usage  is  in  accordance  with  the  tabular  data. 

The  constancy  of  the  expression  (S(I+1)  -  S(I))   for  all  incre- 
ments of  time  means  that  the  graph  of  S(I)  versus  I  appears  as  a 
straight  line.     Hence, ^the  term  linear  or  straight  line  approxima- 
tion for  such  a  representation  of  the  data.     In  the  Alaska  food 
chain  example,  the  strontium-90  fallout  intensity  was  approximated 
by  equation  9.23.     If  this  equation  is  written  in  the  form 


(F(I+1)   -  F(I))/F(I)  =  -A*D1, 


is  seen  that  exponential  approximation  corresponds  to  assuming  that 
the  relative  change  in  F  is  constant.     In  contrast,   linear  approxi- 
mation assumes  that  the  magnitude  of  the  change  in  any  time  incre- 
ment is  constant.     These  are  the  two  assumptions  most  frequently 
used  in  describing  data,     A  surprisingly  iarge  and  varied  number  of 
phenomena  are  quite  well  approximated  by  one  or  the  other  of  these 

r 

approx  imat ions . 

The  determination  of  the  six  parameters,  Kl,  K2,  K3  and  LI, 
L2 ,  L3  is  accorplished  by  a  oaraparison  of  model  and  onpirical  results.  Ihis 
method  of  determination  is  in  contrast  to  the  method  used  to  obtain 
the  parameters  in  the  two  previous  examples.     In  those  examples 
other  information  was  available  which  permitted  an  easier  and  more 
direct  determination. 

Ihe  fact  that  a  two  parameter  juDdel  could  not  be  oonstructed  whicn  would  SHitafai. 
match  the  empirical  data  means  that  it  was  not  possible  to  find  values  4:or  the 
parameters  for  the  two  parameter  model  such  tliat  tne  model  rie^ts  agreed  witn 
the  empirical  data.     The  student  should  realize  tne  limitations  of  the 
implication  of  this  statement.     All  of  the  models  were 
constiructed  using  Pick's  principle  and  the  assumption  that  th^  fluxes 
were  proportional  to  the  concentrations.     Hence,  if  for  example,  the 
fluxes  had  been  assumed  to  be  proportional  to  the  square  of  the  con- 
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centrations  it  might  have  been  possible  to  have  obtained  agreement 
with  the  use  of  only  a  two-parameter  model.     Other  two  parameter 
models  could  have  been  constructed  utilizing  still  other  assumed 
relations  between  the  fluxes  and  thh  concentration  in  the  com- 
partments.    Thus,  the  statement  "that  reasonable  agreement  could 
not  be  obtained  for  a  two  parameter  model"  actually  means  that, 
for  the  special  case  of. a  linear  compartment  model,  that  is,  a 
model  for  which  the. fluxes  were  assumed  to  be  proportional  to  the 
first  power  of  the  concentration,  it  was  not  possible  to  obtain 
reasonable  agreement  between  the  model  results  and  the  data.     The  • 
assumption  that  the  fluxes  are  proportional  to  the  first  power  of 
the  concentration  corresponds  to  the  assumption  of  first  order 
kinetics  as  used  in  describing  chemical  reactions. 

The  transfer  coefficients  and  the  loss  rates  must  be  obtained 
from  a  multidimensional  search  routine.     Because  there  are  six 
values  to  be  determined,   it  is  not  feasible  to  use  such  a  routine 
unless  the  investigator  has  a  "reasonable"  estimate  of  starting  values 
for  the  parameters.     To  get  r.uch "^values ,  your  author  first  wrote  a 
program  for  calculating  the  time  variation  of  the  pesticide  concen- 
trations in  the  three  compartments  assuming  that  the  values^of  the 
parameters  were  specified.     Provision  was  made  to  specify  these  values 
as  input  and  the  sum  of  squares  closeness  criteria  enabled  the  deter- 
mination cf  the  measure  of  closeness  for  any  given  set  of  values  for 
t}.o  parameters.     Since  th'-  parameter  values  were  specified  as  input, 
it  wa'-  possible  "to  play  with  alterations  of  the  parameters  to  get  a 
feel"   for  some  reasonable  values  to  use  as  initial  values  for  the 
multidimensional  search  program.     The  program  for  calculating  the 
pesticide  concentrations  is  gi*ven  in  figure  9.31,  and  the  results  of 
a  typlicai  run  are  displayed  in  figure  9.32.     The  student  will  note 
that  lines  290,   310  and  330  correspond  to  equations  9.31,   9.32  and 
9.34  respectively.     in  the  text,   subscripted  variables  are  used  for 
ease  of  reading  by  the  student;  however,  they  are  not  necessary  in 
the  program.     The  index  J  counts  the  years  and  the  index  I  counts 
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250  LET  S1<J>«S  •  ^ 

370  LET  N1<J>-F1 
290  LET'N2<wT>«F2 
410  LET  H1«:.J>«H 
SOe  NEXT  J  ^ 

530  PI?INT      J       S1«:J>  N1i:J>  N2<J>  NiCJ>"»-N2<J> 

<J>"  -  ' 

J6Z2  PRINT 
550  FOR  J=0  TO  4 

570  PRINT'  J.  Sl<J>i  Nl*: vT>>  H2<J>,  Nl< J>-»"N2< J>,  H1<J> 
590  NEXT  J 

699  REM  • 

700  REM        LINES  705-726  ENTER  FOOD  PESTICIDE  CONCENTRATIONS 

701  REM 

705  DftTft  40,  26.  19/  16.  15 
710  FOR  I«©  TO  4 
715  READ  E3'::i> 
720  NEXT  I 

725  REM  LINES  730-745  ENTER  HUMAN  PESTICIDE  CONCENTRATIONS 

726  REM 

730  FOR  1=0  TO  4 

735  DATA  2,  4  65.  5.  61.  5,  22.  5,  27  .  ' 

740  READ  E4<I> 
745  NEXT  I 

799  REM 

800  REM  LINES  800-640  CALC.    Ml.    THE  MEASURE  OF  CLOSENESS 
601  Ri*J 
810  LET  Mi=0 
&20  FOR  W^O  TO  4 

830  LET  Ml«Ml+<Nlr.W;;.*N2<:W>-E3<;W>>'"2+<Hl<W>-E4<W>>  2 

840  NEXT  N 
845  PRINT 
650  PRINT 

855  PRINT  "THE  VALUE  OF  THE  CLOSENESS  CRITERIA  IS".  Mi 
1000  END 


Figure  9.31  (Cont.) 
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5  REM     PEJTICIDE  FOOD  CHRIN  PROBLEM  ^ 

6  REM 
r  REM 

2©  PRINT  "TVPE  THE  INFLUX  TRflNSFE|?  COEFFICIENTS    Kl.     K^,  f= 
25  INPUT  Kl/K2i  KI-: 
:<0  PRINT 

PRINT  "TVPE  THE  LOS£/ RftTES    LI.     L2.     LI  " 
40  INPUT  LI,  L2,  L2  - 
42  PRINT 

50  PRINT  "TVPE  THE  INIT,   VOL.    FOR  FOOD  PEST.    CONC.*,    Fl*  F2 

55  INPUT  Fl,  F2 

56  PRINT 

60  PRINT  "TVPE     H,    THE  INIT.    CONC.    OF  PEST.    IN  THE  HUMAN" 

63  INPUT  H 

64  PRINT 

65  PRINT 

66  PRINT 

68  REM    '      LINES  70-88  STORE  INITIAL  VFfLUES  FOR-LftTER  USE 

69  REM 

76  LET  N1«;0.>-F1 
75  LET  N2<J>^F2 
S0  LET  H1.:  0>=K 
64  F'EM 

85  REM     INSTRS     ^S'-llO     INITIALIZE  VARIABLES 

86  REM 

95  LET  Dl«l 

100  LET  s«=53  eeei 

110  LET  S1<0>=S 
144  REM 

•145  rem  instrs.  150-506  are  main  part  of  calculation 
146  re;; 

150  FOR  J=l  Tp  4  • 

239  REM  • 

240  REM     INSTRS  250-340  C-AILV  UPAOATE  THE  VARS     FOR  A  VgAR^ 

241  REM 

250  FOR   1=0  TO  364 

270  LET  5=S-  0185*D1 

290  LET  Fl=Fi-H.;:Kl*=S-LX*Fl>*E'i 

310  LET  F2-F2+<K2*S-L2*F2::>*C'l 

330  LET  H=H+' k5^':F1+F2>-L3*H>*=D1 

340  NEXT   I  . 


Figure  ST. 31 
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TVPE  THE  INFLUX  TRANSFER  COEFFICIENTS    Kl,     K^'.  K2 
.  000068,    .  00039 

TVPE  THE  LOSS  RftTES    LI.  L2. 
yi        0028,    .00014..  0013 


E  THE  I  NIT,  \mL.  FOR  FOOD  PEST.  CONC;  .  Fi,  F2 
'•31,  14 

TVPE    H,    THE  INIT.    CONC.    OF  PEST.    IN  THE  HUMPlN 
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J 

Sl«  J  > 

n1':j;> 

0 

53.  0001 

21 

1 

46.  2471 

11.  1401 

*> 

29.  4942 

4.  00231 

Sa.  7412 

1.  42862 

4 

25.  9888 

516982 

N2<J>  Ni';:  JJ'*'N2cJ>  Hi<J> 
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14  45 

14.  5024  25.  €425  4.  97521 

14.  8164  18,  8197  '     5.  51874 

14.  9512  16.  2899  5.  29536 

14.  9161  IS.  4221  5.  14877 


THE  VftLUE  OF  THE  CLOSENESS  CRITERIA  IS  25  6594 

Typical  Result  From  Program  Shown  In  Figure  9. 31 

Figure  9.32 
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the  days.     Instructions  250  to  340  of  the  program  calculate  the 
increase  in  the  concentrations  during  a  single  year  using  daily 
increments,     instructions  350  to  410  store  the  yearly  concentrations 
and  the  loop  specified  in  lines  250  to  340  is  repeated  4  .times  to  * 
give  4  sets  of  yearly  concentrations.     A  summary  of  these  results 
is  printed  out  by  line  530  to  590.     The  experimentally  determined 
yearly  conrentrations,  E3(I),  of  the  pesticide  in  the  food-are 
read  in  by  statements  705-720.     Each  of  these  terms  is  the  sum  of 
the  DDT  and  DDE  concentrations  of  insecticide.     The.  values,  E4(I), 
of  the  concentration  of  the  pesticide  iji  the  humans  are  read  in  by 
lines  730-745.    These  sets  of  values  are  used  in  the  sum  of  squares 
closeness  criteria,  statement  830.     In  this  statement,  the  expression 
(Nl (W) +N2 (W)-E3 (W) )  represents  the  deviation  of  the  sum  of  the 
calculated  concentrations  of  the  pesticide  from  tlie  actual  con- 
centrations of  the  pesticide  in  the  food.     The  term  (HI (W) -E4 (W) ) 
represents  the c difference  between  the  calculated  and  the  experi- 
mental values  of  the  pesticide  concentration  in  the  human.  These 
terms  are  each  squared  and  addg^.r-in  a  loop,   in  lines  810  to  840  ^ 
to  give  the  value  of  the  closeness  criteria.     The  result  is  printed 
out  by  line  855. 

The  initial  concentrations  used  in  the  run  whose  results  are 
shown  in  figure  9.32  were  taken  from  the  work  .of  O'Neill  and  Burke 
(1971)       They  used  an  analogous  computer  to  carry  out  an  "intuitive 
search"  to  obtain  the  "best"  set  of  values  for  the  transfer  coeffi- 
cients;    Their  paper  did  not'  specify  what  closeness  criteria  they 
used  to  evaluate  the  best  set  of  parameter,s-     As  the  parameter 
values  were  altered  and  the  results  of  the  runs  compared,  one  set 
with  another  set,  the  insight  and  intuition  of  the  investigators 
was  increased.     Such  interaction  between  man  and  the  machine  is 
sometimes  the  only  way  of  obtaining  a  set  of  values  for  use  as 
starting  values  in  an  automated  st  ^rch  routine.     Most  automated 
search  routines,  require  starting  values  quite  close  to  actual 
values  if  the  routine  is  to  converge. 
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The  ability  to  visually  display  the  results  on  a  graphic 
display  terminal  or  on  a  plotting  device  is  of  great  assistance 
in  comparing  the  results  obtained  froift  different  sets  of  parameters. 
There  are  also  technicolor  graphic  units  which  permit  the  display 
of  results  in  different  colors.    Such  multicolor  displays  better 
enable  the  investigator  to  ccsnpare  results.  Three-dimensional 
representations  of  the  results  are  another  technique  that  is  quite 
useful  in  analyzing  computer  output. 

Because  it  is  usually  the-«i^  -that  so  much  data  is  being 
generated  by  a  computer  during  the  course  of  its  solving  a 
problem,  it  is  frequently  quite  difficult  to  thoroughly  appreciate 
the  final  results  that  are  printed  out.  "  Consequently,  a  variety 
of  combinations  of  results  may  have  to  be  printed  out.    The  selec- 
tion of  which  combination  of  results  to  examine  is  not  easy.  The 
problem  is  made  more  difficult  by  the  fact  that  computer  time 
costs  money  as  does  the  investigator* s  time.     In  addition,  a 
significant  amount  of  reprograraming  may  ^e  necessary  to  capture 
and  print  the  desired  information.    Thus,  a  judicious  cho^ice  must 
be  made  to  ascertain  just  what  combinat'  :  results  are  to  be 

printed  out.     It  is  indeed  enigmatic  V  investigator  using 

a  computer  based  method  of  analysis  can  find  himself  deluged 
with  results  which  he  cannot  fully  appreciate  and  on  the  other 
hand  the  investigator  limiting  himself  to  pencil  and  paper  type 
mathematics  is  frequently  able  to  obtain  only  a  very  small  fraction 
of  his  necessary  results. 

Relation  of  this  Formulation  to^^the^if f erential 
Equation  Formulation 

Th#  usual  formiilation  of  compartraental  models  is  expressed 
in  the  language  of  differeitial  equations.    In  such  a  fonnulation,  it  is 
assumed  that  the  intensities  are  varying  continuously.  Crudely 
speaking,  this  means  that  the  intensity  in  a  compartment  measured 
at  time    I    is  at  roost  only  slightly  different  in  mags-itude  than 
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when  measured  an  instant  of  time  later,  •    Here  the 

symbol  (t  Sesignates  a  very  small  increment  of  tiine,    i.e.    an  "instant" 
of  time.    Such  a  continuous  variation  implies  that  there  are  no  siaMen 

V 

large  chaixjes  in  the  quantities^durirKj  a  small  time  incronsantj    tl:tere  are  only 
small  changes  in  small  time  increments.     In  fact,  by  making  the 
time  increment  small  enough,  the  magnitudes  of  the  changes 
can    be    made    as  small    as  desired.        Because    of  this 
assumed  behavior  of  the  time  variation  of  the  intensity,  it  is 
appropriate  to  use  the  differential  calculus  notion  of  the  instan- 
taneous time  rate  of  change  of  a  .varialple.     The,  instantaneous  time 
rate  of  change  of  a  variable  is  the  limiiina  value  of  the  quotient  of  the 
chanoe  in  the  variable  and  the  time  increnE=sit  du.-incr  vMcii  the  chancre  takes  place 
'is-the  time  increment  beccmes  arbitrarily  small.    Ihus,  the  ©oaression  of  tt^  furrJa- 
mental  equations  in  the  language  of  the  differential  calculus  requires  that  Pick's 
principle  be  stated  in  terns  of  instantaneous  rates  of  change  (usually  the 
word  instantaneous  is  omitted,  it  being  understood)  of  the  concen- 
trations.    Loosely  speaking.  Pick's  principle  is  stated  as,  the 
time  rate  of  change  of  the  concentration  is  the  rate  at  which  the 
concentration  is  being  increased  minus  the  rate  at  which  it  is 
being  decreased. 

In  contrast,  our  formulation  of  Pick's  principle  stated  that 
the  magnitude  of  the  change  in  the  concentration  during  a  time 
period  was  equal  to  the  increase  in  concentration  during  that  time 
period  minus  the  loss  or  "decrease  in  concentration  during  the  same 
period.    Thus,  our  formulation  involved  equations  relating  the 
magnitude  of  changes  of  variables  during  a  finite  time  period. 


9.Poe2 

ERIC 


Such  equations  are  sometimes  called  finite  difference  equations. 

■  • 

It  can  be  shown  that,  as  the  time  increment  becomes  vanishingly 
s^.lf         our  formulation  is  equivalent  to  the  usual  differential 
equation  formulation.    Such  a  demons ti^^tion  will  not.  be  made 
here  as  it  is  more  appropriate  for  a  mathematical  treatment. 

It  is  perhaps  worthwhile  to  give  some  exan^les  of  the  two 
formulations.  The  first  exan^le  has  already  been  presented  in 
equation    9.7.    The  symbol. 


denotes  the  time  rate  of  change  of  the  variable    Q.     Similarly,  the 


syndsol 


denotes  the  time  rate  of  change  of  the  variable  P.  The  differential 
equation  formulation  of  the  secpnd  problem  would  appear  as 


(9.9a) 


and 
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(9.10a) 


These  two  equations  correspond  to  equations    9.9    and  9.10 
respectively. 

A  comparison  of  the  two  forms  of  the  respective  equations 
shows  that 

(Q1(I*1)-Q1(I) )/Dl 


and 


(Q2 (I+1)-Q2(I) )/Dl 


are  respectively  analogous  to  the  quantities 


Note  the  comment  in  the  line  below    9.10    on  page^^.^ie. 

The  differential  equation. formulation  of  the  third  example  is 


(9.12a) 
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As  a  fourth  and  final  example,  the  usual  mathematical  equivalents 
of  equations    9.19,     9. 20    and    9.22    are  ^ 


A  comparison  of  these  two  formulations  should  reveal  to  the 
student  how  to  translate  from  one  form  to  the  other.     It  is  fre- 
quenti^   ^he  case  that  zhe  literature  will  employ  the  notation  that 
a  dot     (•)     over  a  variable  signifies  the  time  rate  of  change  of 
the  variable.     In  this  event,  the  above  equations  wouldappear  as 


(9.19a) 


S=-L1.S 


(9.19b> 


P=K2'S-L2*P 


(9; 20b) 


R=K5-P-L3'R 


t9.22b) 
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Much  work  has  been  done  on  the  analysis  of  multicompartment 
modfels.     In  the  literature  describing  such  work,  it  is  usual  to 
list  an  array  or  matrix  of  transfer  coefficients  and  to  then  supply  . 
a  brief  discussion  or  list  of  rules  as  to  the  use  of  the  table  in 
setting  up  the  governing  equations.     An  example  of  this  is  the 
work  of  O'Neill,  1971.     His  work  consists  solely  in  the  listing  of  ( 
transfer  matrices  corresponding  to  different  ecological  compart- 
mental  models.     In  all  such  work,  it  is  assumed  that  the  equations 
are  linear?     that  is,  only  the  first  powers  of  the  variables  appear 
in  the  equations  and  no  products  of  variables  appear. 

To  illustrate  the  relation  to  our  formulation,  we    begin  by 
rcferri'ng'to  the  general  3  cofnpartment'modei  aescribed  m  Fig.  9.14. 
For  ease  of  discussion  it  will  be  assumed  that  there  are  no  ent^ering 
flows  and  the  only  exiting  flows  go  from  one  compartment  to  another. 
Thus,     Fl=F2=F3-0     and     E1=E2=E3=0.     The  equations  describing  the 
system  may  then, be  written  as 


Now,  by  recalling  the  derivation  of,  these  equations,   it  is  spen  that 
the  term    T2*Q2(I)     is  the  flow  from  the  second  comf>artment  to  the 
first  coir.partment  and  the  term    K3*Q3(I)     is  the  flow  from  the 
third  compartment  to  the  first  compartment This  suggests  that  a 
change  in  notation  for  the  transfer  coefficients  T2  and  K3  would 
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be  of  assistance  in  accounting  for  the  v#?Ious  tferms  in  the  Equation. 


*  The  double**  sub^ipt  notation  of^  BASIC  Suggests  itself .    Thus,  we 
set    T{l,2)=T2    and    T(1#3)~k3./  The  first  equation  may  than  be  r 
written  as  -        .  ,  • 

■■■■  .    ,/    ■  ,    .  ■■    ■  - 

*  In  an  analogous  m&nneirC  we  also  introduce  the  further  obvious 
notation:       T(2;i}=K^',  T{2,3)=T3,  T  (3, 1) -Tl  and  T  {3,  2)  =K2 .     The  - 
second  and  tlilrd  equations  may  then  be  written  as 


J 


Since  the  terms    Kl+Tl,     K2+T2    and    K3+T3    are  effective  transfer 
coefficients  for  the  flows  leaving  the  first,  second  and  thirti^ 
compartments  respectively,  it  -is  natural  to  designate  these  trans- 
fer coefficients  by    T{1,1),     T{2,2)     and    T(3,3)  respectively 
Thus^^the  eq[uations  may  now  be  written  in  the  form;  " 

« 

0' 

Ct/tx,,)  -a/U)  ^(-noO^ci'CrJ  ^n/.^J^A-iCj^)  i-rO.iW03i4f-*li( 
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An  examination  tjf  the  right  han^  side f  pi  the  above  set' of  . 
ecj^attions.^suggests -that  if '  the  transfer  coefficients!  .are  written 
in  the  square  array  £ora»  *  ' 


T<2,1)  -T12.2)  ~  112.3) 
Tt3,l)        r(3,2)  -T(3.3j 


and  the  concentrations  in  the  compartments  written  in  the  vertical 
single  element  array  form 


Q1(I)*01* 

a2(i)«oi 

Q3(I)*01 


that  there  is  a  simple  rule  for  forming  any  of  the  righ^  hand 

sides  of  equation     (9.36)    with  the  aid  of  these  two  arrays. 

TOfm  rule  is  the  following:     To  form  the  right  hand  side  of  any 
•  in- 
equation multiply  the  terms  in  the  corresponding  row  of  the  square 

array  in  order  by  the  terms  in  the  vertical  array  and  add  the  results". 

For  example,  to  obtain  the  right  hand  side  of  the  second  equation, 

multiply  -the  1^*^  element  in  thfe  .second  row  of  the  square  array  by 

the  1®*^  element  in  the  single  vertical  array,  *then  multiply  the 

second  element  in  the  second  row  of  the  square  array  by  the 

second  element  in  the  vertical  array  and  finally  multiply  the 


ERIC 


5/8 
9.115 


third  element  in  tli^  second  row  oJ  the  square.  a^aj,Jby/tlie  thir^  ; 
element  i,n/the  ^single  vertical  array.    The  sum  of^Wese  products 
then  givejs.  the  right  harid  side  of  the  second  equations 

The  student  will  note  that  the  indices  of  a  term  in  e^*^ 


square  arra^llpec.l^  the  row  anjj^  the  colusan  of  ^e  transfer /(^jfeffi- 
cient.  ^Thus,  T(2,S)*.is  the  felement  In  the' second  row  and  fhe 
third  column^  '  In  general^  T{i, .3^)  denotes  the  transfer  cofefficient 
in  the    I^^    row  and  the"  .J*^^   column.    Furthermore,  the  term  • 
T(2,3)  designates  the  proportion  of  the  sijbstance  in  the  third 
compartment  transferred,  iii  the  time  increment  PI  to  the  second 

compartment.     Hence^  in  general',  the  term  T{I,J)  designates  the 

-      th  *  * 

proportion  of  tha    Substance  of  the    J       compartment  transferred - 

th  • 

in  the  time  increm^ltt  Dl  to  the  I      compartment. - 

■••■■■•*• 

In  mathemat/cs  it  is"  asii^  t<S  designate  the  square  array, 
by  T(I,J)  or  Sicily  T.     If    QCJ),  or  simply  Q,  designates  the  / 
vertical  singly  array,  the  right  hand  side  of  equation  9.36. 
may  be  written  as 


4 


• 

and  leakage 


It  is  ydsual  practice  to  also^esignate^^^;iia^source 


by  F(J)  and  E(J)  or  more  singly  by  F  ^nd  E  respectively.     By  using 
tnis  notation,  the  description  of  the  original  model  depicted  in 
figure  9.14  can  be  written  in  the  succinct  form 

Qd-Kl)  =  b(I)  +  T'Q  +  fV  E. 
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The  expressioR  of*  the  equations  is  siiteh  an  abbr^jir|fated  fonri^ 
it  is  soraetiin6B  helpful  in  obtaining  an  overall  desj?rifftion  of  th? 
.  behavior  of  •±he  systen.    Furthermore,  it  does.  pemdt  th^elaborate 
machinery,  developed  in  the  matrix  calculus  to  iS&^.used  to  kssist  .  . 
in  thei'  ana\|ifsis  of  th|teyst^m.    Nevertheless,  when  act:ual»?«umerical  u. 
values  are  desired,  jHkiey  most  usuaillj^  are,  \he  ori^in^l  forft  > 
of .  the*  e'qjiatiohS  mu^Kbe  used.     In-^his  way  the  matrix  notation 
can  ef fefctiively  hide^tte  exis^nc#  of'"*{;he  ne'de'Ssit^'of  per€orm|.ng  ^  , 
a  "grubby  jlixfe^  of  .arithmetic.  •  . 

T|i«<student  who  is  familiar  with  linear  algebra  or  with -the 
use  of  the  M^WP  commands  in  the  BASJC  progr'amming  language  will  have 
long  recognized  that  the  square  array  is  a  3x3  square  matrix  and 
the  vertical  linear  array  is  a  3  vector.    We  apologize  to  these 
students  for  this  digression,  nevertheless,  it*has 'been  your  aythor' s 
experience  that  many-  studefttsare  unfamiliar  with,  or  do  not  recall, 
'  matrix  operations  and' their  use.    Consequently,  this  brief  discussion 
was  included  in  the  work. 

Such  a  matrix  is  naturally  called  a  transfer  matrix.  Since 
the  above  described  use  of  the  matrix  to  form  the  fundamental 
equations  permits  a  ready  ant^obvious  extension  to  the  description 
of  a  system  consisting  of  more, than  three  compartments,  the  notion 
of  a  transfer  matrix  and  its  properties  plays  a  central  role  in 
the  analysis  of  multicompartment  models.     As  stated  previously,  '  ^ 
O'Neill  \1971)  has  presented  several  transfer  matrices,  each  of 
which  is  a  listing  of  the  transfer  coefficients  corresponding  to 
'a  particular  compartment  model.    He  also  provides  the  reference 
to  the  original  investigator  in  order  that  the  interested  reader 
can  more  easily  use  the  particular  matrix  in  th^  investigator ' t 
prbgram. 

If  the  system  under  examination  is  in^the  steady  state, 
the  amount  of  flow  entering  any  cc^ipartment  in  an  ^ncrment  of 
time  is  balanced  by  the  amount  of  flow  leaving  .the  contpartsi^nt 
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in  the  saijie  interval  of  time.  impliea  that,  -in  the  'transfer 

matrix,'  the  diagonal  "term  is  the  negative  of  the  suft  of  all  of  — 
the  rest  of  the  terms  in  the  sdme  -column.    For  example^  the 
diagonal,  term, ^    -T{3,3),  is  such  th^t,      .  '     '  *  t  / 

:     ''-(T(i;3)  +  T(2,3)>  =  -T(3,3). 


This  condition  holds  for  all  transfer  coefficient  matrices  of  . 
interest  since,  the  determination  of  the  transfer  x;oef f icients 
is  usually  accomplished  when  the  sys|:em  being  modeled  isi  in  the 
steady,  state.      ^  ^ 


PROBLEMS 


CHAPTER  IX 


Using  equation  (9.5),  discuss  the  constant  infusion  of-  ions 
into  the  tissue.    Discuss  the  results  for  different  ii;ifusion  * 
rates  and  different  transfer  coefficients.    For  fefereni 
see  Chapter  3,  Atkins. 

Using  equation  (9.5)  ,  analyze  the  effects,  of  multiple  infusioH^s 
of  a  tracer  labeled  substance.     In  this  case^  the  tracer  as 
added  in  equal  doses  at/  equal  time  intervals - 
Using  equation  (9.5),  discuss  the  case  corresponding  to  the 
infusion  of  a  tracer  labeled  substance  whose  rate  of  infusion 
decreases  in  proportion  to  the  elapsed  time. 

Write  a  computer  program  to  analyze  the  formation  and  excretion 
of  paracetamol  sulphate  from  paracetamol.    Use  the  transfer 
coefficients    Kl  =  0.09  per  hour,    K2  «  0. 753  per  hour,  and 
K3  =  0.257  per  hour.    Assume  a  unit  initial  concentration  of 
paracetamol  in  'the  plasma .    These  values  are  taken  from 
Atkins  (1969) .    How  does  a  change  in  the  time  step  Dl  affect 
the  results? 

In  the  twb  compartment  fallout  problem,  run  the  program  for 
different  intake  and  loss  rates.    What  effect  do  these  varia- 
tions have  on  the  results?    How  do  the  results  change  as  the 
initial  value  of  the  intensity  of  the  source  changes? 


consider- the  lichen-caribou-Eskimo  food  chain  example .   ^Alter  . 
the  program  for  determining  the  parameter  A  to  use  a  time 
increment  of ^one-tenth  of  a' day.    How  much  does  the  value  of 
A  and  F(0)  change?    As  a  .result  of  this  alteration,  what  can 
you  say  about  the  sensitivity  of  th^  final  values  to  changes 
in  the  length  .of  the  time  increment? 

write  a  program  to  determine  the  value  of  the  decay  parameter 
when  tlje  half  life  is  specified.    Choose  some- different  half 
lifes  and  determine  the  decay  parameter  by  trial  and  error. 
What  effect  does  changing  the  value  of  the  time  increment  have 
on  the  final  values  of  the  decay  parameters?    what  is  the 
relation  of  the  ^e  unit  in  which  the  decay  parameter  is 
expressed  to  the  length  of  the  time  increment,  Dl? 

(a)  Write  a  program  to  calculate  the  time  variation  of" the 
radiation  intensity  on  the  lichen-caribou-Eskimo  food  chain. 
Run  the  program  for  different  values  of  the  parameters. 
Discuss  the  Results. 

(b)  Alter  the  preceding  programs  to  include  the  time  varia- 
,  tion  of  the  lichen  diet  of  the.  caribou.    Use  the  variations 

as  specified  in  the  text.    Tr^  other  variaticms.    Compare  and 
discuss  the  results.  '  , 

(c)  Alter  the  program  in  part  (a)  to  include  th«  time  varia- 
tion of  the  caribou  diet  of  the  EskiWJ.    Use  the  tl^  variation 
specified  in  the  text  as  well  as  your  own.    C«Bpare  and  discuss 
the  results. 
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(d)^  Combine  parts  a,,  b,  and  c.    Compare  and  discuss  the 
results.    NOTE;    This  problen  could  be  parceled  out  to  the 
class  for  a  total  class  project. 

Using  the  program  describing  the  movement  of  pesticides 
through  a  :food  chain,  figure  9.31,  choose  different  transfer 


coefficients  and  loss  rates  and  make  a  set  of  runs.  Compare 
the  results. 

Imthe  program  listed  in  figure  9.31,  the  measure  of  . closeness 
is  the  sum  of  the  squares  of  the  deviations  of  the  calculated 
and  the  experimental  data.    The  terms  of  this  sum  are  calcu- 
lated by  line  830.     Alter  this  instruction  so  that  the  measure 
of  closeness  is  the  sum  of  the  squares  of  the  relative  errors. 
Using  the  same  set  of  transfer  coefficients  and  loss  rates 
as  you  used  in  problem  9,  rerun  the  program.     Compare  your 
results.    Can  you  improve  the  measure  of  closeness? 
Alter  the  measure  of  closeness  in  one  of  the  programs  to  be 
the  sum  of  the  squares < of  the  relative  errors  or  the  minimum 
of  the  magnitude  of  the  largest  deviation.    Make  some  runs 
and  compare  the  results. 


o 
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ABSTRACT 

I 

Using  a  computer  to  simulate  tree  growth  allows  one  to 
quickly  see  how  stocking  level  affects  tree  diameter,  heightf 
ana  volume  growth,  as  well  as  stand  mortality  and  volume •  Also, 
one  can  easily  see  how  individual  tree  growth  is  influenced  by 
tree  size  and  age.    While  this  is  not  a  new  or  unique  conqept 
in  forestry,  the  approach  presented  here  differs  from  that  of 
such  authors  as  Beck  (1974),  Lin  (1974),  and  Burkhart  and  Strub 
(1974),  who  have  used  mathematical  formulas  to  siimilate  natural 
growth  fi^enomena.  ^ 

*  * 

The  ability  of  a  computer  to  do  many  calculations  in  a 
short  period  of.  time  makes  the  substitution  of  a  computer  Ian- 
guage  for  formal  mathematics  possible.    This  paper  will  desAibe 
a  method  of  using  th^  computer  directly  to  simulate  growth  of 
ponderosa  pine  and  Douglas-fir^  stands  of  various  stocking 
levels.    Using  the  computer  directly  offers  several  advantages 
over  constructing  mathematical  formulations:     (1)     it  is  faster, 
(2)    it  allows  use  of  BASIC  computer  language,  which  is  easy  to 
learn,   (3)  it  clearly  illustrates  how  growth  rate  changes  oyer 
the  life  of  a  tree  or  a  stand,  and  (4)  it  yields  results  that 
can  be  understood  by  a  wider  audience. 

- 1 
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The  purpc^e  of  these  notes  Is  to  describe  to  th^  student  how  *.tree 
grows  in  .ten?.s  that  provide  a  visual  repressrttat^on  or  feeX  of  the  pr^ser 
tion.  te  trees  "increase  iih  ^i&e;  some  of  the  dimef^sibnal  chahges  are  ^ 
great  enough  to  be  obsGrve3  from  year  to  year  or^v^  from  month  to  rooni^h 
As  a.  ti^e"jficows  In  height  tJie  change  is  easily  observed  as  the  growing 
season  p^^gresse^.  ^      '    .  •  ^ 

.  The  .year  to  year  changes  in  diameter  are  more  subtle  but  can  be  ,t '  — ^ 
detected  by  the  use  of  "dendrometerl"  bSnds  around  the  tree  with  an  ex- ^ 
pansion  scale  indiciting  tipB  dimensional  changes.     The  third  characteris- 
tic of  a  tree,  and  the  most  important,  is  the  stem  voaume.     tear  to  ^ 
year  changes  of  this ^dimension  are  not  easily  depicted.     To  add  to  the 
confusion,  the  volume  is  not  easily  jieasured  or  computed. 

The  stem  contaj.ns  all  of  the  usable  material  for  today's  markets 
so  our  efforts  at  depicting  growth  will  include  this  dimension.     It     , . 
should  be  remembered,  however,  that  the  stem  is  only  a  portion  of  the 
biomass  of  a  tree* and  that  parts  which  you  do  not  use  through , consumption 
are  eventually  oxidized  and  their  constituents  returned  to  the  soil  and- 
air.     Since  most ^f  the  minerals  and  nutrients  tha^T^  tree  rem^ires  from 
thfe  soil  during  its  growth  are  in  these  none  used  parts  thei*  return^ 
whence  they  came  is  of^  great  importance  and  untiltEey  oxidize  they  are 

a  source  of  stored  energy.  3 

The  stem  of  a  tree  is  a  complicated  geometric  figure  and  the  compu- 
tation of  its  cubic  volume  is,  at  its  bes't,  o|ily  an  approximation.  The 
most  accurate  method  is! -accomplished  throigh  measuring  its  displacement 
vhBn  immersed  in  a  fluid.    But  this  kind  of  treatment  is  not  compatible 
with  a  standing  , growing  trees^  so  many  methods  of  approximation  have  been 


si- 


develxsped.  yrobably  theVst  accurate* of  these,  consistent  with  ease  and--* 
spee^  of  application, -are  \ocal  volume  tables  which  require  only  the 
measurement  of  a  tree's  diameter  for  their  application.    The  most  easy  to  . 
apply  and  the  most  accurate  of  local  volume  tables  are  the  TARIF  volu^ 
'  tables?    These  are  a  series  of  volume  tables  for  different  TARIF  numbers. 
The  TARIF  number  of  a  tree  can  be  determined  from  arable  of  these 
numbers  if  you  know  the  diameter  and  height  of  a  tree.    More  expj-icitly, 
the  TARIF  number  is  the  amount  of  cubic  volume  from  a  12  ii^  stump  ±o  a 
4  imch  to^  to  one  square  foot  of  basal  area  at  a  point    4.5    feet  from  ^ 

the  ground.  \  ■»  i  * 

The  cubic  volume  itselbf  is.  computed  from  a  Jliiltiple  regression  formu- 
14.     All  Of  this  information  does  not  give  the  readdr  much  feel  for 
how  a  tree  changes  in  size  wiUi  increases  in  age.    'i&.«attempt  is  made 
"here  to -Ixpress  these  changes  in  more  readily  understandable  relation- 
ships and  in  simple  non-mathematical  language. 

Custom  has  decreed  th^t  a  tree's  diameter  will  be  measured  at  a 
point    4^5    feet  above  the  average  ground  level.     It  i:akes  a  seedling  a 
•period  of  time  to  -each  this  height,  for  our  illtistration  we  wil«l  use 
.7'  years^  After  the    7th    year  then"^  tree  begins  to  accumulate  a 
diameter^imensiori.     Each  year  sees  a  growth  ring  added  to  the  accumulation 
Of.  previous  years  growth.     The  amount  that  is  added  varies  wi^th  tree  spe- 
.  cies,  tree  size',  the  productivity  of  the  growing  site,  the  amount  of 
moisture  available  during  the  growing  season,  and  the  general  physical  ^ 

'    i  '  ^       '  •  • 

condition  of  the  tree.  m 

For  our  illustration  we  will  u^e  ponMrosa  pine  as  the  tree  species 
an,^^roductive  site  index  of    100.    The  index  is  the  height  of  a  tree 
-  at    100    years.    This  site  index /is  about  average  or  in  the  middle  of  the 
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range  between  a  very  poor  site  and  a  site  of  a^imum  productive  capacitj^ 
At  the  close  of  ■  the  8th  y^^  r  the  diameter  of  the  "tree  should  be  the  "  ■ 
amount  of  one^ar  of  growth.  The -value  selected  for. this  diameter  growt 
is  .28  inchffi  Individual  trees  may  grow  faster  than  this  or  they  may 
^  grow  less.  This  value  is  the  diameter  growth  rate  of  the  average  tree  . 
depicted  in  the  "Yield  of  Even-aged  St^Nds  of  Ponderosa  Pine"  by  Walter 

Meyer.    .(Meyer,  38). 

The  diameter  growth  rate  will  become  less  as  the  tree  gets  larger. 
A  constant  diameter  growth  results  in  a  rapidly  increasing  volume*,  since 
the  size  of  the  tree  upon  which  this^ diameters  laid  is  steadily  growim 
larger.      As  the  tree  gets  largexv  both  the  di^ll^nrwth  rate  and  cross 
sectional  arel  growth  rate  of  the  tree  stem  steadilTd^ase.     The  cyrosi 
sectional  area  rate  of  growth  is  about  double  that  of  the|^i.ameter  growtl 
The  reduction  in  diameter  growth  is  small  at  first  and  then  increases  as 
the  . tree  gets  larger.  *  The  diameter  growth  seems  to  be  related-4nore  to 
'    .tree  size  than  age,  since  quite  old  trees,  if  small,  have  the  ability 
to  put  on  diameter  growth  equivalent  to  younger  trees  of  the  same  size. 
Since  the  reduction  in  diameter  growth  is  a  function  of  tree  size. 


>  ^ 
it  can  be  handled  as  follows: 

10  DIMENSION  D(  201) 

20  ,D1=.282  . 

30  D4=. 00228 

'  4  0  FOR  1=8  TO  200 

^0  D(I+1)=D(I)+D1-D4*D(I) 

■    ^"  ■        t  •  -  ^' 

^       -%    60    i5eXT  I  , 

^"  '  > 

70  ,  END  ^ 
'  -  10.3 


The  value  of    D4    can  be  determined  from  .growth  records  of  trees. 
There  will  be  more  about  a  selection  of  this  value  and    Dl    later.  i 
Besides  growing  in  diameter    trees  increase  in  height  each  year  and 
this  will  now  be  added  to  the  tree  growth  model.     It  has  already  indicated 
that  the  young  tree  reaches     breast  height,     4.5    feet  at  about    7  years 
•*\of  age  so  the  annual  heighth  increase  will  be  started  at  this  point  as  was 
€^e  dian»««^er  growth. 

Like  d-iameter  growth,  the  heighth  growth  becomes  less  ei^ch  year  as 
the  tree  becomes  larger  but  in  this  case  the  effective  dimension  is  height. 
The  program  wiU  be  changed  to  include  this  growth  parameter  of  a  tree,  but 
to  make  the  handling  of  variables  a,  little  easier  a  new  variable  Jill  be 
used  in  place  of  B. 


The  program  will  now  look-  as 


10 

DIM  P(201,5)  J 

f 

20 

Dl=.28  2  f 

30 

D4=. 00228  \ 

40 

D2=2.3 

50 

D5=.0193 

.60 

P(8,2)=4.'5 

100 
140 

FOR  1=8  Ho  ZOO 

IF  P(I,2)<100  THEN 

200 

150 

D5«.0152 

200 

P(I+1,1)«P{I,1)+D1- 

-D4*P(I,1) 

210 

P(I+1,2)=P(I,2)+D2 

-D5*P(I,2) 

:|70 

NEXT  I 

280 

END 

5^2 

< 


*  .  .  .   '1.1,11,^^' 

The  variables  are  defined  as  follows:  "  ^ 


1,    Dl^dianveter  growth  of  the  tree  inches 


2.  D2=height  growth  of  the  tree  in  feet 

« 

3.  D4»a  constant  of  proportionality  that  reflects  the  lofts  of 
diameter  growth  because  of  the  size  of  the  diameter 

V      ■  ■  ♦ 

I  ,  ,  •         *  .      ■  .-i 

4.  D5=a  constant  of  proportionality  that  reflects  the  loss  of 
height  growth  bed&use  of  the  height  of  the  tree      ^V-  -  '^ 

5 .  ';:jl=age  of  .  the  tree  in  years  .  - 

6.  P(I,l)=diameter  of  tree  in  inches  in  the    Ith  year 

7.  P (I, 2) -height  of  tree  in  feet  in  the    Ith'  year 

A  free  growing  tree  will  have  a  root  systezs  and  crown  that  is  in  ' 
direct  proportion  to  the  stem  size.  -No  attempt  will  be  made  here  to 
include  these  dimensions  in  the  progr^tflS?the  volume  of  the  stem  will  ^ 
now  be  included.!   Tarif  numbers  which  provide  the  volume  table  to  be 
used  on  a  given  tree  are  determined  from  a  table  of  Wtry  numbers  using 
the  diameter  and  height  of  the  tree.    Once  the  tSit^  taMe"1ias  been  ; 
determined  the  volume  of  the  tree  is  then-  detejpined  by  its  diameter. 

To  provide  for  volume  in  the  program,  the  following  statements  will 
now  be  added: 

90  V2=.0006 
^  ,  110     IP  P(I,1><2  THEN  140 

9 

120    V».26       •  ^ 
130    Vl=Vl+P{I,l)7pjl,T)        ~  ^  ' 


Sj3 


id 
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X6Q    1?  K60  THEN  190 
170    IP  I>135  THEN  190 
180    V2=V2-. 0000055 


'    Jt'  190"  V=V+V2*I 


2^0    P(I,5)«V*Vl*P(Irl)  i   .  '  :| 


•  ram- 


4^ 


N^w  variabbXes  added  to  the  program  are: 

V  Ulll^    Vl=constants       proportionality  viicse  product  provides  tiie  total  . 

cubic  volisne  of  the  tr^  m  feet  when  aultiplied  by  the  diajaeter  of     ^  * 

*  ..."  '     '  ■        *  .  ■ 

the  tree 

V2«constant  of  proportionality  that  provides  as  increase  in    V  as 

the  age  of  a  tree  increases         •  - 

■"^     .  .         ^  . 

P(Ir5)^otal  volume  of  the  tree  in  cubic^feet  in  the    Ith  yea'r 

The  minimuiQ  diameteft  tree  for  which  volume  is  cpmputed  is    2",  the 

^  "  .  <"  .  * 

value  of    V    is  not  a&signed  until  the  tree  reaches   -this  size.  At 

-   the  same  time  the  value  of  ^  VI    begins  to  accumulate  with  the  yearly 

increase  equal  to  th€?  ratio  of  the  tree  diameter  in  inches  over  the  height 

•in  feet. 

The  program  at  this  point  will  grow  a  free  standing  tree  without  , 
'    >^nvironmental  limitations.    The  tree  grows  by  increasing  its  -diameter 
I  height,  both  values  increasing  by  adding  ph  a  yearly  growth.  The 

yearly  growth  rediices  in  amount  each  year  as  the  tree  gets  larger. 
y-         The  volume  i^  turn  is  co^ut^  by  applying  the  product  of    2  values 

both  of  which  increase  as  the  tree  becomes-  older.    Volume  of  the  stem 
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of  a  tree  is  a  function  of  more  tftan  diaiiteter  and  hfeifht,  it  also  is 
affected  by  the  rata  of  taper  of  the  stem,  this  taper  is  rapid  in  young  ^ 
trees/  gradually  lessening  as  the  tree  a^.  Program  statement  130  ^  ^ 
provides  for  this  impro^^ement  in  form,  the  tree  is  about    60,  ^^ears^. 

old  the  rate  the  form  improves  begins  to  drop  off.      St^atement    180  provfi 
for  t^is  change  whicli  continues  until  the  tr^e  is  about  135    years  old.  ^ 
The  program  needs  statements  that  will  PRINT  the  data  it  has  com-  ^ 
puted  so  the  following  are  added;  J 


70  PRINT  "AOS      DBH      HEIGHT    -  VOLUME"  \ 

80  N=10 

230  IF  ION  THEN  270 

240  PRINT  IyTAB(6);INT(P(Icl)*100+.5)/100?TAB(13); 

250  PRINT  INT(P{I^2)+..5);TAB(23)  jINT(P(I,5)*10+.5)/10 

260  N-N+IO 


♦ 


A  RUN  of  this  program  (figure  2)  provides  the  information  listed  in 
"figure  1.  • 


DUH  -  :i£.ia:iT 

'VOLUME. 

13 

Qt»  56 

9 

a 

27> 

3.  34 

:    0.  5 

30 

6.2J'S  . 

44 

3.  1 

53 

3.7  1 
-1*1.  31* 

i3.3/r 

53 

yi6 

60 

27 

79 

16.  32 

55  ' 

41.^1 

IS. 74 

91 

5S.6 

■  • ' 

21.11 

96 

79.4 

l€)d 

23.43 

180  ~ 

103-6 

1  19> 

25.69 

107 

I3€f.7 

»  % 

123 

27.9 

I  1^ 

.160.1 

1  30  - 

3d.  06 

119- 

1 9  1^.  4 

140 

32. 

124 

227'.  2 

IS» 

34.24 

127 

269.  4 

160 

36.26 

131 

315.7 

170 

33.23 

134 

366.  3 

IB0 

4(^.  1  6 

1  36 

421.4 

190 

42.  95 

1  33 

43  1 

zm 

43-39 

140 

545.  4 

) 


0 


\ 


Figure  1 

Growth  table  for  ponderosa  pine  on  site  index  XOO 
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13 

ad 

A3 
S3 

79 
33 
92 

laa 
no 
laa 

133 

153 
160 

I7a 

190 
233 


i33 


Dl»  rC£01#5) 
01«.232 

D&a2»3 
D5=.3193 

14=10 

FOR  TO 
IF  ?C  l#  I  ><S  THEM 
.V«.26 

Vla71+PC I# I )/?( 
IF  "C  1/  S)<  133  THEt4 
D5«. 3152 

IF  I<53  TiiEO  190 
IF  •I>135  THEM   190  ^ 

«2=V2-.  035^3355 

1*  U  U^T'C  I*  I  )+Dl-D4'i«P(  I#  l> 


1  4© 


163 


210  PCl*l#je)aPU#2)+D2-D5*PC  U2> 


229  PCI*  5>  =  ^^i'*n*P<  i#  1) 
233  IF  I<>:^  TliErJ  273 

243  pnVAT  lJTAaC6);  if^T€P€  1*  I  )#114(i->-- 5) /IS0;  TAiiC  I  3>;  IMTCPC  I>  2>  + 
253  PniNT  TABC23>n:>ITCPC  5)i'13+.5)/10 
260  M»N+13 
S70  WEXT  I 
233  EIilD 
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Figure  2 


A  basic 
for  growing  a  ,p^( 


age  program 
pine  on  site  index  100 


Id 


10.9 


The  volumes  produced  by  this  program  for  a  tree  as  it  increases  in 
diameter  and  height  is  a  product  of  two  factors  and  the  diameter  of  the 
tree.    One  of  these  factots  is  an  accumulating  ratio  of  the  diameter  of 
the  tree  over  the  height  for  each  year  in  the  life  of  the  tree.  This 
value  accounts  for  the  improving  form  of  the  tree  with  age,  the  other  is  V 
which  increases  by  the  product  of  V2  times  the  age  class  each  year. 

The  resulting  values  are  lower  than  the  volumes  produced  by  a  tarif 
volume  table.    This  should  be  expected  because  the  entry  tables  used 
to  determine  the  tarif  number  for  a  tree  of  a  given  diameter  and  height 
are  constructed  from  the  calculations  of  the  volumes  of  many  ponderosa 
pines  for  each  combination  of  diameter  and  height.     The  measurements 
used  in  the  calculations  were  taken  of  trees  grown  in  a  forest,  of 
trees  growing  in  competition  with  other  trees.  , 

The  volumes  of  trees  growing  glone,  without  competition  were  not  a 
part  of  the  measurements.     Such  trees  retain  their  branches  as  part  of 
their  live  cpowTTTCMr  most  of  their  total  height.    The  shortest  or  greatest 
taper  in      tree  stem  is  in  the  crown  and  the  mostl^  rapid  diameter  growth 
rate  is/at  the  base  of  the  crown.     This  results  in  a  tree  of  low  form 
factsdr  or  lower  volume  for  a  given  diameter  and  height.    The  variation, 
of  the  computed  volume  from  the  tabular  volume  increases  as  the  tree 
becomes  older  and  larger. 

The  history  of  develofmient  of  open  grown  ponderosa  pine  in  a  forest 
environment  is  not  available,  even  ^or  a  small  number  of  trees.  Those 
"^individuals  of  this  species  grown  in  fields  or  parks  certainly  would  not 

be  representative  of  forest^grown  trees  where  the  only  change  has  been  _ 

a  lack  of  competition  from  other  trees. 


Without  s(»ae  basic  information  to  use  for  compfuriaon  there  is  no 
way  to  judge  whetlier  the  diameters  produced  by  running  this  program  are 
realistic.    The  constants    Dl    and    D4    cannot  be  determined  by  testing 
against  known  diameters  for  different  ages  for  the  open  grown  pine  bt:^ 
they  can  be  determined  by  fitting  computed  diameters  to  the  diameters 
provided  in  the  yield  tables  for  fully  stocked  even  aged  stands  of  this 
species.    These  tables  are  not  the  history  of  the  development  of  individ^ 
stands  but  are  a  composite  of  many  stands  of  different  ages  put  together 
to  illustrate  the  historical  development  of  a^  single  stand.    They  are  the 
best  information  available  about  the  growth  in  size,  number,  and  volume 
of  trees  in  well  stocked  stands.  ^  , 

Height  growth  of  trees  is  not  materially  affected  by  competition 
from  other  trees  in  Sven  aged  stands  so  the  height  growth  of  this  indivi- 
dual  tree  matches  that    of  the  average  tree  in  the  yield  table. 

Since  the  computed  diameter  and  volume  have  no  information  for  com- 
parison  and  the  constants  producing  these  values  need  basis  in  fact  our 
next  step  is  to  build  on  our  program  so  that  it  can  duplicate  a  yield  tab' 
then  our  constants  can  be  adjusted  to  accommodate  known  trends. 
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,YleXa     oles  Cc^present  the  so  called  normally  stocked  stand  or  a 
forest  that  c(^letely  utilizes  the  sits  on  %#hich  it  grows.    This  critec^^ 
of  stocking  is  subject  to  some  question  but  thiL-^s^oul4  not  affect  their  ": 
use  to"*' determine  the  growth  variables  required  for  the  growth  model. 
Only  one  variable  is  added  to  the  first  model  but  this  is  a  variable        ^  ' 


that  is  very  influential  to  the  growth  rate  of  a  tree.  There  is  now 
competition  for  the  nutrients  and  moisture  that  a  J^ee  n^jds^  to  grow 
and  there  is  competition  for  its  required  space  and    light.    The  above 


i 


ground  competition  "changeo  the  shape  of  the  tree.,   I^wer  limbs*  not  receiV'T 
in^  enough  light  die  and  eventually  drop.     This'leaves  less  cro%m  to 
provide  the  energy  required  for  growth.    In  all,  thg  tree  grows  less 
rapidly  as  competition  increases  and  competition  increases  as  the  individ- 
ual trees  grow  and  require  more  space  for  their  activities. 

How  many  seedlings  start  a  forest  on  its  growth  cycle?    Yield  tables 
do  not  provide  this  information  so  an  arbitrary  number  of    2300  per 
acre  is  selectej^.     During  the  first  two  or  three  years  the  mortality 
would  be  quite  severe,  but  they  soon  outgrow  the  early  hazards  and  the 
survival  rate  settles  ji^own  to  a  predictable  amount.    No  attempt  will 
be  made  to  predict  these  early  year  mortality  patterns,  instea'l  a 

mortality,  variable    D,    will  be  sought  that  reduces    2300    trees  per 

r  ■  fi- 

acre to  the  nus^rs  bf  trees  per  acre  that  the  yield  table  lists  by  10 

year  age  classes  starting  with  the  age  of  20. 

^  A  mortality  of    3.04%    per  year  reduces    2300    trees  to  the  required 

number,     1280    at  age    20.    At    20    years  of  age  the  mortality  in  the 

progreim  changes  to  2.45    percent.    When  the  .basal  area  exceeds  75 

square  feet  the  mortality*^©  increased  by  the  addition  of  the  product  of 

,0QQQ15  times  the  basal  area  in  excess  of    80  .square  feet.    At  t^e 

maximum  of    230    square  feet  this  amount  to    . 000015* (230-80)». 00225  or 

it  raises  the  mortality  to  2.675  percent^  an  increase  of  .225  percent 

over  the  mortality  of**rees  without  any  reduction  in  their  ability  to 

o  survive  in  coe^tition  ifith  oUier  trees.  ^ 

 —      ...  .   ■   *  uL':_.   ... 


\ 


\ 


lOifiii  the  age  of  the  trees  p&sses    4»  ^aar*  the  aaartAlity  i«      v  ^ 


increased  by  the  rate  of    61.3/45.      Bach  ye4r  thereafter  the  mortality 
is  reduced  as  the  tree  becomes  older\    The ^s^e  o£.  the  variables  that 
apply  the  effect  of  age  and  stocking  on  the  mortality  rate  are  d^^eor-- 
mined  through  trial  and  error.    They  were  selected  to  make  the  number 

* 

trees  surviving^  each  decade  approximate  thobe  of  the  yield  table. 

c 

These  changes  can  be  made  in  the  program  by  adding  the  following 
statements. 

14  P{1,3V«2300     ^  V  . 

15  D«.0304 

16  E?l^'56.5  . 
115-»''P(I,4)='(P{I,1)/2>**2*3.142/144*P(I,3) 

131  IF  I<8  THEN  140 

132  P(8,2)«4.5  .      •  . 

192  IF  K21  THEN  197 

193  D«.0245 

194  if"  P(I.  4)<  80  THRN  197 
.195  Di3«.  000015 

^  -    196  GO  TO  198  ' 

4 

197  D0=0 


i 


*  • 


i 


198    D8«D+D0*(P(I,4)- 8C9  * 
199*    IP  K60  THElN  204 
2no  lD8aD8*D6/I 
204    IP  I<8  THEN  220 


6  01 


Ut  A      '  10.13 


and  chiEinging  the  number  of  statement    200  '  to  205. 

*     Statement    60    can  now  be  removed  and    70    and.  100    can  be  changed % 
r         asi  folXowi^:  .  -  ^  ^ 

^  ^  TO  .^'pRINT  "  ^GE      DBH      HEIGJjff      NO.  Of  TREES  BASAL  AREA 

-    '      *  *    '  TOTAL  VOL.'*  .  '  * 

^  t  .  »  . 

100    FOR  I«l  TO  200 


Sta.t^ent;^  250    should  now  read 


250  PRINT  TAB(25),-INT(P(I,3)*10+.5)/lQ;TAB(35)yINT(P(I,4)  +  .5)j 

251  TAB<46);INT(PCl,5)+.5) 


The  new  variables  are: 


V 


I>=mo^ality  as  a  decimal 
B0=a  value  that  increases  mortality.    This   /alue  is  multiplied 
by  the  basal  area  in  excess  o£   80     square  feet. 

* 

D6=a  value  that  changes  mortality  when  it  is  divided  by  age^ 
I         starting  at     60  years,  and  the  ratio  used  as  a  kultiplier 
V       for  D. 

D8«the  corrected  mortality. 

P(I^3)=t|^e  number  of  trees  pey  acre. in  the  I^j^  year 
P(Ir4}4the  basal  area#  in  square  feet,  per  acre.. 


The  results  of  running  this  program  would  indicate  that  an  optimum 
survival  rate  for  the  trees  exists  when  they  reach ^the  maximum  age 


computed  for- the  yield  table.  WtS^  the  trees  are  200  years  ol^ , 
their  mortality  would  be*    .0245-1-. 000015*  (228-60) *56.5/20O«. 0075 


The  lowest  survival  rate  oeeurs  at  the  age^of  60  years  when 


urs  at  the  age^or  6 
* (227-80)=. 020705. 


mortality  reaches  .0245+.OO0O15' 

^  It  is  during  the  age  period  from  20*.  to  60  that  the  basal  are 
per  acre  is  approaching  its  maximum  value*  and  the  effect  on  mortality 
the  rapid  basal  area  per  acre  increase  ov^r  the  previous  years  z^eache 

*  •  .  * 

its  culmination.  From  60  yeai:s  on,  the  Mortality  starts  a  steady  ^ 
decrease  with  the  increasing  age  of  the  trees.  ^ 

Various  techniques  have  been  proposed  and  used  in  tree  growth 
'models  to  account  fol:  the  effect  of  other  trees  on  the  growth  rate  of 
individual.  There  are  so  many  factors  that  effect  the  growth  o£ 

individual  treear,  but  are  very  difficult  to  measure  or  control,  that 

^  ■  N 

it  is  an  exerfc^^  in  futility  to  develop  methods  of  accounting  for  th 
effect  on  growth  of  a  selected  tree  caused  by  other  trees.  Much  rese 
is  required  befflure  r^alis^lc  models  can  be  constructed  of  individual 
%  tree  growth  in  ayforest.  It' is  more  logical  to  grow  the  average  tree 
in  a  forest  and  for  this  purpose  the  basal  area  ck  a  stand  is  the  bes 
critipria  of  competition  available     (Beck,  74).    T^eld  table^^^^HTOvide , 


measurement  of  this  parameter  in  theis  tables  making  its  use  relative 
easyl  , 

The  next  step  is  to  add  the  statements  that  will     5ply  these  bas 
area  values  to  the  diameter  growth  to  achieve  a  duplication  of  their 
real  effect.  ^  #  • 


r  • 


/ 


V 


10.15 


*  m 


^  Ca^i^ition  as  measjired  by«  basal  area  et]|pears^  to /^tart  reducing 
diaiffeter  growth  of  a  tree  when  it  reaches    130 '  square  feet  for  up  to 
that  point  an  annual  djiameter  growth  of    Dp.=  .282  inches  that  redxvJes^^eagh^ 
year  by.  ,D4=<hO0|28  time&*^ameter  (P(I*1))    fits  very  well  to  the  pattern 
of  diameter  growth  depicted  by  the  yield  table,     "fhis  trend  of  diameter 
gro^^th  continues  until  the  basal  area  reaches    130    square  feet  per 
acre,  OK0n  age  of  about    25    years  but  beyond  this  |>oint,  ccanputed  diame- 
ters'  begin  an  increasing  gain  over  the  yield  table  diamel;ers. 

'  /  •  • 

^      The  addition  o^a  statement  identifying  this,  basal  area: 


151     IF  P(I,4)  <130  .THEN  155 


tk)£  addition  of  ^  statements  tQ  account  for  the  effect  of  basal 
area  on  diameteX^gr^wth  and.  to  change  the  variable  for     annual  diameter 


growth  from    Dl  to  D9.  / 

^'  152  D9=D1-D3*P(I,4) 

153     GO  TO  169 
•  155     D9=D1  ^ 


and    a  statement  that  assigns  a  value  to  D3? 


65  D3=^.pf006, 


and  to  chan^  statement  \Mp    so  that  it'  branches  to  •  151; 


149     IF  ?U,2}<100  THEN  1 


ERIC 


6\,4 


10. # 


and  to  change  statement    205    to  substitute  ,09    for    DX  , 

*     '  •  ' 
205    PCI+X^l)«P(I,i)+D9-D4*P(I,X)         .  ^  Z^:; 

wilX  provide  for^the  effect, of  basai  area  per  acre  on  the  diameter 
growth  of  the  average  tree*  i  ^  '  .    '  ! 

The  variabie    D3    is  a  constant  that,  when  muitipiied  by  the  ba^al 
^rea  When  ^t  reaches  a  minimum  of    i30    si^uaWe  feet,  will  further  reduc 
the  diameter  growth  o^    Dl«.282.  The  value  of    D3    like  the  other  con- 
staoJtss^uSed  in  this  model  has  been  deliberately  selected  to  produce 
results  that  duplicate  the  yield  table  valuJs.  ^  ^ 

No»  ge^ack  to  the  statement  that  caldHbates  the  volume  of  the  tre 
and  include  the  number  of  trees  on  an  acre  to  calculate  the  volume  per 


acre. 


220     P(I,3)=V*V1*P(I,1)*P{I,  3) 


The  variable    5^,26    which  is  increased  by  an  amo>M|t^pfT-4?2i-. 0006 
times  the  age  for  every  year  of  growth  beyoAd  seven  yea^s  an4_^^ 
whi<;h  is ,an  accummulated  ratio  of  diameter  over  height  for  each  year 
in  the  lice  of  the  trees  after  the  diameter  has  reache4    2  inches,  wer 
determinedb^ comparing  the  volumes^  that  resulted  for  the  individual 
tree,  computed  by  taking  the  product  of    V*V1*P{I,1)    with  that  obtain€ 
from  a  TASS^volume  table  for  a  ponderosa  pine  of  similar  diameter. 
The  tarif  number  that  identifies  the  volume  table  is  determined  from  ai 
entry  table  that  uses  the  generated  diameters  and  height  for  a  tree  of 
'that  age. 

.The  comparison  was  not  very  good,  for  the  generated  volumes  excee< 
ttese  indicated  Jay  the  TARIF  volume  tables  from  the  ages  of  60  to  X 
yea^s.    A  correction  to  the  program  is  made  that  reduces  the  value  of 


V  •  .  \ 

■  \  : 

V2    a  little  each  year  from  the  age  of    60    to    135.  V,    which  . 
represents  the  improvement  in  form  of  a  tree  as  it  grows  older,  is 

increased  by  adding    V2    times  age  to    V    each  year.  During  the  years 

between    60    and    13-5    apparently  the  improvement  in  form  is  slower  than 

during  the  balance  of  the  trees  life  and  a  reduction  of    V2=.0OO6  by 
.0000055  each  year  provides  the  needed  change. 
The  necessary ^statements  axp: 


160    IF  K60  THEN  190 
.  170    IF  I>135  THEN  190 

i 

180   V2=V2-.  0000055 

\ 

rhes^Vateroents  are  already  in  the  program  placed  there  during  €Ke 
construction  of  the  individual  tree  growth  model  but  not  explained  at 
that  time.     Why  this  slow  down  in  a  tree  fonn  mpeccNenesnt  occurs-^ina  this  periiad 
cannot  be  determined  for  sure  but  it  might  be  caused  for  the  following 
reason.     The  years  from    20  .  to    60    represent  the  period  of  rapid 
basal  area  increase  and"  hence  greatly  increasing  competition  between 
trees.    This  causes  the  lower  branches  of  a  tree  to  die  and,  to  eventually 
drop  off.    AS  indicated  ealler,  the  maximum  rate  of  taper   of  a  tree  is 
in  the  crown.       As     the  crown  becomes  shorter  in  relation  to  the  total 
height  of  a  tree  the  form  of\he  tree  improves.    From    60    years  of  age 
on,  the  basal  area  does  not  change  much  so  the  competition  remains  con- 
stant, with  mortality  complementing  growth.    This  should  result  in  a  reduc 
tion    in  the  die-off  rate  of  the  limbs  at  the  bottom  of  the  wwns  of  the 
trees;  with  a  resulting  slow  down  in  the  form  or  taper  improvement  of 
the  trees  as  they  continue  to  grow  i.n  height  and  diameter.    This  continuet 
height  g^rowth  still  provides  increasing  shading  of  the  lower  limbs  but 

Sift 


er!c  ^''^^ 


tlietd  is  zio  I6n9er  the  incrmei^^  of  coo^tltion  isdm  the  side  »o  ^ 
crown  length  to  total  tree  height  is  reduced  to  a  very  slow  rate  of 
change.  * 

«ter  ia"^ree  reaches  an  age  of    135    its  annual  height  growth  h«» 
reduced^from  an  initial  rate  of      2.3  -  .0193*4. 5"2. 21  feet  at  seven 
^ears  of  agato  a  rate  of    2.3  -  .0152*121«0. 46*  feet.    The  next  65 
years  will  res2llt  in  only    19    iwjre  feet  of  height.    At  the  start  of 
period  the  diaioeter.  growth  of  the  tree  is    .282-  .0006*230  -  .002*X8'.3 
inches    and  it  is  still  growing  at  the  rate  of  .28  -  .0006*230-. 002*24 
.094    inches  v^en  the  tree  is    200    years  old.    This  annuaU increase 
in  diameter  is  fairly  uniform  all  the  way  up  the  stem  to  the  base  of 
the  crown.    The  result  is  a  steady  in^rovement  in  form  that  will  conti 
so  long  as  the  tree  is  able  to  maintain  its  diameter  growth  rate. 

The  sinigrle  tree  growth  progranv  which  was  produced  first*  utilizes 
all  the  constant  that  effect  diameter,  height  and  volume  growth  as 
determined  from  building  the  program  to  duplicate  the  yield  table  valu 
for  these  dimensions  for  well  stocked  stands  of  ages  from    20    to  190 
years  with  the  exception  of  tho^  duplicating  the  effect  of  ^sal  area 
on  tree  gro%rth-in  diameter  and  the      constants  required  to  duplicate 


the  number  of  trees  per  acre; 

The  changing  of  statement  14 


14    P(l,4)»230a    to  an    INPUT  statement 
14      JNPUT  P^l,4) 

10.19 


let*  you  vary  the  mifflber  of  trees  per  acre  that  the  program  uses  for  a  j 
run.-  TO  facilitate  this  input  the  following  statement  should  also  be 
added i  ,  •  . 

13     .PRINT  "HOW  MANY  TREES  PER  ACRE  DO  YOU  WISH  TO  PtANT"? 

> 

It  Should  be  remembered,  however,  that  the  reduction  of  this  starting^ 
number  of  trees  to  the  number  of  trees  a^    20    years  of  age  may  hot  be 
realistic.    The  comparisons  should  be  made  with  number  of  trees  surviving 
to  the    20th  year. 


A\listing  of  the  completed  program  is  given  in  figure  3  and 
followed  by  three  sample  run  outputs  tn  figures  4,  5,  and  6.  Tfie 
first  of  these  runs  duplicates  the  yield  table  values  and  the 
other  two  show  the  results  of  beginning  with  lejss  and  then  with 
more  than  2300  seedlings  per  acre.    Table  7  gives  normal  yield 
table  values  with  tar  if    voluises.  / 
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ir 


tm  DIM  o<2  3!#S) 
13  P*^i:4T*Mj  .'  Mrtia^  TREES  hCT^E  do  you  «ir.:i  to.  OLit.JT"5 

U  lliPVr  !>€  W3> 

IS  DS«56.5  >j 
'iO  tH«.232 

i?  D<l=.5i922=^  .  '  -   

'     65  D3».0'S'96  ^ 

751  "?ll?iT«*  AGS./     D3H      UtlGriT      t^O.    OF  tHEES  ilASAL  TOTAt  VOL** 

FOR  l»l   TO  200 
n»  lF  ^Cr#l)<2  TH.EN  131 

lis  o<l#A)*(P€l#  D/ajK^a^S.  IA2/14/|*PC  3> 

120  7=.25  -  , 

130  VI=»V1*PC1.»13/PC1*2) 

131  IF  I<3  THEN   U0  ^ 

132  PC3#2>  =  A.S 

140  IF   P<i#2><l90  THEPJ  151 
ISa  DS«.0I52 

151  IF  PC1#A><I3«  THEN  155 

152  D9«Ol-D3i«PC 

153  GO  TO  160) 

155  U9»D.l  .  - 

1525  IF  I<6a  THEW  190. 
170  IF   1>I35  TUEN  19& 

V2=V2-.0&.0a055 
19 »  •J*y*V2i«l      .  • 
192  IF  K21   TAKi  \9l6 
,19  3  D=-  02/|5 

lya  IF  P£i*4^«-H0  t:ie:i  197 

195  &ga.9®ft3I5    -       .  • 

19?  30  TO  193 

197  D3«Si 

19^5  D3«D*D'^*C  PC  i*  4>-3a) 

199  IF    KSri  the:*  23A 

2a4  IF  x<3  naj  220 

2^)5       1  + I*  1  )-P<  I#  I  >'+D5-D^*?C  4*  I  > 

'^iK^  oCl+U2)-PC  i,  2)'t-D&-U5*PC  1*2) 

22?  PCi  +  l*  3>  =  PC  I,  3)-D3'^T'(i^  3) 

525  PCI*  5)=5'.'*'n*PC  i*  1  )*P(  1*3) 

'i35»  IF  l<>:i  th£:4  27(^ 

240  PP.INT  i;THbC5)l  llMTCPCi*  Df  1  Tju+ .  5 )  / 1  5Ja;  Tm^C  1  35  ;  i  JTC  PC  i #  ^ ) +  .  5) I 

255J  PPl.v'T  TAi3C25);  lliTCPCi*  3)*.5);TAU<l5)J  1  ITC^C  i*  4)*.5); 

251  i**'.!;^?  Trtri€46);    IIJTC  PC  I  *  5)+.  5)' 

2t>0  i^ai^+lft  -  .  "  • 

27 '-^  tJEXT  X  A  • 

Figure  3  9 

Basic  comimter  languagf  for  generating 
o  ponderosa  pine  yield  tables  f c)^  site  index  100 


•iO  »  -livrf  TlLIi-S  Pin  ikCm  do  you  WIS;(  to  PLA.^T  ?23?Jfl! 

23  3.34 

3fiii         3*  SI  44 

40         7.  14  58 

1^.47  'j^ 

60         9.72  73 

7S  35 

a«  12.14  91 

9a  13.3 

103        14.44  I5if> 

lift        15.54  ia7 

120  r      16- i£  M4 

135^        17-63  119 

1S4 

i;ia       19.71  127 

!  |69»       5';t.69  1^4 
170   ■   21.66  -^4 

Idd       2^.6  136 

/  19?P       23.53  133 

24.43  143 


OF  THEES 

1742"~ 

1279 

73 

,  653 

935 

169 

-  •  2739 

756 

210 

4696 

577 

226 

6f^95 

440 

227 

,  7314 

* 

347  ^ 

227 

7714 

22S 

3  342 

236 

223 

3909 

201 

229 

9420 

174 

229 

.  9350 

152 

229 

10191 

135 

230 

10451 

120 

23?) 

10731 

103  ' 

230 

11231 

93 

229 

1  1675 

90 

229 

12115 

32 

229 

12553 

76 

223 

12990 

7e 

223 

13429 

Figure  4 

t 

Ponderosa  pine  nor^l  yield  table 
for  a  site  index  of  100 


/ 


lO't  vimf  rnELs  PEfi  acre 


13 

60 
70 

90 
130 

I  la 

155 
16! 


3.  3<» 

S.53 
13.37 
1&.01 
1  3-  59, 


190 
2^0 


i  5< 

/  16. 
^13. 
19. 

20. 

22. 
23' 
24< 
25< 
27. 

as 

29 
3^ 


1  1 

59 

83 
42 
77 
(?>9 
37 
62 

04 
2 

.34 
.45 


IlEIGIlT 
9 

23 

44 

53 

59 

78 

S5 

91 

96 

100 

ies7 

1  14 
I  19 
124 
127 
131 
134 
136 
138 
140 


flO 


DO  YOU  mS'^i 
OF  T^ELS 
757 
556 
431 
33!^' 
259 
200 
159  ■ 
131 
1  10 
94 
S2 
72 
64 
57 
52 
47 
43 
39 
36 
34 


TO  ^AIT 
SASAU  A^EA 
'b 

34 

36 

13S 

152 

157 

160 

163 

165 

166 

1^ 

169 

170 

170 

171 

171 

171  ' 

1  71 

1  71 

171 


?10«^0 
TOTAL 

284 

1341 

2701 

3731 

4492 

5030 

5S1  7 

6104 

6543 

692 

7227 

7470 

7753 

^129 

5*493 

3S53 

9209 

9564 

9918 


• 


Figure  5 


Ponderosa  pine  yield  table  for  a  starting  generation 
of  1000  trees  per  acre  for  a  site  index  of  100 


I 
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Y  T-"Lli.S  PER  i 

f  *  i 

HEIGHT 

1 

1  . 

2«3<> 

as 

3-  B2 

44 

4«  S 

5.  1  5 

69 

5* 

W  ~    a^r  ^ 

73 

r  ^ 

6»  57 

35 

7-3 

91 

8-  02 

96 

1 

S.72 

100 

W's 

9.  42 

107 

12S 

10.  09 

114 

130 

10.76 

1  19 

143 

1  1.41 

124 

'  150 

12.35 

127 

160 

12. 6S 

170 

13.29 

1  34 

18S 

13.9 

136 

190 

14.  5 

138 

233 

1  5.  03 

140 

ACRE  DO  YOU  'flSll  TO  PLM.JT 
:vjO.    OF  Tnaj.S^  BASAL  n^E-^V 


7574 

0 

5562 

24^ 

4184 

333 

3135 

346 

2349 

339 

1763 

^28 

1  372 

323 

1  106 

321 

914 

321 

7  72 

320 

652 

320 

576 

320 

55)6 

320 

450 

319 

403 

319 

363 

313 

330 

31=5 

301 

317 

276 

316 

254 

316 

'  1  'h(*'.fi\'?^ 
TOThL  70L. 
■■•■0 
2233 
6396 
9005 

10S4'ii 

1  1431 

12130 

12800 

13422  « 

13989 

14462 

14322 

1  5082 

1  5456 

1601  I 

1  6564 

17116 

I  7672 

13232 

18797 


Figure  6 

Ponderosa  pine  yield  table  for  a  starting  regeneration 
of  10,600  trees  per  acre  for  a  site  index  of  100 
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SITE  I.il/E" 


l/}fl*    TLLtJiCaL  ;iVtLl-:i.TlU  ;>I0.  63'-? 


h3E 

ifi-.    Tip  T*? 

2^ 

/l/i 

1  O'.'A^) 

7  •  T* 

D  ^ 

6® 

y  #  7 

^/ 

I "  •  ^ 

i  1 

1  J»  3 

^  w  \} 

1  0fl 

1 

1  3 

•  ^  * 

1 4.  J 

106 

172 

12Q 

1  52 

1*33 

17.7 

1  16 

1  34 

1^.7 

lai 

12^ 

I5» 

19.7 

125 

1C^«% 

162> 

20.7 

129 

93 

179 

21.7 

133 

&9 

*  130 

2S.6 

136 

32 

I9fb 

23.5 

139 

200 

93 
1^'=< 
2 1 

>  -  • 

2£=? 
22=1 
22^^ 
22=5 
22S 
223 
223 
223 
223 
223 
223 
223 
223 


337 

^i^i/i  ,' 

63 ';1 
713^ 

776"': 

3731 

9'^95 

9  74<5 

1*^371 

1*^3 

1  1235 

I  1  47a 

11314 

12136 

12136 

12393 


Table  7 


Normal  Yiel^ Table  Values 
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DOXJGIAS«yriR  MODEL 

^  .  ft  . 

\    •  * 
The  program  developed  for  -ponderoaa  pine  on  a  site  index  of 

"100  can  be  cha'nged  to  match  the  yield  table  growth  for  different 
site  indexes  or  the  program  can  be  altered  to  fit  other  species 
of  trees."  To  illustrate  this  flexibility,  the  changes  will  be 
made  to  duplicate  the  yield  table  values  for  Wet t  Coast  Douglas- 
fir  on  a  site  index  of  200,  a  yexy  good  site  for  this  species 
west  of  the  Cascade  Divide  in  Oregon,  Washington,  and  British 

Columbia.  ,  *  ^ 

J         1.      The  *annual  diameter  growth,  Dl«,282,  ^Iven  in  statement 

20,  becomes  D1«-45S.  I  \ 

2.  The  annual  height  growth,  D2«=2.3,  giv^&i  in  statement  40, 
becomes  D2=4. 2. 

3.  The  correction  value  for  the  effect  of  height  on  height 
growth,  D3=.00O6,  given  in  statanent  B5,  becomes 

D3". 000645. 

4.  The  correction  value  for  the  effect  of  basal  area  on 
diameter  growth,  D3«.0006,  given  in  stat^ent  €5, 
becomes  D3«. 000645. 

5       The  height  at  which  D^  is  changed,  given  in  statement 
140  as  100,  becomes  200. 

* 

6.      The  value  of  DS,  given  in  statement  150  as  • 0132- becomes 
,  .0175. 


1^' 


6x4 


:#ERIC 


■  i. 


7.  The  beginning  nKsrtality,  p«.Q304,  given  in  stateanent  ISl 
«  becomes  D».07I. 

8.  The  new  mortality  value,  given  in  statement  193  as 
D».0245,  becomes  D".037. 

9.  The  starting  value  for  cc»Bputing  volume,  V«.26,  given 
in  stat^ent  120,  becon^s  V-.89.  ^ 

10.      The  rate  at  which  V2  changes  each  year  betwen  age  60 

and  135  years,  given  ^n  statement  180  as  V2-V2-. 0000055, 
becomes  V2«V2-. 000021  and  applies  to  the  period  from 
'  90  to  170  years.    The  slowdown  in  form  class  improvaaen^ 

starts  later  than  it  does  for  ponderosa  pine  and  the 
reduction  is  greater. 
-11.      The  decrease  in  mortality  as  the  tree  becomes  older  was 
given  in  statement  200  with  a  ratio  of  56*  5  over  the 
age  applied  as  a  multiplier  to  the  mortality -^alue. ,  This 
reduction  starts  in  th^^ear  60  ai^  D6w56.?  in  statem^t 
16  becomes  D6«24.  *  ... 

With  these  changes,  the  pro-am  produces  the  results  shown  in.' 
Table  9  when  run  with  2,300  trees  per  acre  as  the  beginning* stoc 

0  '        ■    ■  ' 

ing  level*    Table  9  provides  the  con^Jarable  values  from  McCar^le. 
(1949).     (Tarif  volumes  replace  the  yield  table  volumes) .  The 
entx^  tables  used  were  Tarif  Access  Tables  for  Pacific  Northwest 
Species,  Volume  2,  Major  Coastal  Species  (Meyer  1938).    The  final 
program  is -listed  in  Table  8. 
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■n 


4 

13  pflIWT"HO''t  MANY  THEES-,  PER  AC^E  DO 
141  l:4PUT  P<l*3) 

15  D«.07l 

16  *  t 
30  U4s»'a0S2^ 

4t0  L2«4.2  .  ,  . 

.50  D5«.0l65 
65  D3»« 030645 
70  PHirJT"  AQE  DBH 
30  Ma^a 
<>0  V2».000'> 

1^0  FOn  1*  1   TO  200  '  ^,  • 

110  IF  PCX*  \  )<2  THLE^  131 

115  P{l#4)»CP<X#  1  >/2>»*2*3.  \H2/Vi*ti*PXl,  3) 

120  Vs.* 99  '  ' 

130  Vl=yi*PC I* 1 )/PC I# 2) 

t31   IF  i<3  THLia  1^ 

132  P<3#2>'4-5 

140  IF  PCl*2)<200.  THEN  151 

150  D5».0175 

151  IF  P<1*4><130  TliEN  155 
152 'D9»D1-D3*«*CI*  4)  - 
153  ilO  TO  160 
155'  D9«Dl        '  ' 
160  IF  I<90  THEN  1^0 
170  IF   l>170  THEN  190, 
130  V2« -'2-.  000021 
190  V«V*V2«I 

192  IF   K21   THEN  19 

193  D«.037 

194. IF  P(I*4)<80  TKElil  197 
195  D0«* 000005 
^0  TO  193 


HElGliT       NOW    OF  TREES  BASAL  AREA  TJ)TAE  VOL." 


lI>*-D0*<P<  W4>-83^ 


\F. 


204 


)4  IF  I  elf  THl 


^9-D4*PC  I#  1  > 
C5»PC 1*2) 
•C  I#  3> 
I«  3) 


PCI*1 
P<Xfl# 
PCI*1* 
PCU' 
IF 

PHIW!^ITABX6);  INTCPC  I*  1  ) ♦  1  00* .  5 >  / 1 001  TAB<  13)^  IMT{P{  I  #  2)  + .  5) ; 
OHLNT  TABC25>  J  1:JT<PC  I*3)f'.5)iTAaC35)J  XNT{PC  I*4)>-5>; 

;WT  TAbf46>J  INT<:p<I*5)*.5) 
N^*10         •  -  ' 

LXT  I 


Table  8 

.  Basic  coispu4:er  language  for  generating 
Douglas  fir  yield  tables  for  a  sit^  index  of  200 
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liO'T  M«:>iv  ftu.!.". *?Lr{  AU^^L  DO  yon  '-n      to  '»l«mt  ?23'^'^ 

AGE  Dj:i  lEiG'iT  fJO.    OF   Tr.ELS-aaSrtL  a^EH  TOTjiL  "OL 

30  9.2  Sl'^  >            375  ;            173"  6073 

50  15.12  \3Pi  17^  ^    •      217  I 

^63  17.'i»£  U9  .           1  19  251^  1063'^ 

70  23.6  'l65  '  '          -235  13097 

90  23.04  179  91  '       264  15534 

90  25.28  191  S2  235  17900 

100  27.35  200  74  302  19B13 

110  ^29.26  207  •     6a;  317  21513 

120  31.05  212  63  329  22998 

130  32.72  217   *  5B  339  24211 

140  34.29  220  54  343  25159 

150  35.78  224  51  -        355  25808 

160  37.19  226  ^8  *          362  26134 

170  33.53  229  45  367  261 L3 

130  39.8  1  230'  43  371  27203 

190  41.03  232  .          41  375  28245 

200  42.2  233  39  379  29226 


Table  9 


Douglas  fir  normal  yield  table 
for  a  site  index  of  200 


> .  ... 
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